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FOREWORD 


This book is based on lectures which the author has given, over the 
last 10 years and longer, to scientific workers and engineers at a 
number of local scientific research institutes, design offices and fac¬ 
tories in Moscow. His listeners were not specialists in the field of auto¬ 
matic control. They had had much experience of work in other spheres 
of technology and had mastered only the technology of control. Being 
convinced of the need to know the theory of automatic control, if 
only its essentials, in order to design and build controllers, they asked 
him to select material from the vast amount which has been accumu¬ 
lated in control theory, and to include in the lectures only what was 
most important for practical applications. In carrying out this request 
it is quite possible, of course, that the author has made mistakes in 
his selection of material. He has proceeded from his own experience, 
and the experience and advice of his listeners, but his opinions, habits 
and tastes could not but affect the content of the lectures. Only time 
and experience of practical applications enable us to separate basic¬ 
ally what is essential from what is secondary. 

The book is concerned with the theory, and not the technology, 
of control. The basic introduction to controllers in the first chapter 
is therefore long enough only for the following chapters to be under¬ 
stood. 

The reader is expected to be familiar with the theory of the 
Laplace and Fourier transform. It is explained in Appendix 1 suffi¬ 
ciently for the reader who is not familiar with it to understand the 
book. Examples and some minor explanations have been put in small 
print, and may be omitted at a first reading. 

A bibliography has been compiled separately for each chapter 
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and contains both source material and literature which may be 
useful to the reader for a deeper study of the theory of automatic 
control. The list includes mainly works published in the U.S.S.R. 
or translated into Russian. Of the non-Russian works not translated 
into Russian only direct source material has been included, since 
a complete list of the works which have been published in every 
other language connected with the problems discussed in this book 
would almost double its size. 

The author is grateful to Ya. Z. Tsypkin, Yu. V. Dolgolenko, 
and A. Ya. Lerner for their comments on the manuscript, and to 
Yu. V. Krementulo, Yu. I. Ostrovskii and Ye. A. Andreyev for their 
help in preparing this book for press. 



PREFACE TO THE SECOND EDITION 


In the second edition, these lectures have been brought up-to-date 
and considerably amplified. 

In Chapter I descriptions of discontinuous and oscillatory con¬ 
trollers as well as of extremal controllers, which have appeared in the 
last few years, have been included. The sections in Chapter III dealing 
with structural stability have been enlarged. A new section has been 
added to Chapter IV, concerned with statistical methods for analysing 
control systems when the disturbances are random. Chapter V, which 
is concerned with non-linear problems, has been almost doubled in 
size, mainly by the addition of an account of exact methods (where 
harmonics are not ignored) for investigating undamped oscillations. 

The author takes the opportunity to thank his colleagues and 
readers in various towns of the U.S.S.R., as well as in the Federal 
German Republic, Japan and other countries, who sent their remarks 
and requests after the publication of the first edition of the lectures. 
The author has considered the larger part of them during the prepa¬ 
ration of the book for the second edition. 
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CHAPTER I 


GENERAL INTRODUCTION TO 
AUTOMATIC CONTROLLERS 


1. General Considerations of Control Processes. 

Terminology 

Automatic control is that process by which any quantity in a 
machine, mechanism or other technical equipment is maintained or 
altered according to given conditions without the direct participation 
of man, with the use of instruments called automatic controllers as¬ 
sembled specially for this purpose. 

The fixed state of a machine or other equipment is usually dis¬ 
turbed by external actions, called disturbances . Whatever the nature 
of these disturbances, the corrective action of the controller must 
compensate for their disturbing action on the process. For example, 
the constant rate of revolution generated by a motor is disturbed 
by a change in the external load, and can be maintained only by action 
on the element which controls the supply of steam, fuel, etc.; the 
constant temperature in a room is disturbed by a change in the 
conditions of heat exchange, and must be compensated for by a 
change in the heating intensity in the room; the course of an aeroplane 
is disturbed by gusts of wind, by air pockets and other changes in the 
flight conditions, and must be maintained by means of action on the 
rudder, etc. 

To keep a certain quantity constant, we could measure the 
disturbance and act on the machine in a way depending on these 
measurements. This method of process stabilization, called automatic 
compensation , is sometimes used, but when the sources of disturbance 
are very varied for one and the same machine, it is impractical. All 
the possible sources of disturbance can rarely be foreseen, moreover, 
they are often inside the machine itself (such as changes in lubrication 
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conditions, temperature and so on). Also, in many cases it is in general 
impossible to control the process using only automatic compensation. 

To keep some quantity constant, instead of measuring the many 
different disturbances, we restrict ourselves more frequently to the 
measurement of the quantity which has to be controlled, and act 
on the machine in a way which depends on the deviation of this 
quantity from the desired value. The control then needs only one 
measurer however many different disturbances are present. Of course, 


Controlled Quantity 



Fig. 1 


the measured quantity cannot now be maintained absolutely exactly, 
since it is the deviation from the desired value which calls forth the 
corrective action on the machine. The fundamental scheme of a control 
system constructed on this principle is shown in Fig. 1. 

The machine, mechanism or other equipment to which the con¬ 
troller is connected in order to put into effect the process of automatic 
control is called the controlled object , while the part of the controlled 
object which the controller acts upon is called the control element. 
The quantity which is subject to control is called the control quantity 
or the controlled parameter. 

In order that the controller can cause the action on the control 
element it must contain a measuring instrument — the sensor of the 
controller — which measures the deviation of the controlled para¬ 
meter from the desired value and a mechanism — the setting median - 
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ism — by means of which the desired value of the controlled quantity 
can be set up. 

When the controller sensor can develop enough force and energy 
to move the control element with the necessary speed for any deviation 
of the controlled parameter from the desired value, it is connected 
directly to the control element. In this case, the controller is said to 
be a controller of direct action. Because of the exceptionally simple 
construction of direct action controllers they have until now been 
very common, but their use is restricted to objects which require 
little force to move their control elements. 

In all other cases, the sensor is used only as a control instrument: 
a signal from the sensor controls an amplifier (hydraulic, electronic, 
metadyne and so on) which develops sufficient force and power to 
displace the control element by using an external supply of energy. 

A controller which includes an amplifier of this kind is said 
to be a controller of indirect action. 

The unit of an indirect action controller which is directly con¬ 
nected to the control element and sets it in motion is called the 
regulating unit of the controller. Various electric motors, hydraulic 
and pneumatic mechanisms, etc., can be used as regulating units. 

We have already pointed out that no single controller can exactly 
maintain the desired value of the controlled quantity since, because 
of the principle of action itself, the controller only comes into operation 
after the process has been disturbed under the action of some disturb¬ 
ance or other. The changes of the controlled parameter brought 
about as the result of a disturbance and the controller action provoked 
by this disturbance are called the control process. The design of a 
controller must satisfy the strict technical requirements demanded 
by the nature of the control process. In addition, controllers usually 
possess a tendency to stir the process, to destroy its stability,* which 
has to be overcome during their design and adjustment. In order to 
guarantee stability of control and to facilitate the conditions under 
which the high demands made by the technical requirements on the 
control process can be satisfied, controllers are made more complicated 
by the introductions of various units specially intended for these aims. 
Such units include various internal feedbacks, with derivative, in¬ 
tegral or forced action, with artificially introduced delays or breaks 


* A definition of the term “stability” will be given in Chapter III. 
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in the action circuit, and so on. All units of this kind bear the name 
stabilizing units. 

If the state of an object is disturbed by a change in the load on 
the controlled object and, further, the new load is maintained at a 
constant value (the residual load), then the controller may either 
restore the controlled parameter to the desired value independently 
of the magnitude of the disturbance, or it may set up a new value 
of the parameter which differs little (compared to the static error) 
from the old value, but which depends on the size of the residual 
disturbance. In the first case the controller is said to be astatic , and 
in the second static, with respect to this disturbance. The curve 
relating the value of the controlled parameter maintained by the 
controller to the residual load on the controlled object is called the 
static characteristic of the control system. In a number of cases astatic 
control must be used, but frequently static control with a small 
static error will be sufficient. As a rule static controllers prove to be 
more stable, and they ensure that the process is of high quality because 
they use simpler, and consequently also cheaper, methods of stabiliz¬ 
ation. Sometimes static control is essential for the correct operation 
of the objects as, for example, in the control of several machines 
working in parallel. 

The account given above is directly concerned with controllers 
which are constructed to control a single variable. In industrial 
practice it is often necessary to control several variables in one object. 
If the variables are not connected to one another through the object, 
that is, if a deflection in any control element is caused by a deviation 
in one controlled variable only, and not by deviations in any other 
controlled variables, then each variable is controlled by its own 
controller. In this case the controllers assembled in the object act 
independently of one another. 

It is often necessary to control objects in which the controlled 
variables are interdependent. A deflection in one control element for 
such objects causes a deviation in several of the controlled variables. 
If the object contains several independent controllers, then the ope¬ 
ration of one of the controllers will cause a deviation in the other 
controlled variables, thus setting the other controllers into operation. 
Under these conditions, the controllers may interfere with one another. 

For example, when controlling intermediate steam-selection 
turbines used for district heating plants, both a controller for the 
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angular velocity of the rotor and controllers for the steam pressure in 
the intermediate chambers are used. A pressure change in one of the 
chambers causes the pressure in the other chambers to change and 
also changes the angular velocity of the rotor. Conversely, a change 
in the load on the rotor changes not only its angular velocity but also 
the steam pressure. 

It is often found advisable in such cases to connect the separate 
controllers in a single control system. In a connected system the 
control process of each controller controls not one but several or all 
of the control elements. 

Such systems are said to be multiple . In multiple systems, the con¬ 
trol process for any one quantity cannot be considered independently 
of the other variables, and the system as a whole must be considered 
as a single multiple complex. In a number of cases the connexions 
between the separate controllers can be chosen so that a deviation 
in one of the controlled quantities does not cause a deviation in the 
others, despite the mutual connexions through the object between 
the controlled quantities. They are compensated for by external coupl¬ 
ings between the controllers. These systems are said to be independent. 

In the following sections we describe automatic control units of 
basic types, giving simple examples, mainly of controllers of techno¬ 
logical processes. The reader will find many more complex, and also 
more specialized, examples in specialist manuals and textbooks. 


2. The Simplest Systems of Direct Control 

Direct action controllers were the first controllers to become 
widely used. 

Because of the exceptional simplicity of their construction and 
their operational reliability they have, until now, been widely used 
to control the angular velocity of revolving parts of machines, the 
level of liquid in various capacitances and the gas pressure in gas 
mains and gasometers. 

Figure 2 gives a typical example of the layout of a centrifugal 
direct action controller. When the angular velocity of the machine 
shaft deviates from a given value (fixed by altering the tension in 
the spring) the centrifugal force of the weights changes and the 
equilibrium position of the coupler connected to the control element 
of the machine changes correspondingly. 
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Figure 3 gives another example of a centrifugal direct action 
controller. The weights in this controller are small balls held down by 
a spring between the plane and the conical plates. When the centri- 




Fig. 3 
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fugal force changes, there is a change in the distance between the 
centre of the ball and the axis of revolution. 

Unlike these so called conical controllers, plane controllers 
(Fig. 4) are such that the weights move in the plane of revolution. 



Fig. 5 


As a result, the forces on the weights consist not only of the centrifugal 
force of inertia, which depends on the angular velocity, but also of the 
tangential force of inertia, which is proportional to the angular acce¬ 
leration. The instantaneous position of the coupler and, of course, of 
the control element is determined not only by the deviation of the 
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controlled parameter (i.e. the angular velocity) from the desired 
value, but also by the size of its first time-derivative (i. e. the angular 
acceleration). The controller in Fig. 4 is an example of a direct action 
controller with derivative action. 

Together with centrifugal controllers, float level direct action 
controllers are common. They are used very widely, from those in 



the carburettors of automobile engines (Fig. 5) to large-scale controllers 
in large industrial reservoirs (Fig. 6). 

The range of application of direct action pressure controllers is 
just as wide. Any reducing valve or gas reducer (Fig. 7) gives, on a 
small scale, an example of such a controller. And, as examples of 
large controllers which sometimes develop forces measuring hundreds 
of kilograms, and even tons, we may take the mains automatic 
controlling valves installed in large-scale gas mains (Fig. 8). 

The controllers we have described are all static. If a static con 
troller is disconnected from the control element and the value of the 



GENERAL INTRODUCTION TO AUTOMATIC CONTROLLERS 


9 


controlled parameter transmitted to it is changed, then the equi¬ 
librium position of the regulating unit which is not connected to the 
control element will also change. Thus, for example, if we disconnect 


Inflow 
of air 


Membrane 



Outflow 

cfolr 


Fig. 7 



Fig. 8 

the coupler of the controller shown in Figs. 2 or 3 from the control 
element, then, when the angular velocity changes to each new value, 
there will correspond a completely defined position of the coupler. 

When such controllers are used a static error is unavoidable: to 
various loads on the controlled object there correspond various values 
of the controlled parameter. 
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A typical example of an astatic controller is a piston pressure 
controller, where the piston is loaded by a weight and not by a spring 
(Fig. 9). 


Load 



Fig. 9 



Equilibrium is possible only for a completely defined value of the 
controlled pressure and consequently only this value of the pressure 
can be obtained for any equilibrium position of the control element. 

Astatic control also occurs in membrane pressure controllers 
with a heavy load (Fig. 10), since the force transmitted from the weight 
to the rod, when within the limits of the operating stroke of the rod, 




GENERAL INTRODUCTION TO AUTOMATIC CONTROLLERS 


11 


is almost independent of its position. Centrifugal and level controllers 
may also be made astatic. 

Astatic controllers usually require some means of stabilization. 
Derivative action is most frequently used for this purpose. Figure 4 
gave an example of the construction of a centrifugal direct action 
controller with derivative action. Figure 11 gives an example of a 
pressure controller of this type. The chambers A and B are connected 
by a calibrated opening in the piston. The differential pressure on 



Fig. 11 

the piston depends on the rate of change of the pressure in A: it is 
almost non-existent for a slow pressure change and it is large when the 
pressure changes quickly. The force produced in both pistons is com¬ 
pounded in the rod and is balanced by the force produced at the valve. 

In order to stabilize astatic controllers we sometimes introduce 
“time staticism”, constructing the controller so that, without adamper, 
it is astatic, and connecting the controller coupler with a spring whose 
other end is fixed in a hydraulic damper w T ith a very small calibrated 
opening* (Fig. 12). When equilibrium has been established, the damper 
piston moves under the action of the spring until the force in the spring 

* A centrifugal controller is shown in Fig. 12. We assume that the align¬ 
ment of the lever arms is chosen so that the characteristic of the controller is 
almost astatic. 
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is removed and the static error is eliminated. This unit is the simplest 
example of a floating control mechanism , about which we shall say 
more later. 

We now consider an example of an electric direct action controller. 

Figure 13 gives the scheme of the static control of the potential 
of a generator by means of changing the current in its excitation coil. 



Fig. 12 

To maintain the desired potential, the necessary change in the ex¬ 
citation current is made by changing the resistance of the carbon 
piles, which depend on the tension in the spring and on the force 
produced by an electromagnet to whose coil the difference between the 
potential of the generator and the standard potential U 0 is applied. 
When the generator potential changes, so does the current in the excita¬ 
tion coil of the electromagnet, the pressure applied to the carbon piles 
and the excitation current of the generator, so that the necessary decre¬ 
ase in the deviation of the potential from the desired value is obtained. 

This controller is a direct action controller, since the energy 
which is required to produce the controlling action (the pressure 
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applied to the carbon piles) is here obtained from the controlled object 
via the sensor. 

The basic advantage of direct action controllers is their exception- 
ally simple construction. Experience in their use has shown, however, 
that they also possess many defects. 

In direct action controllers it is unavoidably necessary to increase 
the size of the moving masses in order to ensure the large translatory 



Fig. 13 


forces required. As a result, the stability of the controllers is decreased. 
Large forces increase friction, and so the insensitivity increases. 

In some cases these forces reach hundreds of kilograms, and some¬ 
times several tons, or even tens of tons. Moreover, difficulties arise in 
the choice of measurers for many parameters (such as temperature) 
which could produce any large translatory force with a sufficiently 
high accuracy. 

This leads naturally to a simple idea: to place an amplifier between 
the measurer and the control element so that the necessary translating 
force can be produced in the amplifier by transferring energy from 
outside, and a low power measurer may then control the amplifier. 
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3. Astatic Controllers of Indirect Action 

A typical example of an astatic indirect action controller with a 
hydraulic amplifier is shown in Fig. 14. In equilibrium the valve re¬ 
turns to the same (neutral) position independently of the position of the 
piston and of the control element moved by it. The ‘‘pointer’’ of the 



Fig. 14 

sensor* returns accordingly to the same position, and hence for any 
load the value of the controlled parameter which is set up will be the 
same. 

Figure 15 shows a similar controller, with jet distribution. The 
fact that in the equilibrium position the jet pipe must be set exactly 
mid-way between the receiving nozzles ensures that the controller is 
astatic. 

* By the pointer of the sensor is meant, conventionally, some part of it 
whose position is proportional to the position of the point of the sensor by 
which it is connected to the preceding element in the control system. In sensors 
with indicators or recording systems, this could literally be a pointer, or in 
“blind” devices, any point of their moving system. 
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An example of a controller with a pneumatic astatic amplifier 
is shown in Fig. 16. The air pressure in chamber A between the fixed 
restriction and the nozzle covered over by the flapper depends on the 
position of the flapper. For normal sized nozzles the working stroke 
of the flapper does not exceed 0*1 mm. Thus, a very slight displacement 



Fig. 15 

of the flapper is sufficient to make the air pressure in A fall to almost 
atmospheric pressure or rise to the pressure in ,the supply line. When 
equilibrium has been reached in the system, the flapper returns to 
roughly the same position (within the limits of the very small working 
stroke). Hence in any equilibrium position, the value of the controlled 
parameter will be the same. 

The pressure change in the chamber A controls the output from 
a second amplifier, namely the pressure in chamber B. The air is 
conducted under this pressure to the membrane control unit. 

The speed control system for an electrical machine shown in 
Fig. 17 represents an astatic controller of indirect action like those 
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considered above. The signal characterizing the value of the controlled 
quantity, the speed of the machine, is obtained here with the help 
of a tachogenerator. The potential of the tachogenerator is compared 
with the standard potential U 0 , which characterizes the desired 
machine velocity. The potential difference is communicated to the 
input of an amplidyne whose output is connected to a control motor, 
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which alters the resistance in the excitation coil circuit of the electric 
motor. Equilibrium in the system may, clearly, only take place when 
there is no potential at the input of the amplifier, and hence no 
deviation of the machine velocity from the desired value. 

Figure 18 shows the circuit of an automatic temperature control 
system using an astatic indirect action controller. The temperature 



of the controlled object, the heat exchanger, is measured by a resistance 
thermometer in the electrical bridge circuit which is balanced by a 
resistance R 0 when the temperature is at the desired value. When the 
controlled temperature deviates from this value, a potential U will be 
produced in the measuring diagonals of the bridge, its sign and magni¬ 
tude determined by the sign and magnitude of the temperature 
deviation. This potential, amplified by an electronic amplifier, is 
transmitted to the input (control coil) of a magnetic amplifier, which 
is in one of the arms of the inductive bridge and is transformed into 
a variable current potential. The bridge circuit supplies the control 
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coil of a two-phase asynchronous motor with a short-circuited rotor 
moving the control tap which increases or reduces the supply of heat.* 
In static direct action controllers there is a one-to-one correspond¬ 
ence between each position of the sensor pointer and the position of 
the control element. In contrast, in astatic controllers, the position 
of the sensor pointer determines the displacement velocity of the 

Electronic 



steam 

Fig. 18 


control element but not its position. The examples given above in¬ 
cluded both those controllers in which the velocity of the control 
element increases smoothly as the deviation of the sensor element 
increases (Fig. 17) and relay controllers, where even a very small 
deviation of the pointer causes the control element to move with a 
constant velocity (Fig. 16). Depending on its properties any astatic 
servomotor can approximate to a relay servomotor if the working 
stroke of the sensor is decreased. 

The introduction of an amplifier enables us to use high quality 
measuring instruments with a small moving mass which develop 

* For the sake of clarity, the amplifier circuits shown here are simplified, 
being single-stage, and with only one controlled arm in the bridge. In actual 
circuits two- and three-stage electronic amplifiers are used, and two, or some¬ 
times all four, arms of the bridge are controlled. 
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small forces.* But because of this introduction of an astatic amplifier, 
the one-to-one correspondence between the position of the pointer 
and that of the control element is destroyed, and this encourages 
instability. 

The invention of feedback enabled us both to use an amplifier 
and to retain the one-valued correspondence between the position 



of the control element and that of the pointer of the sensor. The 
development of contemporary control techniques is basically con¬ 
nected with this invention. 

4. Rigid (Proportional) Feedback. 

Static Indirect Action Controllers 

The controllers which we examined in the previous section are 
shown in Figs. 19—23 with the addition of rigid feedback. Because 
of the feedback, the position of the controlling unit of the amplifier 

* Up to a few grams, hut sometimes only a fraction of a gram. 
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depends not only on the controller sensor but also on the deflection 
in the regulating unit. 

In the simplest case (Fig. 19) the feedback is realized by placing 
the support of the lever l on the piston rod. Although the valve (and 


Summator 



the hinge a) take up a neutral position in equilibrium, as before, 
the position of the piston determines the displacement of the hinge 
b and, therefore, of the hinge c which is connected to the sensor. 
Due to this, the deviation of the sensor pointer is proportional to the 
displacement of the piston and, of course, the control element also. 
The feedback restores the simple correspondence between the deflection 
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of the sensor pointer and the position of the control element. This 
furthers the stability of the system but makes it static, that is, once 
again a static error is introduced: to each value of the load on the 
object there corresponds its own value of the controlled parameter. 

In the example just considered, the feedback was realized by a 
rigid lever. Feedback in the pneumatic controller shown in Fig. 20 


Controlled 



acts in exactly the same way. In this case the position of the flapper 
depends not only on the deviation of the sensor pointer but also on 
the tension in the feedback bellows to which the air directed to the 
regulating unit is brought. In the position of equilibrium the tension 
in the bellows is proportional to the position of the control element. 

The feedback in a jet controller (Fig. 21a) is constructed some¬ 
what differently. Here the jet tube is squeezed between two springs. 
One of them is compressed by the sensor of the controller, and the 
other by the feedback piston. The tube acts as if it were scales 
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weighing the difference between the tension of the springs. In the 
position of equilibrium the jet tube returns to the neutral position, 
but the tension in the spring above the tube must then be equal 
to the tension in the spring below the tube, i. e. the value of the con¬ 
trolled parameter in the position of equilibrium is determined by the 
position of the control element. 


Electronic 



Fig. 23 


One more example of this kind, for a valve distribution, is shown 
in Fig. 216. In this controller the feedback compresses the spring 
which directly acts on the sensor. 

The controller of the speed of an electric motor, shown in Fig. 22, 
is an example of an electric indirect action controller with rigid feed¬ 
back. Here the feedback signal is obtained from a potentiometer 
whose slide is rigidly connected to the cursor of the rheostat in the 
excitation coil circuit of the motor. The input of the amplidyne 
receives, in addition to the error signal, a feedback signal. Of course, 
here too the improvement achieved in the dynamic properties of the 
control system is bought at the cost of introducing a residual deviation 
in the controlled quantity, in so far as in this system an equilibrium 
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state can only be attained when there is a deviation in the motor speed 
from the desired value such that the difference in potential of the tacho- 
generator and the standard potential U Q balances the potential of 
the feedback signal. 

Figure 23 shows the simplified circuit of a temperature controller 
with rigid feedback. Here, in contrast to Fig. 18, the displacement of 
the control element causes a change in the resistance of one of the 
arms (i? oc ) of the measuring bridge, as a result of which there is a 
change in the temperature for which the bridge balances. Thus there 



A mpfidyne Electrrc 

motor 


Fig. 24 

corresponds one equilibrium value of the controlled temperature to 
each value of the load and therefore to each position of the control 
element. 

In the system used to control the speed of an electric motor, 
shown in Fig. 24, there is no special feedback element, although this 
system is also static, since all the elements in the control circuit are 
static. 

Figure 25 shows the circuit of an automatic voltage regulator, 
which makes use of the influence of the generator excitation on the 
generated potential. The desired value of the generator potential is 
here attained by changing the position of the crossarm of the plane 
controller and at the same time changing the resistance in the ex¬ 
citation coil circuit of the generator and the current flowing through 
a given coil B x of the amplidyne. Through the coil B 2 of the amplidyne 
there flows a current proportional to the generator potential. The 
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difference between the ampere turns in B x and B 2 determines the 
value of the potential at the amplifier output, and therefore also the 
potentials of the exciter and the generator. 

All the elements of this controller are static, and the controller 
as a whole is static. This is obvious, and immediate, since a change in 
the steady value of the control action is here necessarily connected 
with the change in the deviation of the potential from the desired 



value, and to each value of the load current there corresponds a dif¬ 
ferent value of the potential. 

It was shown above that the feedback which restores the one¬ 
valued correspondence between the positions of the sensor pointer 
and of the control element promotes the stability of the system but 
also introduces a static error. The idea of so constructing the feedback 
that it can act only during the control process and is removed when 
the system approaches the equilibrium state naturally arose. Feedback 
constructed in this way enables us to combine the advantages of 
static and of astatic controllers. During the control process the 
controller operates as if it were static, but, gradually, according to 
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how much of the feedback effect is removed, the value of the para¬ 
meter maintained by the controller returns to the same value. 
Feedback of this kind is given the name “floating”. 


5. Floating Feedback 

Figure 26 shows a hydraulic valve controller with floating feed¬ 
back. When the piston of the hydraulic amplifier moves, the point a 
of the feedback lever also moves, since the oil filling the hydraulic 
damper does not have time to flow through its small calibrated opening. 
But when the amplifier piston is motionless, the oil in the damper 
slowly flows from one space to the other under the action of the 
floating component, and the point b always returns, slowly, to its 
initial position. The point a returns to its initial position, since in the 
equilibrium position the valve must close the port. In the equilibrium 
position, therefore, the point also returns to the old value of the 
controlled quantity. 



Fig. 26 





GENERAL INTRODUCTION TO AUTOMATIC CONTROLLERS 


27 


dummator 



Fig. 27 

An example of a pneumatic floating controller is given in Fig. 27. 
In contrast to the controller of Fig. 20, the feedback effect is here 
gradually removed as a result of the flow of the liquid (toluene) out 
of the bellows A into the bellows B through the controlled throttle. 
When the pressure in A is equal to that in B the feedback rod balances 
and returns to its initial position. 
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The floating control unit of an aggregate unifissionary system 
(AUS) is shown in Pig. 28. A pressure proportional to the instantaneous 
value of the controlled quantity is led along the channel 0, and along 
the channel 0 1 is conducted a pressure proportional to the desired 
value of the controlled quantity. 

When the controlled quantity deviates from the desired value 
a pressure difference occurs, which displaces the membrane and changes 



Fig. 28 

the position of the flapper fixed to the membrane in the first stage of 
the amplifier. The pressure set up at the output of the second stage 
of the pneumatic amplifier is led underneath the membrane to the 
chamber A; total feedback is thus put into effect. In order to control 
the effect of the feedback this same pressure is brought to chamber B 
through a controlled throttle. If the pressure in chambers A and B 
were equal, then the feedback effect would be removed. But, because 
of the presence of the throttle, the pressure in B is less than that in A, 
and by changing the size of the throttle opening, we can change the 
effectiveness of the feedback. The pressure from A is led through 
another controlled throttle to the empty chamber C. In time the 
pressure in C always becomes the same as that in A, but the time taken 
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for these pressures to become equal can be changed by altering the 
section of the throttle. The resulting system maintains the pressure 
in chamber D equal to the pressure in C. Therefore the pressure in all 
the chambers (A, B, C and D) is gradually equalized and the feedback 
effect is thereby removed. 

The hydraulic and pneumatic controllers with floating feedback 
which we have just described are also used in electrical controllers. 

Electronic 



Steam 

Fig. 29 


Thus, for example, a floating system of temperature control can be 
obtained by substituting the rigid transmission from the control 
element to the feedback resistance arm in Fig. 23 by a transmission 
which includes an air or liquid floating component. Floating feedback 
can, however, also be realized by purely electrical methods, as shown 
in Fig. 29. In this system the feedback signal is derived from a potentio¬ 
meter and is supplied to the control system via a network containing 
a resistance R and a capacitance G . During the transient state of the 
system this signal will, together with the deviation signal, act on the 
subsequent elements of the system, although if the control element 
were motionless, which never happens, the feedback signal would die 
away at a rate depending on the charge on the condenser of (7, and 
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would always be zero in the steady state. It is obvious here that the 
feedback will not cause residual deflexions in the controlled quantity 
to appear. 

The potential controller shown in Fig. 30 is an example of a 
floating controller constructed by introducing an astatic element into 
a static controller. Here, when the potential becomes different from 
the desired value, the coil B 1 of the amplidyne immediately becomes 



effective. Simultaneously the potential of the coil B 2 begins to change 
at a speed proportional to the deviation in the potential. Equilibrium 
in the system occurs when the potential deviation becomes equal to 
zero. The potential of B 1 then also returns to zero, and that of B 2 
becomes equal to the potential necessary to maintain the generator 
potential at its desired level, and the motor which displaces, the 
potentiometer slider stops. 

The amplidyne potential controller shown in Fig. 31 is another 
example of a controller with flexible (floating) feedback. In contrast 
to the static potential controller examined above, here the flexible 
feedback introduced into the control system is realized with the help 
of a stabilizing transformer. The current in coil B z of the amplidyne is 
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proportional to the rate of change of the exciter potential, and the 
primary coil of the transformer is connected to the exciter. In the 
steady state the exciter potential is invariable and the current in B s , 
supplied by the stablizing transformer, is equal to zero. Thus, this 



Fig. 32 
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feedback, like all floating feedbacks, does not increase the steady 
deviations of the controlled quantity from the desired value. 
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Fig. 33 

6, Derivative Actions 

In Section 2 of this chapter we gave the most simple example 
of a direct action controller using derivative action. In indirect action 
controllers derivative action is widely used as a method of stabilization, 
the unit producing the action being placed at various points of the 
circuit. 

In addition to mechanisms which directly measure the derivative 
from the controlled parameter* differentiating units are widely used. 

An example of a pneumatic unit producing derivative action is 
shown in Fig. 32, which gives the scheme of the anticipation unit of 
an aggregate unifissionary system. For a slow change in the input 

* An example of such a mechanism is a tachometer when the controlled 
parameter is the angle of revolution of any shaft. 
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pressure the output pressure differs little from it, but if the input 
pressure changes rapidly then output pressure will be larger than it 
and, moreover, the higher the velocity of change of the input pressure 
the larger will the output pressure be. Thus, the output pressure 
depends both on the magnitude of the input pressure and on the speed 
at which this pressure is changing. The amplifying part of this unit is 
the same as that in the controller of Fig. 28. 



In electrical controllers derivative action is most often introduced 
into the control system by means of a so called differentiating or RC 
circuit, the arrangement of which is shown in Fig. 33, where we show 
in its simplest form a system of automatic voltage control using deriv¬ 
ative action. The signal of potential deviation is sent to the input 
of the differentiating circuit which consists of a capacitance C and 
resistors R ± and R 2 . A signal proportional to the potential deviation 
and to the time derivative of this deviation is then obtained across R 2 . 

The current through the resistor R 2 may be assumed to be ap¬ 
proximately equal to the sum of the independent currents I R , flowing 
through the resistor R v and J c , flowing through C. The current I R is 
obviously proportional to the potential at the input and / c is propor¬ 
tional to the rate of change of this potential. The potential across R 2 , 
which is is used as the output signal, being proportional to the total 
current through R 2 , therefore contains components proportional to the 
input signal and to its rate of change. 
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Figure 34 gives the circuit of a controller of the speed of an 
electrical machine, where the derivative action signal is obtained by 
using a stabilizing transformer. The potential U v proportional to the 
deviation of the speed of the machine is applied to the primary coil 
of the transformer. The potential of the secondary coil, U 2 , which is 
proportional to the rate of change of TJ 1 is applied to the coil B 2 of 
the amplidyne, as a result of which the control action becomes propor¬ 
tional not only to the deviation of the speed, but also to the derivative 
of this deviation. 

7. Multiple Control 

An example of a system of multiple control is given in Fig. 35. 
This is a hydraulic controller with connexions joined after first-stage 
amplification. In this circuit each sensor controls only one amplifier. 



Fig. 35 
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Each of the second-stage amplifiers is controlled by the two first-stage 
amplifiers. 

Figure 36 shows a similar circuit with the connexions joined 
directly after the sensors. 

Here each sensor controls all the hydraulic amplifiers, but any 
one amplifier is connected to only one control element. 



Fig. 36 


Another example of multiple control is afforded by a system of 
control with two regulating units leading to two control elements 
(Fig. 37). 

The feedback potentiometers shown in the circuit are connected 
in such a way that a displacement in one of the control elements 
causes a corresponding displacement in the other. 

Another example of multiple control is shown in Fig. 38. 

In this circuit the position of the setter of the steam flow controller 
depends on the sensor signal reacting to the temperature change. 
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8. Two-position (Oscillatory) Controllers 

The controllers described above all possessed a position of equi¬ 
librium. This means that for each value of the load on the controlled 
object and for each position of the setting mechanism of the controller 
there existed a position for all elements in the controller in which they 
and the controlled object were in equilibrium.* But we can also con¬ 
struct controllers so that the system as a whole which contains them 
does not, in principle, possess an equilibrium position. Such controllers 


From first automatic F rom second automatic 

controller controller 



Fig. 37 


set the control element in only one of two fixed positions (for example, 
“completely closed’’ or “completely open”) or else move it with one 
of two fixed velocities (for example, “full speed forward” or “full 
speed backward”). To obtain equilibrium of the controlled object and 
the controller it would be necessary to set the control element in an 
intermediate position, determined by the load, but these controllers 
cannot do this and they move the control element when there is a 
change in the sign of the difference between the actual value of the 
controlled parameter and the desired value set by the setting mechan¬ 
ism. As a result the operating state consists of undamped oscil¬ 
lations: the controlled parameter oscillates about the desired value, 

* This equilibrium can be stable or unstable (this depends on the tuning 
of the controller) but it exists in principle. 
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Fig. 38 


and the control element or its velocity continuously “jumps” from 
one extreme position to the other. 

Controllers of this kind are called two-jposition or oscillatory. 

The simplest example of a two-position temperature controller is 
shown in Fig. 39. 

The sensor in this controller is a contact mercury thermometer. 

The position of the contacts sets up the required temperature 
value. When the mercury column closes the contacts, the heater is 
completely turned off and when it opens them, the heater is completely 
switched on. The required temperature value can be set up neither 
when the heater is completely switched on nor when it is completely 
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switched off, and requires an intermediate degree of heating. As a 
result oscillations are set up: the maintained temperature oscillates 
about the desired value, the mercury column oscillates about the 



Power 



contact plates and the heater uninterruptedly switches alternately on 
and off; when the maintained temperature changes, the relation 
between the time during which the heater is turned on or off (in one 
oscillatory cycle) changes. 

Figure 40 shows a temperature controller with the same sensor. 
In contrast to the controller considered before (Fig. 39), in this one 
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when the mercury closes the contact plates, the electric motor which 
drives a rheostat cursor through a reduction gear with constant veloc¬ 
ity is switched on and changes the degree of heat. When the plates 
open, the direction of rotation of the motor changes. 

The circuit of a voltage regulator for an automobile dynamo is 
shown in Fig. 41. 

When the required potential is attained the relay contacts are 
opened and the additional resistance R a of the excitation coil circuit 



is included, so that the potential U falls, the resistance R a is then cut 
out and so on. 

Sometimes a two-position (oscillatory) unit is used as an element 
of a more complex controller, for example in one of the stages of an 
amplifier. Besides this unit the control circuit contains continuous 
units. Their parameters are chosen so that they practically do not 
react to the oscillations of the oscillating element, but average them 
and react only to the disturbances of the mean value of the oscillation. 
Controllers of this kind are sometimes called combined . 

An example of a combined controller intended for the control of 
the potential of an electric generator is given in Fig. 42. 

If, in this controller, the contact K 2 is prevented from moving, 
then changes in the potential U cannot influence the operation of the 
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system, and the controller may then be considered as an ordinary 
oscillatory controller of the potential at the terminals of the exciter B: 
it periodically switches the additional resistance R a in and out of the 
excitation circuit of the exciter. But in reality the contact K 2 is not 
motionless, and moves when the potential U c at the terminals of the 
main generator changes. Thus, the average value of the oscillation in 



the oscillatory controller is displaced, since the relative time for which 
the contact is switched on in each oscillatory cycle is changed. 

The system as a whole operates in such a way that the potential U 
cannot in practice perform oscillations (they are filtered out by the 
large inductance of the excitation circuit of the generator Jf), but the 
oscillatory circuit is essential to the system and plays the part of a 
special oscillatory regulating unit. 


9. Controllers of Discontinuous Action 

All the controllers described in the previous sections were con- 
tinuous . Every element acted continuously on the following element. 
In some cases (when there existed a relay, saturation limits and so on) 
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this action of one element on the next could, during various stages 
of the process, remain unchanged but it constantly influenced the 
conduct of the next element (for example, by determining the moments 
for closing and opening contacts). In addition to these controllers, 
there are also controllers of discontinuous action , in which the action 
circuit closes or opens in a manner which is independent of the way 
the process behaves. 

A very simple example of a controller of this type is shown in 
Fig. 43. It differs from the temperature controller represented in 



Fig. 18 only by the presence of an interrupter (key) which is periodic¬ 
ally actuated by a cam driven by an electric motor. Due to this 
interrupter in the sensor circuit, the temperature is measured and 
acts further on the circuit not continuously but only during the time 
intervals when the key is closed. In these intervals the controller 
acts exactly in the same way as the continuous controller (Fig. 18). 
In the periods when the key is open the control element of the object 
does not move. 

Figure 44 shows a sensor with a chopper bar which is often used 
in discontinuous controllers in place of a key. The chopper is raised 
and lowered by the cam or cam gear which is rotated by an electric 
motor. When the chopper is raised, the sensor does not act on the 
controller and the control circuit is open. During this time the control 
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element does not move. When the chopper is lowered, the sensor 
pointer presses against one of the potentiometer arms and the circuit 
closes. A rectangular pulse is produced at the output of the sensor, 



its height depending on the position of the pointer at the moment 
when the chopper bar presses it to the contact. 

Figure 45 shows the sequence of pulses obtained at the output 
of the sensor when the controlled quantity changes sinusoidally. 

A different construction using a chopper bar is shown in Fig. 46. 
Here the chopper presses the pointer to one of two possible contacts, 
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which of the two being determined by the sign of the input. The 
height of the pulse produced at the sensor output when the pointer 
makes contact is constant, and the width of the pulse (the time of 
contact of the pointer), because of the taper on the bar, depends on 
the position of the pointer at the moment of contact. The sequences 
of pulses for a sinusoidal input signal in this case is represented in 
Fig. 47. 

The theory of discontinuous control shows that discontinuous 
controllers have several advantages when compared with continuous 



Fig. 46 


controllers, in particular in the control of objects with large delays. 
But the use of discontinuous controllers in the automation of pro¬ 
duction is often explained not only by these, but also by purely tech¬ 
nical advantages. When a chopper bar is used, ordinary low power 
pointer devices may be employed, without any loss of accuracy, since 
measurement and setting are separated in time. During measurement 
the device is cut off from the controller and no additional load from 
the side of the subsequent elements of the controller is transmitted to 
its moving system. 

Also in discontinuous control the controller is disconnected from 
the object for a large part of the time. This enables one to use the 
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same controller for several (sometimes several dozen) parameters in 
turn (every cycle or according to a given curve). For this purpose the 
controller is connected in turn during one or several pulses to each of 
the sensors and to the corresponding regulating unit and moves the 
latter in correspondence with the indications of the sensor. 


10. Extremal Controllers 

Let the value of the controlled parameter be y and the position 
of the control element be x. In some cases the static characteristic 



of the object, y — f(x), has an extremum (maximum or minimum). 
Depending on various factors the function f(x) will change and the 
point corresponding to the extremum will move in the #y-plane (Fig. 
48). It is often required to maintain y at the value corresponding to 
the extremum of the function y = f(x). 

For example, let us consider the problem of maintaining the 
highest temperature in the flame of an oil-burner. 

The sources of the oxygen used for the fuel combustion are 
varied: primary air, secondary air, oxygen blowing, “unorganized air” 
(the seeping through thin material) and so on. 

Let us suppose that the burner is given a constant quantity of 
fuel and that there is a damper which can, for example, change the 
supply of secondary air. 

If the quality of the fuel and the quantity of oxygen supplied 
by the other sources were constant, then in order to maintain the 
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maximum flame temperature a definite quantity of secondary air 
would be required. An ordinary controller could maintain it. But if 
the oxygen received from the other sources changes then in order to 
maintain the maximum temperature the quantity of secondary air 
must also be changed. This problem can be solved by an ordinary 
controller, but it is then necessary to measure the supply of oxygen 
from all the sources, and the quality of the fuel, and to reset the setter 
of the secondary air controller so that the rate of flow of secondary 
air maintained by it would always secure the maximum temperature 



of the flame. This is complicated, and often not possible; it is difficult, 
for example, to measure the accidental inflow of air through various 
thin surfaces in a stove. This problem can, however, be solved by a 
controller which is such that only the controlled quantity is measured 
(in this example, only the flame temperature) and the controller itself 
continuously 4 ‘searches’* for the position of the control element giving 
to the measured quantity its maximum or minimum value. A controller 
of this kind is called an extremal controller . At present, extremal 
controllers are only just beginning to be used in automation. But 
their advantages are indisputable, and in the near future they will be 
widely used. 

The simplest scheme of an extremal controller is shown in Fig. 49. 
The value of the controlled quantity, y , which is measured by the 
sensor, is transmitted to the differentiating unit. Its output signal is 
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d y 

proportional to the derivative-. Later in the circuit there is a 

dt 

. dy 

divider, which receives one signal proportional to —- and another pro- 

d t 

dx 

~d r 


portional to the rate of change of the control element coordinate 


The output from the divider is therefore proportional to their ratio 




dx 



Fig. 49 


When this derivative changes in sign, a relay reverses the regul¬ 
ating motor, i.e. changes the direction of change of the control elem¬ 
ent. We can consider the unit as a whole as an ordinary controller 

dy dy 

maintaining the quantity-at a value-= 0. The sensor, reacting 

dx dx 

to the deviation in y , can be considered, together with the differen¬ 
tiating unit and the divider, as a sensor reacting to the controlled 

dy . . 

parameter ——. But the value of this parameter becomes indeterminate 


dx 

if at the same time 


dx 

d T 


0 and 


d y 
dt 


= 0. Hence such a controller can 


operate only if the control element does not stop when the maximum 
of y — f(x) is attained. This is ensured by the use of a two-position 
relay, i.e. by constructing the controller according to a two-position 
(oscillatory) scheme. 

The basic disadvantage of a controller of this type lies in the fact 
that it is very sensitive to noise. In the presence of noise the charac¬ 
teristic y = f(x) has many small extrema (Fig. 50). The controller 
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has to be considerably more complicated if it is to distinguish the 
required (true) extremum from the bogus extrema. 

A different scheme for an extremal controller is represented in 
Pig. 51. Both the regulating motor of the controller and the constant 
frequency oscillations produced by a special oscillator act on the 
control element. 

Let us first suppose that the control element produces only oscil¬ 
latory movements. The oscillations of the controlled quantity y at the 
output of the object are produced with the same frequency, but their 

«/t 



Fig. 50 


d y 

phase depends on the sign of *—- from the characteristic y = /(x). 

ax 


When the extremum is crossed, the sign of the phase changes. 

In the scheme of Fig. 51, the value of y is transmitted to the 
input of a phase-sensor, which reacts to the sign of the phase of the 
oscillator signal depending on its value, switches the relay which 
reverses the regulating motor. 

As a result, the control element takes part simultaneously in two 
motions: translatory and oscillatory. The oscillatory motion is used 
to obtain a signal to determine whether the required extremum has 
been attained. When the extremum is passed the direction of the 
translation of the control element is changed. 

Another method for constructing an extremal controller is shown 
in the scheme of Fig. 52. 
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The controlled quantity is transmitted to the input of the memory 
and of the comparing unit. In the memory unit the greatest (or least) 
value attained by the controlled quantity is stored. In the comparing 
unit the value of the controlled quantity which is stored in the memory 
unit is compared with the current value. At the moment that the 
difference between them reaches a given magnitude (for example, 0*5 
or 1 per cent of the value which is stored in the memory), an output 



Fig. 51 


signal is obtained from the comparing unit, which fulfils two functions: 
it switches the relay which reverses the direction of motion of the 
control element and it clears the store of the memory unit. 

The scheme of a pneumatic extremal controller, designed at the 
Institute of Automatics and Telemechanics of the Academy of 
Sciences of the XL S. S. R., is shown in Fig. 53. 

The sensor produces a pneumatic signal P y , proportional to the 
measured quantity. This signal is transmitted to the chamber A and 
also to the chamber Z of the memory block and to the chamber B 
of the comparison block. The pressure from the memory chamber in 
its turn reaches the chamber C of the memory block and the chamber 
D of the comparison block. When P y increases, the air flows from 
chamber A through the memory chamber Z to C. The pressure in A, 
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Fig. 52 


due to hydraulic losses, is slightly more than that in C, and the mem¬ 
brane unit of the memory block is pressed downwards. The nozzle C x 
is closed by the valve, the pressure in chamber E becomes equal to 
the total supply pressure and the lower membrane of the memory 
block, pressing downwards on the valve K , opens the access of air 
from the transmitter across the memory chamber Z to C. 

At the moment when P y attains its maximum and begins to 
decrease, the direction of flow is changed: the air from Z must now 


Damper 
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atmosphere 
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Constant supply 
block 
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Fig. 53 
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flow into A. But the pressure in B will then become larger than that 
in A , the membrane is pressed upwards, the nozzle C x is opened and the 
pressure in E falls. Because of this the valve K is slammed shut and 
the maximum pressure is attained in Z and, of course, in C and D. 

In the comparison block, this fixed pressure P ymax is compared 
with the instantaneous pressure P y which is transmitted to the chamber 
B. When the difference between these pressures reaches a given value 
d (set by the tension in the spring S 2 ) the nozzle C 2 closes and the 
pressure at the output of the comparison block, P co , increases sharply. 

This pressure P co is transmitted to F in the memory block, to 
the membrane of the pneumatic step switch and across the choke 
which ensures a delay in the signal, to the chamber G of the compar¬ 
ison unit. Under the action of the given signal, the step switch turns the 
ratchet-wheel and the plane air distributor joined to it, by one tooth. 

The increase in pressure in F causes the membrane to sag down¬ 
wards and the nozzle (7 3 to close. The pressure in H increases, the 
membrane unit sags downwards, the pressure in E increases and the 
valve K opens. Because of this the pressure in the memory chamber Z 
becomes equal to P y , i.e. the “memory” of the memory block is 
cleared. 

After some delay, the pressure in G increases. This switches the 
nozzle (7 4 and causes an increase in the pressure in chambers L and M . 
The membrane unit of the comparison block presses upwards and 
the signal P co is removed. 

As a result, the memory and comparison blocks return to their 
initial position and are again ready for operation. But now the step 
switch distributor has been turned on by one step. 

At each turn of the distributor the pressure is alternately trans¬ 
mitted to the chambers N and 0 . Depending on this, the constant 
pressure block directs the air to the control element membrane, and 
from it to the atmosphere, maintaining a constant drop at the throttle, 
through which the air flows. As a result for each operation of the step 
switch the direction of motion of the control element, which moves 
with a constant velocity, is changed. 

Thus the control element continuously oscillates about the value 
corresponding to the maximum of the controlled quantity y . 

Let us now turn to a general consideration of extremal controllers. 
Two ways of using extremal controllers in the automation of pro¬ 
duction can be indicated. 
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When the quantity y , having an extremum for some position of 
the control element, is measured directly, its value is immediately 
transmitted to the input of the extremal controller (Fig. 54). In a 
number of cases the quantity y cannot be measured directly (for 
example when y is the efficiency of an assembly or the specific rate 



Rig. 54 


of flow of fuel) but it can be calculated from parameter measurements. 
In this case (Fig. 55) the measured parameters are transmitted to the 
input of a computing device in which the value of the parameter y 
whose extremum must be maintained is computed. The extremal 
controller reacts to this parameter calculated in the computing device. 



Fig. 55 


The principles described above can be applied also in the con¬ 
struction of an extremal controller for several quantities. 

Let us suppose, for example, that the controlled object has 
several (say two) control elements. Let their coordinates be, respect¬ 
ively, x x and x 2 . Let the controlled parameter y = F(x v x 2 ) have a 
maximum (or minimum) for some values x 1Q and x 20 (Fig. 56). The 
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surface y — F{x v # 2 ) changes continuously, the values x 10 and x 20 
corresponding to the extremum change, and the control elements 
must always be set in the positions x 10 and x 20 . 

To obtain this, the usual extremal controllers may be used, if with 
their help we move the control elements alternately,* Let the value 
x ± = x 1 be fixed and let the extremal controller control the second 
control element. It then operates according to the characteristic 



which is obtained if we intersect the surface y = F(x 1 , x 2 ) by the 
plane x x = x v and bring y to the minimum point in the section. We 
then fix x 2 = x 2 and the same extremal controller controls the first 
control element and so on, until we obtain the absolute extremum 
(Fig. 57). 

Controllers of this kind allow us to construct a system of control 
by objects with several controlled quantities, by a method different 
in principle from that used in ordinary controllers, even in those 
cases when the problem is not to maintain the extremum but is the 
usual problem of stabilizing the desired values of the controlled 

* Other methods of solving this problem are also possible. We can, for 
example, simultaneously move all the control elements so that the point drawn 
moves along the surface to the minimum along the curve of shortest descent. 
But such a construction is more complicated. 
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Fig. 57 


quantities. In order to do this, the controlled quantities x v x 2 , .... 
are transmitted to the input of the computing device (Fig. 58) which 
produces at its output the free parameter , some function of these quan¬ 
tities y = F{x v x 2 , . . . ,). This function is chosen so that it has a 



Fig. 58 
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sharp minimum (or maximum) for the values of x 1Q , x 20 , . . , which 
it is necessary to maintain. Then the free parameter is transmitted 
to the input of the extremal controller which moves all the control 
elements until the extremum value of the free parameter y is obtained, 
i.e. until x l9 x 2 ,... take these required values. Of course, the positions 
to which the extremal controller moves the control elements will 
depend on the external disturbances. 


11. Individual, Specialized and Universal Controllers. 

Aggregate Systems 

The calculation and construction of controllers depends essentially 
on the purpose and peculiarities of their production. 

Controllers which are intended for the control of a particular 
object are called individual . Usually such controllers are supplied 
complete with the object and are an integral part of it. Such for ex¬ 
ample are the controllers of powerful turbines, jet engines, and so on. 

During the design stage of such controllers, the peculiarities of 
the controlled object are considered as data, and the purpose of cal¬ 
culation is to ensure the conditions which are laid down by the tech¬ 
nical data of the control process during the operation of this concrete 
object. 

Specialized controllers are intended to control a particular para¬ 
meter in various objects. As examples we may take almost all direct 
action controllers, indirect action pressure controllers, many tempe¬ 
rature controllers, and so on. The sensor and in part the regulating 
unit of such controllers are an integral part of them and cannot be 
altered. But it is not known beforehand, during construction and 
manufacture, where, with what objects and under what conditions 
the controller will be operated. 

Universal controllers are produced by specialized controller¬ 
constructing enterprises to control the most varied parameters and 
objects. Universal controllers are made so that various sensors and 
very varied regulating units can be adapted to them. Not only during 
construction and manufacture, but also at the time of sale, it is not 
known where the controller will operate, under what conditions, or 
even what parameters are to be controlled. This being so, there is no 
point in designing the control process, and the calculation of the con¬ 
troller is carried out separately with regard to the sensor or the object. 
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The controller is designed as a separate unit intended for the trans¬ 
formation of the input signal corresponding to the required law of the 
control effect. Great attention is paid, therefore, to securing a wide 
tuning range. Thus, in a number of universal controllers, the effective¬ 
ness of the feedbacks may change by a hundred or a thousand times, 
and the time of a floating component may change from a few seconds 
to several hours. 

In recent years, as a result of the wide development in the auto¬ 
mation of production, everywhere the production of universal con¬ 
trollers is being replaced by the production of even less specialized 
devices: aggregate systems of automatic control. Such systems consist 
of separate units, intended to fulfil the simplest operations on a signal, 
i.e. amplification, compounding signals, differentiation, integration, and 
so on. Any control system consists of such standard units, so that 
very varied automatic schemes may be put together from a small 
selection of units. The analysis of each unit must be done separately, 
depending on its working conditions. 

More and more frequently, conditions arise where the closed 
control circuit is completed by the consumer in his own way, and the 
analysis of the control system by the manufacturer loses its value. 
In addition, when there are similar tunings over a wide range, the 
consumer seldom resorts to an analysis of the closed control circuit. 
He requires something else from control theory: a convenient, simple 
method of discovering optimal tuning. The discovery of such methods 
has until now been rather neglected. Nevertheless, without a know¬ 
ledge of control theory it is not possible to construct and adjust 
controllers, or to complete modern control systems. The theory enables 
us to understand the causes of self-excitation of control systems, to 
design a correct programme of experimental running of the controller, 
and of debugging the control system. For individual and for some 
types of specialized controller, control theory enables us to design 
the controller and to foresee during its construction everything 
necessary for its prompt running. 

The remaining chapters of this book are devoted to the methods 
of control theory and to the elucidation of the possibilities offered 
by it. Only the theory of continuous control is dealt with. A knowledge 
of it will simplify the study of special subjects in control theory, the 
theory of discontinuous control and of the extremal controller, for 
the reader. 



CHAPTER II 


THE CONSTRUCTION OF A LINEAR 
MODEL CONTROL SYSTEM AND 
THE INITIAL MATERIAL FOR 
ITS ANALYSIS 


The linear analysis techniques of automatic control enable us to solve 
control problems to the first approximation, that is, to determine 
what kind of control process in a given system will follow a given 
disturbance, or, conversely, to find those controller parameters in the 
given circuit for which a process satisfying the given conditions takes 
place. However, problems of this kind can be completely solved only 
for some types of system, namely those defined by linear differential 
equations. Usually control systems are defined by more complicated, 
non-linear, differential equations, and therefore the initial steps of 
the analysis consists in replacing such equations by appropriately 
chosen linear equations, and in using these to study the processes 
in the given system. In some cases, such a method succeeds in eluci¬ 
dating the character of the processes in the actual system or even in 
completely solving them, while in other cases it assists the study of 
the processes only for sufficiently small disturbances. However, it is 
usual in any case to begin the solution with such a linear analysis. 
If the linear analysis is inadequate, then it becomes necessary to ex¬ 
amine considerably more difficult, non-linear, problems in order to 
solve the system. Methods for their solution have been little developed, 
and if we need to investigate not only the steady state but also the 
transients of the processes, then we must appeal to graphical or 
numerical methods for the solution of the non-linear differential 
equations of the control process. In doing this, we have normally 
to set the parameters “at random”, until we have succeeded in choosing 
those which ensure processes satisfying the technical data. 


56 



THE CONSTRUCTION OF A LINEAR MODEL CONTROL SYSTEM 


57 


From this brief description of the state of the theory of control 
and its resources, it is evident that any research into the control 
system requires, first of all, the derivation of the differential equa¬ 
tions defining the control process and the ability to obtain from 
these equations their corresponding linearized form, which will be 
suitable for investigation by the methods of the linear theory of control. 

We must find first the static solution of the control system rather 
than proceed to the derivation of the equations of motion, since we 
will succeed in finding the steady values reached by all the coordi¬ 
nates of the system for any investigated conditions with the static 
solution. These steady values assumed by all the coordinates must 
be known for the derivation of the equations of motion in non-linear 
systems. 

It is convenient, in deriving the differential equations, to dis¬ 
member the system into parts, and according to the laws of uniformity, 
"to derive the equations of motion for each part of the system sepa¬ 
rately. 

Sections 1 — 3 of the present chapter are devoted to all the 
questions concerning the derivation of the equations of motion. 

When the equations of all parts of the system have been obtained, 
we then find their corresponding linear equations. From these is 
found the transfer function of the given system (these terms will be 
explained in more detail below), which is also used as initial material 
for all further linear calculations. Sections 4—7 are devoted to questions 
of this kind. 

The methods of the linear theory of control can be divided into 
two groups. To the first belong those methods which study the process 
directly from the linearized equations. For these the presentation 
of the initial material in the form of the transfer function is very con¬ 
venient. But other methods, comprising the second group, are also 
widely used. These start from the presentation of the properties of 
the linearized system in the form of special graphs, frequency charac¬ 
teristics, which are easy to construct from the transfer function. But 
in a number of cases, where the actual system differs little from its 
linear approximation, the frequency characteristics can be obtained 
experimentally; this constitutes one of the important advantages of 
the frequency response method, since in such cases one can sometimes 
totally avoid the derivation and linearization of the equations of 
motion. The initial material for frequency response methods consists 
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of frequency response characteristics either constructed from experi¬ 
ments or obtained from the linearized equations. Everything con¬ 
nected with obtaining it is summarized in Section 8 of this chapter. 


1. The Dismemberment of the System into its Elements 

Corresponding to the accepted terminology of mechanics, by 
the number of degrees of freedom of a system of automatic control is 
meant the least number of independent quantities whose values com¬ 
pletely determine the state of the system at any instant. The quantities 
satisfying these conditions are called the generalized coordinates of 
the system. These quantities can be chosen arbitrarily and can have 
any dimension. 

If we were interested in all the processes taking place in a system 
during automatic control the number of degrees of freedom would be 
extraodinarily large or even, if the distribution of parameters were 
taken into account, infinite. However, to the first approximation, we 
can distinguish between those generalized coordinates which basically 
affect the course of the control process and those which have very 
little influence on it, and in this way the number of degrees of freedom 
taken into account can be reduced. 

By comparing the time required to set up a coordinate with 
the expected or required tempo of the control process, we possess a 
criterion for selecting the basic generalized coordinates. If for an inter¬ 
mittent change in some coordinate A the new value of the coordinate 
B which follows it (in the action circuit) is set up in a time incommen- 
surably less* than the expected or required time of the control process, 
then we need not introduce the coordinate B into the problem, but 
consider its value to be “due 55 to the value of A. 

Let us consider some examples of selecting generalized co¬ 
ordinates. 

In the direct automatic control assembly for the speed control 
of a diesel engine, shown in Fig. 59, we can restrict ourselves to two 
generalized coordinates and, therefore, we can think of the whole 
system as having two degrees of freedom. As one generalized co¬ 
ordinate we may take the mean angular velocity per revolution of the 
diesel crankshaft, and as the other the position of the controller clutch 


* Usually by some tens of times. 
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or else the position of the fuel pump lath. Being restricted to these 
two coordinates we can completely disregard the irregularity of the 
speed of the crankshaft (the change of its angular velocity over one 
revolution), the wave processes in the fuel pipes and in the rods 
connecting the controller clutch and the fuel pump lath, and so on, 
considering that these processes take place incommensurably faster 
than the control process itself. 

In a single-stage reducer also (a direct action vacuum controller, 
Big. 60) it is natural to limit consideration to only two generalized co- 



Fig. 59 


ordinates. One is the pressure under the diaphragm, and the second is 
the position of the diaphragm (or of the reducer valve). It is then 
assumed that the pressure at the reducer input does not vary and that 
the wave processes in the chamber under the diaphragm can be neg¬ 
lected, i.e. it is considered that a uniform pressure is set up practically 
instantaneously at all points of this chamber. Similarly in a two-stage 
gas reducer (Pig. 61) four degrees of freedom are taken into account: 
we can take as generalized coordinates, for example, the deflections 
of both membranes, the pressure between the stages and the low 
pressure at the reducer output. 

When using an indirect controller with an hydraulic jet amplifier 
to control the rate of flow, it is necessary to take three degrees of 
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freedom into consideration (the generalized coordinates being the 
rate of flow, the movement of the jet pipe and of the piston). Often 
it is possible to treat the rate of flow as being “due” to the movement 
of the control element, and to reduce the number of considered co¬ 
ordinates to two. 

In a system for automatic air pressure control using the controller 
04-MG (its circuit was shown in Fig. 27) seven degrees of freedom have 
to be taken into account. The generalized coordinates can be the 
controlled pressure, the angle turned through by the end of the helical 
spring, the pressure in the primary relay chamber, the tension in the 
bellows, the pressure in the secondary relay chamber, the position of 
the valve in the control element and the displacement of the feedback 
ever. 



Fig. 61 
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Fig. 62 


If the control process as a whole takes place slowly (for example 
if the control time lasts several minutes) then the number of degrees 
of freedom considered can be reduced. We may, for example, consider 
in this case the pressure in the primary relay chamber and the tension 
in the bellows as being instantaneously set up, i.e. as being precisely 
“due” to the angle turned through by the end of the helical spring. 

As an example of this, let us consider the control of the angular 
velocity of a direct current electric motor with independent excitation. 



Fig. 63 
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The control is effected by the influence of the motor armature on the 
potential (Fig. 63). The angular velocity is measured in this example 
by a tachogenerator, the e.m.f. of which is compared with a standard 
potential U . The difference between them after amplification by an 
electronic amplifier, is transmitted to the excitation coil of a metadyne 
whose output brushes supply the armature of the controlled motor. 

If the electronic amplifier is considered as having no inertia, then 
the system has five degrees of freedom. The generalized coordinates 
may be taken as the controlled speed of the motor, the voltage at the 
electronic amplifier output, the current in the excitation coil of the 
metadyne, the current in its short-circuited circuit and, finally, the 
armature network of the controlled motor. 

We note the fact that in control systems the action between two 
units of the system often proves to be one-sided, one unit acting upon 
the next without meeting any noticeable opposition. 

Thus, for example, in the pneumatic controller 04-MG (Fig. 27) 
the turn of the end of the helical spring is determined by the deviation 
in the stage of the controlled member, but this state does not change 
with the addition of the helical spring; the movement of the end of the 
spring causes a change of pressure in the primary relay chamber, but 
this change of pressure has almost no influence on the position of the 
end of the spring; the pressure in the primary relay chamber deter¬ 
mines the pressure of the bellows, but the pressure in this chamber is 
hardly affected by the displacement of the bellows, and so on. 

Henceforth any unit which allows action in one direction only, 
i.e. which, apprehending an action from the preceding part of the 
system, offers it negligible opposition, is called directional . 

If at any point of the circuit we select some directional unit and 
we break the action circuit in front of it, i.e. cause the actions of the 
preceding part of the system to influence this directional assembly 
in no way, then the system as a whole will be called open. 

We can pick out that element in the selected directional unit on 
which the action was carried out in the earlier, closed, system. It is 
called the input of the open system , and the coordinate determining 
its state is the input coordinate of the open system . The element in the 
last part of the open system which carried out the action on the given 
directional element when the system was closed is called the output 
of the open system , and the coordinate characterizing the state of this 
element, its output coordinate . 
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Thus, for example, in the case of the direct control of a diesel 
we can open the system by disconnecting the pump lath from the 
controller clutch. The pump lath will then be the input of the open 
system and the position of the lath will be the input coordinate; the 
controller clutch will be the output of the open system and the position 
of the clutch its output coordinate. We can open the same system 
by disconnecting the engine flywheel from the drive gear of the con¬ 
troller shaft. Then this gear will be the input of the open system, its 
angular velocity the input coordinate, and the engine flywheel will 
be the output of the open system and its angular velocity the output 
coordinate. 

In an open system we can again select some directional unit and 
similarly break the action circuit in front of it. The open system is 
then divided into two parts. If either of these parts contains more 
than one directional unit it can again be divided into two parts, 
and so on. 

As a result the system will be divided into sections each of which 
contains only one directional unit. Such a section of the system is 
called an element of it. Just as for the open system, each element 
has its “input” and “output” and corresponding “input” and “output” 
generalized coordinates. The input coordinate of each element is the 
output coordinate of the element preceding it. 

Thus, for example, the system of automatic control of a rate of 
flow (Fig. 62) can be dismembered into three elements. The measured 
rate of flow is the input coordinate for the measurer and the output 
coordinate for the controlled member; the position of the end of the jet 
tube is the input coordinate for the servo-motor and the output for the 
measurer; finally, the position of the controlling valve is the input coor¬ 
dinate for the controlled member and the output for the servomotor. 

The theory of automatic control enables us to judge the properties 
of a system from the properties of its constituent elements. 

All generalized coordinates will henceforth be denoted, regardless 
of their dimensions, by X. We will denote the input coordinate by 
X in , the output coordinate by X out , and the number of a co-ordinate 
will be indicated by a suffix (for example X inl , X out2 , etc.). 

As the zero reading of each coordinate we choose the value which 
it has for some steady operating condition of the system. 

The direction of reading the generalized coordinates can be 
selected arbitrarily, but it is convenient to keep to the following rule 
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of signs: the controlled coordinate (the coordinate is positive 
if its value is larger than that which is selected as the reading origin; 
the coordinate of the sensor X 2 is positive if an increase in X 2 cor¬ 
responds to an increase in X v and so on down the action chain. 



Fig. 64 


With this sign rule, the output coordinate of an element will be 
the input coordinate of the next element not only in magnitude but 
also in sign. 

The time characteristic of an element is the curve which shows 
the change of its output coordinate as a function of time resulting 
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from its input coordinate instantaneously acquiring a new value 
which is not subsequently altered. 

In order to determine the time characteristic using any recording 
device (for example an oscillograph with corresponding monitors) we 
make a simultaneous recording of the change in the input and output 
coordinates X in and X out of the element. Having switched on the 
recording device, we abruptly change the value of the input coordinate 
from some value X ml to X in2 and during subsequent recording this 
value X in2 remains constant. On the oscillograph there will be drawn 
two lines which, apart from time delays, will correspond to the change 
in X- m and X out during the experiment. 

Figure 64 shows examples of typical time characteristics. An 
element whose output coordinate tends over the course of time to a 
new fixed value is called static (Fig. 64a, b and c). If its output co¬ 
ordinate does not tend to a new fixed value and over the course of time 
a constant rate of change of the output coordinate is set up, then the 
element is astatic (Fig. 64 d). If, finally, the rate of change of the output 
coordinate (and also its acceleration and higher derivatives) increase 
without limit, the element is said to be unstable (Fig. 64c). 


2. Static Characteristics of Elements and of Systems 

We restrict ourselves for the present to a consideration of static 
elements. Let us take a series of time characteristics, varying the 
value of the input coordinate X ino supplied to the element. We 
denote by X out 0 the value of the output coordinate which is ultimat¬ 
ely attained when X in = X in0 . 

As abscissa we take the set-up value of the input coordinate A in0 
of any element, and as ordinate the set-up value of the output co¬ 
ordinate X cut0 of this element. If we ignore insensitivity, then for 
each element of the system we can construct its static characteristic 
in terms of the coordinates X in 0 , X out 0 (Fig. 65). 

In the case when some external action, as well as the action of 
the preceding element, acts upon the element, a family of static 
characteristics can be constructed for the element, each characteristic 
corresponding to a certain value of this external action. 

Thus, for example, the controlled object possesses a family of 
static characteristics, each of which corresponds to a certain value 
of the load X L on the object (Fig. 6fe). A sensor containing a setter 



66 


THEORY OF AUTOMATIC CONTROL 



Fig. 65 Fig. 66 


also possesses a family of static characteristics, each of which corres¬ 
ponds to a certain position of the setter. 

For static elements, the tangent at any point of the static charac¬ 
teristic has a positive slope: 



Fig. 67 


Fig. 68 
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(LX* 

The value of-at some point 0 of the static characteristic 

is called the coefficient of amplification at that point and is denoted 
by Jc Q . From Fig. 65 it is clear that k 0 = r tan a, where r is the coef¬ 
ficient taking the scale of the -X out 0 and -X in 0 axes into account. 



Fig. 69 


An astatic element is, for some value of the input quantity 
X [n 0 = X* n o, in equilibrium for any value of the output quantity, 
but for other inputs X,„ o + 4o has in general no equilibrium. We 
may thus think of the straight line parallel to the X ou t o axis (Fig. 67) 
as the static characteristic of the astatic element. 
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If a vertical tangent can be drawn to the static characteristic of 
an element then the point of contact of this tangent is called a point 
of astaticism (Fig. 68). 



Jc Q is a measure of the statism of an element. The larger the value 
of Jc Q the nearer to astaticism are the properties of the element. 

The curves which define the change in the steady values of all the 
generalized coordinates of a closed control system for various values 
of the load or tuning are called the static characteristics corresponding 
to those coordinates. The static characteristic for the controlled co- 
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ordinate has a special significance. It is sometimes called the static 
characteristic of the control system . 

The static characteristics of the control system can be constructed 
from the static characteristics of all the elements of the system. 


Xout,ob 
== Xjn, c 




Fig. 71 

We begin the construction of the static characteristics of the 
control system with a consideration of the process of direct control. 

Let us suppose that the static characteristic of the controlled 
object for various values of the load X L and the static characteristic 
of the controller are given (Fig. 69). 
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Fig. 72 


Let us draw these static characteristics on one graph (Fig. 70), 
bearing in mind that the output co-ordinate of the object is the input 
coordinate of the controller and the output coordinate of the control¬ 
ler is the input co-ordinate of the controlled object, i. e.: 


Y 

^-out, ob 
-Tout, cont 


^in, cont ^ 1 ’ 
— -^in, ob = ^2- 


The points of intersection determine X x and X 2 for various loads 
in the steady conditions (Fig. 70a). 
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Using the points of intersection it is easy to contruct curves of 
change of X 10 and X 20 for a change in the load (Fig. 10b), i. e. the 
static characteristic of the control system. 

If the control process is caused by a drop in the load from A to B, 
then X 10 and X 2Q can be at once determined from Fig. 706, both 
for load A and for load B. 



Let X 10 be the controlled co-ordinate. Then the segment G 
(Fig. 706) defines the static error or non-uniformity of the control for a 
drop in load from B to A. 

If the controller were astatic, then its static characteristic would 
be a vertical straight line and the static control characteristic would 
be a horizontal straight line (Fig. 71). If the static error were equal 
to zero, then the control would be astatic. 

If we take into account the presence of the setting device of the 
controller in this construction, then instead of one controller charac¬ 
teristic we would have to consider a family of characteristics and to 
the control system as a whole there would correspond a family of 
static characteristics (each curve of this family being related to its 
tuning value). 
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The indirect control static characteristic is constructed in exactly 
the same way, but in this case the control system consists of more than 
two elements and we first construct the static controller characteristic 
from the static characteristics of its elements. 

The construction can be made directly on the graph if we remem¬ 
ber that the output coordinate of an element is the input coordinate 
of the element which follows it. 

Example. Let us construct the static characteristic of a controller con¬ 
sisting of a sensor and two servomotors, each of which has feedback;. The static 
characteristics of each of these elements are separately in Fig. 72. 

Points of the static controller characteristic as a whole can easily be 
obtained by arranging the characteristics of the separate elements in the way 
shown in Fig. 73. The controller characteristic is constructed in the second 
quadrant. 

If there is an astatic element among the controller elements, then 
the controller characteristic will be a vertical line, and the control 
system characteristic will be a horizontal line. 

A similar construction is easily made also for systems containing 
feedback. Here it is first necessary to find the static characteristic 
of each section of the network containing feedback by an exactly 
similar construction. 

When the static controller characteristic has been constructed, 
from it and the static characteristic of the controlled object we can 
construct the static control system characteristic in the same way 
as for the case of direct control described above (Fig. 70). Further, 
from the static characteristics of the separate elements we can find 
the steady values of all the generalized co-ordinates for any state, for 
example, for any fixed value of the load on the controlled object. 

As a result of the construction we have described we can find the 
curves which define the equilibrium values of all the co-ordinates 
of the system in each possible state (for example, for various values 
of the load on the object, for various values of the tuning parameters, 
and so on). 


3. The Equations of the System Elements 

It follows from the static characteristic constructed in the pre¬ 
vious section that when there is a change in the conditions (in the load 
on the object, the position of the tuning element, etc.) the value of the 
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coefficient of amplification of the element will change. It will later 
be shown that other properties of the element, too, depend on these 
conditions. For this reason we investigate the control process for each 
possible state separately.* 

In such an investigation let us agree to take the equilibrium 
values of all the generalized coordinates, determined by the method 
in the previous section, as the zero. If the system was in some equi¬ 
librium position and then, as a result of a change in the load on the 
controlled object, or as a result of action on the controller (change in 
the tuning), it moved to a new position of equilibrium, then as the 
zero of all the generalized coordinates we agree to take their values 
in the position which was the equilibrium position of the system up 
to the time of the disturbing action. 

We denote the values of the coordinates calculated with respect 
to this zero by AX, keeping the same suffix, so that 

^in -^inO> ^^out -^out ^outO> 


where X- m , X out are the input and output coordinates calculated from 
the arbitrarily chosen zero, and X in 0 , X out 0 are the values they have 
in the investigated state. It is often convenient to change to dimension¬ 
less coordinates, which will be denoted by small letters with the same 
suffix so that 


X* 


^out 


i*out 

*o*ut 


where X\ u and X* ut are arbitrarily selected values of the input and 
output coordinates (basic values*). 

The equation of motion of an element is the (usually differential) 
equation which determines the change (in time) of the output co¬ 
ordinate of the element for a given change (in time) in its input co¬ 
ordinate. 

* We note at once that it is not possible, from an investigation of the system 
separately for each possible set of conditions, to draw any conclusions about its 
properties for big changes in the load. For example, from the fact that, for every 
value of the load N within the limits N t < N < N 2 , the processes caused by 
a small change in the load satisfy some technical conditions, it is not possible 
to deduce that the same technical conditions will be satisfied by the process 
caused by a large change in the load, even if it does not go outside the limits 
N,< N< N r 

* The basic values are sometimes chosen so as to reduce the number of 
coefficients which enter into the equation of the control process and are different 
from unity. 



74 


THEORY OF AUTOMATIC CONTROL 


The field of automatic control is so large that it is not possible 
to form in advance the equations for all the elements which are 
encountered in practice. Indeed, there is no need to do this, since each 
time the initial equations are formed new factors, the results of new 
research, must be taken into account. In order to describe exactly 
the process for any element we must be guided by previously acquired 
knowledge. Thus the derivation of the initial equations cannot be 
performed once and for all and remains an arduous task which the 
engineer must solve anew each time, taking the specific character of 
the particular case he is considering into account. 

The initial equation for an element usually relates the rate of 


change of the deviation in the output coordinate 


d AX, 


out 


d t 


with the 


deviations in the values of the input and output coordinates A X ln , 
and A X out , and is of the form 


—£ ou - = F(AX m , AX 0Ut ). 
d t 


( 2 . 1 ) 


In some cases, as we shall show later, the initial equation also 
contains the second derivative of the output coordinate and is of the 
form: 


<M out 

df 


= F\AX ln , AX, 


L out> 


dJXo*.] 

d t ) ‘ 


( 2 . 2 ) 


We shall now demonstrate the reasoning used to derive the initial 
equation, i.e. to determine the function F in equations (2.1) and (2.2), 
by doing a number of typical problems. 


(1) The equation when an engine (diesel , carburettor , steam) 
is the controlled object 

We take the change in angular velocity as the generalized output 
coordinate. For our input coordinate we take the change in position 
of the control element (which we shall call a damper for convenience*), 

A X in — Aa . 

* For example, the throttle of a carburettor engine, the pump lath of 
a diesel, etc. 
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(2) The equations of a capacitance (of a unit capacitance element) 

Many elements of automatic control systems can be grouped 
under the one term capacitance. Although such elements differ ex¬ 
ternally from each other, the processes in them are subject to the same 
laws, and are therefore defined by identical equations. 

An element is called a capacitance when the following three con¬ 
ditions are fulfilled: 

(1) The equilibrium in this element depends on the inflow and 
outflow of the operating agent being equal; 

(2) The element contains only one “reservoir” in which the 
quantity of operating agent can increase or decrease if the inflow is 
not equal to the outflow; 

(3) The inflow and outflow of the operating agent depend only 
on the input, or else simultaneously on the input and output co¬ 
ordinates of the element. 

A capacitance is said to be pneumatic when gas (for example air) 
is the inflowing and outflowing operating agent, when the reservoir 
is some volume and when the output coordinate is the pressure in this 
volume. 

Let us consider a volume V and let the gas (air, say) flow into V 
across a section^ and flow out of it across a section / 2 . Let the instanta¬ 
neous value of the rate of flow per second of air across f ± be equal to 
Q 1} and the instantaneous value of the rate of flow per second of air 
across/ 2 be equal to Q 2 . 

Let us agree to attach the suffix 0 to the value of Q 1 and Q 2 , and 
also to fi and/ 2 , at the moment when equilibrium is established, so that 

Qio ~ No¬ 
where there is no equilibrium, then 

Qi = -|- A Qi , and Q 2 — Qzo A Q 2 , 

In time dt the quantity of air contained in V increases or de¬ 
creases by the amount A Q d£ = (A Q 1 — A Q 2 ) d t , and therefore the 
differential of the specific weight y of the air in the volume V is equal to 

dy = or Vdy : A Q dL 
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Neglecting the change of temperature in the process of small 
changes in y and using the equation of state of a gas 


we obtain 


— = RTabs or d P = R T abs dy, 
V 


V 

RTabs 


dp = AQdt , 


where p is the air pressure in F, the characteristic constant of air, 
and T abs is its absolute temperature. Then 


dAp. = aq, 

d t 

where 


RT abs 

Let the air pressure in V at the moment of attaining equilibrium 
be equal to p 0 , so that p = p Q A p. 

Let us denote the deviation in the pressure, the output coordinate, 

by A X oui . Then= AQ 
dt 

The value of the difference 

A Q = A Q, - A Q 2 (2.5) 

depends, generally, speaking, on the deviation in the output and input 
coordinates. The input co-ordinate can be (Fig. 75) : (1) the section 
A (°r / 2 ), if this section is altered by means of a valve, damper, etc. ; 
(2) the pressure p 1 in the space from which the inflow into the volume 
V comes, if this pressure is the output coordinate of the preceding 
element ; (3) the pressure p 1 in the space where the outflow from V 
goes, etc. In all cases, 

AQ = F(AX tn , AX out ) 


and therefore the equation of motion takes the form 


ddX out 

dt 


~F(AX in , AX out ): 


( 2 - 6 ) 
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This equation is the same as the equation for an engine (2.4) 
if we replace I by D. 

A capacitance is said to be hydraulic if the inflowing and out¬ 
flowing operating agent is a liquid, the reservoir is any volume and 
the output coordinate is the level of the liquid in this volume. 

In the most general case (Fig. 76) when the inflow and outflow 
of liquid depend on the level in the capacitance, the formula for the 
inflow per second of liquid across a section f x is written in the form 


Qi = *iY [ -y- • K(ft —?*). 



Fig. 75 Fig. 76 


and that for the outflow per second across a section f 2 in the form 

Q2 = [ -y- • F(r* - p«)> 

where s ± = f x /q, s 2 = f 2 y 2 ; f x and f 2 are the flow areas, /q and y 2 
are the flow coefficients and h is the level. 

The quantity of liquid in the capacitance changes in time d£ by 
a quantity 

A Q dt = (Q 1 — Q 2 ) d t 

and therefore 

AQdt^ydV, 

where V is the volume of liquid in the capacitance. 

Let V be a function of h. Then 

dV _ dF dh = AQ 
dt dh dt y 
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In the simplest case of a cylindrical vessel 


V ~ sh , ^ = 8 and ^ 


d h 


d t 


A Q 

ys 


where 5 is the area of the vessel. 

Let h = h Q + A X out and the input coordinate be the reduced 
flow area of the inlet choke, s x = s 0 + A X in . Then 


or 


where 

and 


dZ!X 0Ut = AQ = F(AX ln ,AX 0Ut ) 
d t ys ys 


dAX 0Ut 
d t 


= ±-F(AX in , 


^out). 


D — y s 


F(AX iw AX out ) = AQ = 


— (So + ^-X'in) y 


2 g 


Vpi - r h o - r^x out 


(2.7) 


s 2 y 


r 

—- + yAX 0Ut - p 2 . 


We now consider thermal capacitance. 

Any body, solid, liquid or gaseous, is said to be a thermal capa¬ 
citance if heat is supplied to it and taken from it, and the output 
coordinate is the mean temperature of the body 

We completely exclude from our consideration phenomena con¬ 
nected with the distribution of heat waves, and here restrict ourselves 
to discrete idealized processes only. 

Let 0 be the temperature of a body, of mass M and thermal 
capacity per unit mass C. Let Q x and Q 2 be the quantities of heat con¬ 
ducted respectively to and from the body per unit of time, so that 


Qi — Qiq + A Q 1 
Qz = Qzq A 


and 
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where Q l0 = Q 20 is the quantity of heat conducted to or taken from 
it during heat equilibrium, then 

A Q 1 - A Q 2 = A Q 


is the heat expended per unit of time in the change of temperature 
of the body. 

If d0 is the change in temperature during a time d£, then 

MC de = AQ d t 

and therefore 

MC~ = AQ, 
d t 
or 

1777 AQ = 1777 AX out)- < 2 - 8 > 

dt MC MC 

Both the heat conducted to the body, AQ V and the heat taken 
from it, A Q 2) depend on the conditions of heat exchange and, in par¬ 
ticular, on the change in the position of the control element of A X in 
which influences the conditions of heat exchange ; in addition, either 
both quantities A Q x and A Q 2 or at least one of these quantities depend 
on the temperature change which appears as the output co-ordinate, 
i.e. 

AQ = F(AX in , AX out ), 

where 

F(0, 0) = 0. 


In each actual case the function F is calculated according to the 
laws of heat transfer and of heat radiation. Comparing (2.6), (2.7) and 
(2.8) we notice that the equations of pneumatic, hydraulic and thermal 
capacitance are identical. 

The engine which we discussed above can also be looked upon as 
a capacitance. The equilibrium value of the output coordinate (angular 
velocity) is determined by the equality of the engine torque and the 
torque due to resistance. The “reservoir”, which, in this case, accumu¬ 
lates the energy used to destroy this equality, is the inertia of the 
fly wheel. The “inflow of energy” depends on the input and output 
coordinates, and the “outflow” on the output coordinate only. 
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(3) A mechanical centrifugal sensor 

Let us select a point of the sensor, and reduce its mass and all 
the forces acting on it to this point. 

In the general case all the reduced forces may be divided into : 

(1) those forces which are functions of the velocity of the output 
coordinate and which act opposing it in direction ; 

(2) those forces which depend only on the output coordinate ; 

(3) those forces of external action which include, in particular, 
forces depending on the input coordinate. 

Let X out (the output coordinate) be the deflection of the sensor 
clutch from the equilibrium position, and X in (the input coordinate) 
be the deflection of the controlled quantity, measured by the sensor, 
from its equilibrium value. 

In the general case Af red , the reduced mass, is a function of the 
generalized coordinate X out . Let us denote this by Af red — M(X out ). 
Then the inertial force is equal to 

at 2 

To the first group of forces belong forces of dry and viscous friction 

an( j j x ( dX °ut 1 reS p ec ti ve iy. 

d^ ) \ d£ j 

The forces in the second and third groups can be very diverse 
linear or non-linear functions of the generalized co-ordinates X out 
and X in . Let us denote them by / 2 (X in X out ). 

We write the differential equation of the sensor, in accordance 
with D’Alembert’s principle, in the form 

*£*. + U {■*§*] + A(^) + A*„> - 0; 9) 

(4) The equation of motion of a hydraulic servomotor 

The equation of motion of the piston of a servomotor is deter¬ 
mined by the basic law of the non-discontinuity of a jet. 

Let us at first neglect the mass of the piston and the external load 
supported by the piston in action. Then the piston is similar to a thin 
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film of liquid (Fig. 77a). In this case a small displacement of the film 
will be determined by the equation 

sdX 0Ut = fvdt = ,^^-Pidt, 

where s is the area of the surface of the film ; / is the section of the 
channel along which the oil is brought (this section is altered by the 
position of the damping element (choke, slide, etc.); v is the velocity 
of the liquid at the section / ; p x is the excess pressure ; X out is the 
change in the level of the liquid (the displacement of the given film) ; 



y is the specific gravity ; g is the acceleration due to gravity ; p is 
the flow coefficient. 

If Pi = const., then this equation can be written : 


dXput 

d£ 


const pf. 


The effective section of the channel, pf, is a function (Fig. 776) 
of the increment in the opening of the damping element, X in , i.e. 
pf = (p (X in ), and the equation of motion of the piston takes the form 


d^out 
d t 


- MXln) 




where 


( 2 . 10 ) 
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Let ns now consider the servomotor which is schematically 
represented in Fig. 78. We shall suppose that the whole cylinder, both 
above and below the piston, is filled with oil, and that the slide is so 
constructed that changes in the cross section in the inflow and outflow 
ports are always equal in magnitude but opposite in sign. 

Now the flow of oil is acted upon by the pressure drop p 1 — p x or 
p x — p o where p x is the pressure in the cylinder. The equation of non¬ 
discontinuity of a jet leads to the equation 


Pi ~ Px = Px “ Pq, 
Valve 



or 


Px ~ 


Vi 4- p 0 


Thus the drop which acts upon the flow is equal to 

Pi+ Po Pi —Po 
r>-P, = Pi - 5 -- 

Thus, equation (2.10) can also be used as the equation for an 
ideal two-sided servomotor, if in the formula for A we substitute 

—-— for p l7 i.e., if we put in this case 

1 


2 




s 


y (Pi ~ Po)- 
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Figure 79 shows an ordinary flow function pf = 99 (X in ) for 
the valve shown in Fig. 78, where X in is the displacement of the valve 
from its mean position. This curve is symmetrical with respect to 
the point 0. The segment —O x O x corresponds to the “dead space” 
of the valve (in Fig. 79 this is greatly magnified for the sake of clarity). 

We return now to the servomotor with a jet represented schema¬ 
tically in Fig. 80. In this servomotor we cannot change the cross 
section across which the oil enters the cylinder, but we can change 
the pressure drop p v equal to the difference between the pressure 
at the output and that at the receiving jet. 



If we assume that this drop depends only on the position of the 
jet A X in , then the graph of the function p x = f(A X in ) is similar to 
Fig. 79 with a very small segment —O x O x and with a very steep rise 
in the characteristic outside this segment. 

As before the motion of the piston of the two-sided action servo¬ 
motor is governed by the equation 


Pf 



out’ 


but now pf= const, and p x = <p (X in ). 
Thus the equation of motion becomes 

"^ SL = W^ln). 


( 2 . 11 ) 
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where 



s is the area of the piston and/is the cross section at the base of the jet- 
When forming the equation of a servomotor we may consider 
that all those factors which cause a different kind of deflection from 
that of the equations (2.10) or (2.11) are secondary. Such factors 



Fig. 80 

include the influence, for instance, of the inertia of the piston and 
of other masses moving with it, of the load supported by the piston 
during its movement, of the hydraulic resistances on the inlet and out¬ 
flow lines and so on. 

The role of all these factors is that they lessen the pressure drop 
under the action of which the oil flows through the inflow port. 

Let us turn again to the servomotor shown in Fig. 78. In the de¬ 
rivation of its equation let us now take into account the effect of the 
secondary factors mentioned above. 

We denote by M{X out ) the mass of all the components, including 
the control element,* reduced to the piston, by N(X 0Ut ) the force 

( dy 

—the loss of 

pressure in the hydraulic resistances in the inflow and outflow lines. 

* This reduced mass may, of course, be constant. 
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The flow of liquid in the cylinder is acted upon by a pressure drop 

n-P.-Ap -^-■ 

s 

where 

M(X out ) d2 f out + N(X out ) 
dr 

is the opposing pressure of the piston. 

From the conditions of non-discontinuity of a jet we now have : 


pf 



p 2 —p 0 —Ap 


-M(X out ) 

s 


d 2 X, 


out 


(It 2 


~N(X 0Ut ) 

S 


=s 


d< 

( 2 . 12 ) 


■u(t) 




* 



T 

UJt) 

1 


Fig. 81 


(5) An electrical network 


We consider a change in the charge on the plates of a condenser, 
which is connected in series with a resistance and an inductance 
(Fig. 81). 

Let the change in potential at the terminals (the input coordi¬ 
nate) be given in the form U(t). Then the potential drop across the 
resistance, inductance and capacitance are given by 


R 


dq_ 
d t ’ 


j 

dt 2 



respectively, 


where q = CU c . The potential drops can, therefore, be expressed 
in terms of U c by 

RC 9 LC ^ and U c respectively, 

di dt 2 
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Hence, 

LC ~ d2 --g- + EC - d -^g- + U c = U(t). 
dt 2 d t 

Let 

U C = X out) U(t) = X in . 

Then the equation of the network will be of the form 

CL + Ci?+ A out = X ln . (2.13) 

dr d£ 



(6) A direct current motor 

As an example of the derivation of the equation for an electric 
motor we consider a direct current motor with independent exci¬ 
tation when the output coordinate is the speed of the armature, and 
the input coordinate is the change in the potential applied to the 
armature ; the excitation current being constant (Fig. 82). 

The equation of moments is 

x dco 

^ = ^mot ^res> 

d£ 

where J is the moment of inertia of the armature, co is the angular 
velocity, and M mot and M r s are the moments of motion and of re¬ 
sistance. 

We express the motor moment M moi in terms of the current 
in the armature coil : 


^mot ^mom 
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Here C mom is the moment constant of the motor, 0 is the field flux, 
and i a is the current in the armature coil. 

Let us suppose, in addition, that the moment of the resistance 
is a linear function of the angular velocity, 

ilfres = am. 

Then 

T dto ~ 

J —- = C mom &i a - aco . 
at 

The equation of the armature circuit is 

d ?' 

U = e + L a -~f- + R a i a , 
at 

where U is the potential at the terminals of the motor, e is the e.m.f. 
induced in the armature ; where L a and R a are, respectively, the 
inductance and resistance of the armature circuit. 

The value of e can be expressed as 

e = C e 0(o y 



(7) A crossfield electrical amplifier (Fig. 83^) 

Neglecting the mutual inductance of the coils 1 and 2, we assume 
the potential U B (in coil 1) to be constant and given. Let us form, 
firstly, the electrical equilibrium equation for coil 2, which receives 
an input signal U : 

at 
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where L 2 and R 2 are the inductance and resistance of the coil, i 2 is 
the current in it and TJ is the input potential. 

On the linear part of the magnetization characteristic, the po¬ 
tential at the terminals of the short-circuited coil is equal to 

U — Jc 1 k 2 
and for identical coils 1 and 2 (R 1 = R 2 ) 

Uk = h (i± i 2 )> 



Fig. 83 


. . U B U B 

where ^ 1 = -=-, the equation for i 2 having been obtained 

R\ R<i 

above. The electrical equilibrium equation of the short-circuited 
circuit is 

A: 

Uk = L k —+ Rk 


where and R K are the inductance and resistance of the short 
circuited circuit and i K is the current in it. 

The output potential U a is proportional to : 

U a = k" i K . 

Eliminating all variables except U a and U from these equations, 
dz 

and assuming that —^ = 0 we obtain: 

L k L 2 + (j l k r 2 + L 2 R k ) + r k r 2 U a = k'k"(U B - U). 

d t 2 d t 
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If we let U B — U = X- m and U a = X out , we obtain 

L * L * ^-if L + {L * R * + L * R k) -^T 1 + ^out = Vic" X in . 
dr at 

(2.15) 

4. The Linear Model of an Element. 

The Linearization of Equations 

Among the examples we considered above we encountered ele¬ 
ments whose process was defined by a linear differential equation 
with constant coefficients. This was the case, for example, for electric 
networks not containing iron (equation (2.13)). The equations of the 
other elements were non-linear. We can only succeed in obtaining 
sufficiently general results when such elements are present if we can 
restrict our consideration to small disturbances , i.e. if we can take 
zlX 0Ut and AX in to be small quantities. The words li AX oxxi and 
AX\ n to be small quantities” must here be understood in the following 
sense : the squares, higher powers and derivatives of these quantities 
are considerably smaller than their first degree, and are negligible. 

Only on these assumptions do we use the general methods of 
the linear theory of control given in the following chapters. This fact 
greatly reduces the opportunity for using with cetainty the linear me¬ 
thods of the theory of automatic control in practical calculations. 
Linear methods cannot validly be used even for small disturbances 
if the system contains non-linearizable non-linear elements (see below). 

Those elements whose non-linear equations can be replaced by 
linear equations, if only for small disturbances, are said to be linear - 
izable. Let us now suppose that the system contains only linear and 
linearizable elements and that only small disturbances will be con¬ 
sidered. The linear equations obtained after supposing that the dis¬ 
turbances are small are called equations of linear approximation. 

The replacement of the true equation by its linear approximation 
means, essentially, the substitution of the given element by another 
element, its linear model. 

Let us first consider the case when the initial equation is put 
in the form (2.1). We replace it by the linear equation 


d^out 

d* 


= <pAX- xn — a x AX ovA . 


(2.16) 
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Similarly, when the original equation is (2.2), we replace it by the 
equation 


- 2 ^ ut - bAX ln - a, AX 0Ut - a 2 -^yL 
ddr d£ 


(2.17) 


The numbers a and b in equation (2.16) and (2.17) are chosen so that 
the following equalities are satisfied : 



The suffix 0 indicates that the derivative has been taken at the origin 
of coordinates, i. e. that in the expression for the derivatives the 
values of X ino and X out0 corresponding to the given operating con¬ 
ditions adopted as the zero reading are put : 



From this definition itself it follows that the construction of a 
linear model is possible only on condition that the derivatives used 
have a unique and finite value different from zero. In the contrary 
case, the element is said to be non-linearizable. 

Then, in order to find the numerical value of the coefficients 
a and b it is necessary not only to know the function F , but also to 
determine by means of a preliminary static solution (see Section 2 
of this chapter) the values of X in and X out under the given conditions. 

Example 1. The Linear Model of a Capacitance. We replace the non¬ 
linear equation (2.6) of the capacitance by the linear equation 


ddXout 

di 


— aAX 0U t + bAX i, 


putting 

„ 1 f dF(AX [nt AX 0llt ) 1 t _ 1 [ dF(AX in ,AX out ) ] 

D dAX 0 . at J 0 ’ D [ dAX in Jo 
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When, the function F(AX- xn zJX Qut ) is given analytically, the derivatives can 
be calculated directly. 

If this function is given by a family of curves, then the values of a and b 
can be found by constructing the tangent at the point corresponding to the 
given conditions and determined by the static solution (see Fig. 74). 

Example 2. The Linear Model of a Sensor. We now consider equation (2.9). 

The function j 1 j expressing the dependence of the forces of dry 

friction on the velocity has the form shown in Fig. 84. 

This function has a discontinuity at the point —— 0. There is no 

defined tangent at this point, and for the calculation of dry friction, the sensor 
is a non-linearizable element. 



For this reason the linearization of (2.9) is only possible when the influence 
of the forces of dry friction can be neglected. If we put f 1 = 0 in (2.9) and 
then pass to the increments AX Qut and AX^ n we obtain: 


M(AX wt ) 


If we put 


_ 

d t* ^ ;i l at 


+ h ( ^° Ut ) + h(AX oat ,AX- m ) = 0. 


(2.18) 


M = [^Z 0Bt )k, 


h = 


d/i 

ddX 0Ut 1 
At ) 



j dzJX 0U t 

di J 

\ 


dXout 


d t 


= 0, 


r 9/ 2 (^x ou t/iXj n ) 1 
L dAX in J 

= |’9/ a (dX out , AXj n ) 


■dNj Q _ 0 , 

■^^out-0 


[loll 


^ ^out=0 


THE CONSTRUCTION OF A LINEAR MODEL CONTROL SYSTEM 93 

where h, b and c are positive numbers, then the equation of the linear model 
of the sensor takes the form 

M + h d/l * out + cAX 0Ut = sign bAX in . (2.19) 

Fig. 84 

We now return to the general case and consider equations (2.16) 
and (2.17) in detail. They can sometimes be simplified by a trans¬ 
formation of the absolute coordinates to relative (dimensionless) 
coordinates. 

Let A X* n and A X* ut be some arbitrarily chosen, but completely 
defined, values of the coordinates A X in and A X out , and the ratios 


x 


in 


ax?„ 


and a; out = 


^out 

AX* ut 


be the relative or dimensionless values of the input and output co¬ 
ordinates. 

We note that 


& 

o 

c 

1 

1 

MX out 

d t 

AX* ut 

d( 

d 2 *out 

1 

d 2 AX oat 

d t 2 

AX* ut 

d t 2 


and so on. Putting these values of z in , x oui ; d# out /d£, d 2 x out jdt 2 in 
equations (2.16) and (2.17) we obtain the equation of the linear model 
in dimensionless coordinates. 

Equation (2.16) becomes 

AX* uX = bAX* n x in - ai AX* ut x out , (2.20) 


and equation (2.17) becomes 


AX* ut - 


— bAX j* A X* u t ^’ ou ( (!•> A X* u ( 


( 2 . 21 ) 
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Let us first suppose that the coefficient a x is different from zero. 
Then there are two possible forms in which the equations in relative 
coordinates of the linear model can be put. 

The first form of the equation is obtained if we divide equation 
(2.20) or (2.21) by the coefficient of x out , i. e. by a x A X* ut : 


1 da: out 

+ x out 

__ b 

AX-* 


(2.22) 

a x dt 


AX* ut 

1 d 2 £ out a 2 

d^out 

■ + x out 

b 

AX >* X 

(2.23) 

a x dt 2 a x 

d£ 


AX* ut ,n ‘ 


The second form of the equation is obtained* if we divide equation 
(2.20) or (2.21) by the coefficient of X\ nj i.e. by bAXf n : 

If the coefficient a x — 0, then the first form of the equation is obtained 
in the same way, except that we divide the required equation by the 

dx n 

coefficient of- 


''out 


d* 


dffgut 

dt 


= b 


*Xf n 


(2.26) 


— 9 H L = A ... AX * n x (2.27) 

a 2 d< 2 d t a 2 AX* ut 

The second form of the equation for the case a x = 0 does not 
differ from (2.24) or (2.25) ; it is only necessary to put a x — 0 in 
(2.24) or (2.25). 

Let us now recall that the numbers AX* n and AX* ut9 which 
were introduced in the transformation from absolute to relative co- 


* Sometimes a third form of the equation is used, obtained from the 
equations (2.20) or (2.21) by dividing them by the coefficient of the highest 
derivative. This form of the equation is less convenient and will not be used 
in this book. 


4X* ut 

MX* 


dz out , «i 
d« b 


AX$ut 

AXf n 


x out x in> 


(2.24) 


d X* ut d 2 x out + _a 2 _ AXU dx out Oy_ AX* ut * ^ 

bAXf n W ■ b AXf n d t b ' AX? n (2.25) 
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ordinates, may be chosen arbitrarily. This arbitrariness may be used 
to simplify the equations in relative coordinates of the linear model 
in both the first and second form. 

Thus, for example, if in equations (2.22) and (2.23) we choose 
/IX * a 

AX* n and zlX* ut so that ———— = —— , then the coefficients of x in 

AX* ut b 

will be equal to unity, and the equations (2.22) and (2.23) will reduce 
to the form 


1 

d^out i x _ x 

, i *^out *^in 

at 

a 1 

1 d 2 x out 

, a 2 dx out | 

~r ~r *£ 0 ut ■ 

a 1 d t 2 

equations (2.24) and (2.25) to the form 

^out 

bAX* 

do: nnf 

, + ^out -- ^in 

at 

Ax *a d 2 x out , 

a% AX* ut da: out 

bAX* n dt 2 

b AX ,* dt 


In the formation of the equations of all the elements of the system 
one and the same coordinate enters into the various equations. Of 
course having selected some base in order that a coefficient in one of 
the equations can be taken as unity, we can no longer dispose of this 
base in the other equations. 

Let us consider in more detail equations (2.22) and (2.23), since 
only the first form of the equations will be used later in this book. 
In both equations the quantity x ou t is dimensionless. Hence the other 
terms in (2.22) and (2.23) must also be dimensionless. 

b /IX* 

We consider first of all the term--—— oc in , on the right-hand 

a x AX* ut 

side of these equations. The whole derivative must be dimensionless. 

. 6 AX? n 

The quantity x\ n is dimensionless, and therefore the quantity-——— 

^1 AX 0U ^ 

also has no dimensions. We denote this dimensionless quantity by 
the letter k and call it the coefficient of amplification of the linear model 
of the element. 
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Let us consider any new position of equilibrium of the system, 
different from that which was taken as the origin of coordinates. 
Let us assume, for example, that the load and tuning have completely 
defined values, corresponding to the given conditions, and that the 
control process is caused by a small change in the tuning or the load. 
Then for the new position of equilibrium, which corresponds to the new 
value of the load or tuning, the relative deviations of input and output 
coordinates of the element are different from zero. Let them be 
equal to x in — £ ino and x out = x out0 . These steady values £ ino and 
x out0 are determined by the static solution of the system (see Section 
2 of this chapter). 

In the position of equilibrium all the derivatives of x out are equal 
to zero, and equations (2.22) and (2.23) reduce to the form 

*outO = **lnO OTk = ^m. 

X inO 

The coefficient of amplification of the linear model of an element is 

equal to the ratio of the equilibrium value of the output coordinate to the 

equilibrium value of the input coordinate * 

The left-hand side of (2.22) contains the dimensionless term 

I dx a d»r 

x out . The term-, in (2.22) and the term ——— in (2.23) 

a 1 dt a 1 dt 

d# | 

must also be dimensionless. But—— has the dimensions- and 

d£ sec 

1 a 

therefore — and— have the dimensions of time. 
a 1 a x 

1 a 

In (2.22) let us put — = T and in (2.23) — = T k . 

ai a ^ 

1 d 2 x d 2 x 

In (2.23) the term- ~ is also dimensionless, but-— 

a x dt 2 dt 2 

has the dimensions —, and therefore the dimensions of — in this 
sec 2 a x 

case are sec 2 . In (2.23) we put—= T' 2 . 

a x 

* The value of k is determined by the ratio of the dimensionless coordinates. 
Hence k depends on the choice of the base. 
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With this notation the equations of the linear model in their 
first form reduce to 


T 


d^out 


dt 


" + #out “ 


21'2 


d*®out , m dx out 


dt 2 


t ~ + T k - 


d t 


% 0 ut — ^in 


(2.28) 

(2.29) 


The quantities T' and T , having the dimensions of time, are 
called the time constants of the element. The constant T k , also having 
the dimensions of time, is called the damping time constant. 

The coefficient of amplification 1c always depends on A Xf n 
and A X* ut , but the time constants T and T k are independent of them. 

In all of this discussion it has been assumed that a v a 2 and b 
are positive numbers. In this case all the T and k are also positive. 

If any of the coefficients a v a 2 or b is negative, then in the formulae 
for the T and k we introduce the absolute value of this coefficient, 
so that the T and k remain positive as before, but the corresponding 
sign in (2.28) and (2.29) is changed. 

In an exactly similar way the linear model for other linearizable 
element is constructed. 


5. The Classification of Linear Models of Elements. 

The Inherent Operator and the Action Operators. 

Typical Elements (Stages) 

By deriving the equations of linear approximation of various 
elements in the same way as in the previous section, we obtain 
equations of the form* 

T^-±x out = kx in , 
at 

T'2 ± T k -%L ± * out = fa. 

dt d£ 

* The linearization of the equations derived in Section 3 as examples leads 
to the first two types of equation of linear approximation. 
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U 8 


T & X oui 


H 2 r 

rp'2 ^ou t_I rp 

dt*~ k 


d t 
dx, 


dh ^out — ^**in 


out 


■“ at 

d^iri 


d t 


± *out = * x \n ± Q ”TT- ± 

dt 


d 2 a? lf 


d* 2 


We lay down the initial conditions for the x oui to be equal to zero, 
in the third of these equations we put x- in (0) = 0, and in the fourth, 
in addition, x iri (0) = 0. Then the Laplace transform* of the output 
coordinate of any element, defined by such equations, is connected 
with the Laplace transforms of the input coordinate by the relation 


d{v) £|>out] = HP) £|>lnL 


where L[x 0 ut ] and L[x in ] are the Laplace transforms of x out and x in , 
p is a complex number, and d [p) and k{p) are polynomials in p. 
The polynomials d(p) and k(p) may be obtained in the following 

dx 

way : in the equations of linear approximation we replace-by 

dt 


pL[x] ; 


d 2 x 
~dP 


by p 2 L[x] and so on, and take L[x] outside the brackets. 


Then the polynomials remaining inside the brackets will be equal 
to d (p) and k(p). 

Thus, for example, with zero initial conditions, applying the 
Laplace transform to the equation 


rp dX Qut 

dt 


^out 


- kx in, 


we obtain 
or 

In this case 


TpL[x 0 ut ] + L[x oui ] = kL[x ln ], 
(Tp + 1) L[x out ] — kL[x in ]. 
d (p) ~ Tp + 1 and k(p) = k. 


As a second example we consider the equation 

dx„ 


a* 

p/% ^out 

d< 2 


T k - 


^OUt 

d< 


+ x out — ^ x \n + Q 


d£|n 

dr 


See Appendix I for the Laplace transformation. 
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After taking its Laplace transform, we can write it in the form 


T' 2 p 2 L[x 0Ut \ + T k pL[x out ] + L[x out ] = kL[x in ] + epL[x in ], 
or 

(T /2 p 2 + T k p+ 1) £|> out ] = (gp + k) £-[*,„]. 

In this case d (p) = T' 2 p 2 + T k p + 1 and k(p) = qp + k. 

The polynomial d (p) is called the inherent operator of the element ,* 
and k(p) is called the action operator for the element or the operator 
coefficient of amplification. 

The elements that are most frequently encountered have the 
following inherent operators : 

Tp+ 1; T' 2 p 2 + T k p + 1; T /2 p 2 + 1; TpandTp —1. 

They have a special significance in control theory, and separate 
names and an agreed notation are given to them. 

An element for which d (p) = Tp + 1 will be called single¬ 
capacitance and will be denoted by a square 

An element with d (p) = T /2 p 2 + T k p + 1 will be called os¬ 
cillatory and will be denoted by a rectangle □. 

An element with d (p) = T' 2 p 2 + 1 will be called conservative 
and will be denoted by a shaded rectangle 177/77777/1 . 

An element with d (p) — Tp will be called astatic and will be 
denoted by a .circle O- 

Finally, an element with d (p) = Tp — 1 will be called unstable. 
We will denote it by a triangle V* 

The action operators k(p) are most often encountered in the 
following forms : 

k, k -f QP and k -j- Q p + sp 2 . 


* The term “operator” is used here as a result of the fact that we may 
introduce the polynomials d(p) and k(p) without using a Laplace transform, 
but by the introduction of the operator form of writing differential equations, 
dr d 2 x 


If we put 


d t 


= p*> ~ dT2 -=^ 


then, for example, the equation 


ji'2 ^out jf da?out 


dt* 


dt 


+ *out = kx in + Q 


^in 

dt 


may be written 

T 2 p 2 r out ~j- -j - ^ ou t = ^in “f" GP X in > 


or 


(T ' 2 P 2 + T k p 4 * 1) ®out = ( k + CP) x in> d (p) ®out = k (P) x in- 
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Operators with negative signs before the q and s are also found, 
but much less often. 

In the case k(p) — k = const, the actions on the element are 
called static. If k{p) = k + qp, then, in addition to static action, 
there is also first derivative action and in the case k{p) = k + q p -f- 
+ sp 2 , both first and second derivative action. 

Elements for which d (p) and k(p) are of the above forms are called 
typical elements or stages*. 

6. The Transfer Function of the Linear Model of a System. 

Its Formation from the Equations of the Linear Models 
of its Elements 

(a) The concepts of a transfer function 

From the equations of all the stages it is always possible to elim 
inate all the input coordinates, since the input coordinate of each 
element can be expressed in terms of the output coordinates of the other 
elements of the system. As a result, the system of equations of the 
control process will consist of n equations, connecting n generalized 
co-ordinates (here n is the number of degrees of freedom which are 
taken into account). The automatic control process is described by 
the aggregate of these equations. 

In the most general case several input coordinates (the element 
can have several inputs) may act on any of the element. Moreover, 
all or some of the coefficients k may be polynomials in p , and in the 
most general case the equations of motion of the linear model of the 
system, after Laplace transformation* take the form : 

d i ( V) L [*,] + k 12 (:P) L [x 2 ] + ... + k ln (p)L [: v n 1 = L [f 1 (t)], 
hi (P) L [* 1 ] + d 2 (p) L [x 2 ] + ... + k 2n {p)L [x n ] = L [f 2 (<)], 


hi (P) L [Xj] + k n2 (p) L [x 2 ] + ... + d n (p) L [x n ] = L [/„ (<)]. 

* In the literature on the subject other names for typical stages are used. 
Thus, for example, a single-capacitance stage is sometimes called aperiodic, 
a static neutral stage, a stage with the inherent operator T n p 2 + T k p + 1 
is sometimes called oscillatory only if the inequality 2 T' > T k is satisfied, and 
so on. In this book only the italicized terms above will be used. 

* See Appendix I (pp. 495—6). 
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In every particular case the inherent operators d (p) and the ac¬ 
tion operators 1c ( p) are different, and some of the k (p) can be identically 
equal to zero. 

In this system each equation corresponds to one of the system 
element. Let us confine ourselves for the present to the case when 
only the external action f x (t) is different from zero, that is, f(t) acts 
only on one element of the system, to which in this case we attach 
the suffix 1. 

In order to find the Laplace transform of any of the generalized 
coordinates Xj, it is necessary to solve the system of algebraic equa¬ 
tions (2.30) for L[xj ] : 

£(*;] = - L[m 
A(p) 

In this equation A (p) is the determinant of the system. 


A (p) = 


dx (?) h 2 (p). ..k ln (p) 

hi (P) d2(p)...hn(P) 


knx(P) L. 2 (P) • • ■ 4(P) 


(2.31) 


and Aj (p) is the algebraic complement of the element lying in the 
first row and the jth column. 

The equation 

A(p) = 0 (2.32) 


is called the characteristic equation. 

The distribution of its roots solves the question of the stability 
of the system*. 

The function 


*(p) = 


A{p) 


(2.33) 


equal to the ratio 


L[xj] 


is called the transfer function of the closed 


wm 

system for the coordinate Xj and for the given action upon the first 
element. 


* See Chapter III. 
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With a change of the coordinate we are considering, or of the 
point of application of the disturbance the form of the transfer func-. 
tion changes, but only because of a change in the numerator. The de¬ 
nominator, and also of course the characteristic equation of the 
system, is not changed. 

When the process is analysed from the equations of the elements, 
the transfer function of the system lies at the root of the analysis. 

The transfer function of a system can be formed immediately 
from the equations of its elements, without the formation and row 
expansion of the above determinants. In order to do this we must 
introduce the preliminary concept of the transfer function of an ele¬ 
ment and of more complex parts of the system. 


(b) The transfer function of an element 
From the Laplace-transform equation of the element 
d(p) L[x out ] = k\p)L[x {n \ 

it follows that 

£[*out] _ Hp) 


L \?\n\ 


d{ V ) 


(2.34) 

(2.35) 


This ratio, by analogy with the system as a whole, is called the 
transfer function of the system element , and we denote it by W{p). 


(c) The transfer function of a sequential open circuit of 

elements 

We consider an open circuit of n elements, sequentially acting 
on one another, so that the input coordinate of each element apart 
from the first is the output coordinate of the previous element (Fig. 85). 

Writing out the transfer functions for all the elements of this 
system we obtain 


L [ x i] = h (P) = w ( y . £[»out] 

£[*ln] d i(p) 1 ’ ’ i[Vl] 


Kip) 

d n (P) 


= w n (p). 


Eliminating in succession all the L[x ], except L[x in ] and L[x out ], 
we obtain the relation between L[x in ] and £[# ou t]> i*e. the transfer 
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function for this elementary circuit : 


or 


where* 


or 


77 ^ 7 - = W(p) = w^p) W 2 (p)... W n (p), 
L[X ,„] 


JT(P) = //-'— 

J-i dj(p) 


&{P) 

D(p) 


K(P) = fjjcjip), and D(p) = fj dj(p), 

/- 1 ;=i 


_7=1___I 


(2.36) 

(2.37) 


(2.38) 



Fig. 85 

As distinct from a closed system, the transfer function of an open 
loop system is denoted by W{p). 

Thus, the transfer function of an open circuit of n sequentially con¬ 
nected elements is equal to the product of the transfer functions of these 
elements. 



Fig. 86 


(d) The transfer function of a closed single-loop system 

We now consider a closed system in which only the output co-ordi¬ 
nate of the previous element acts at the input of each element. Such 
a system is called a single-loop system (Fig. 86 ). 

* The notation n denotes the product of all the quantities standing after 

j=n 

it. Sometimes in considering a product of n factors instead of U we shall write 

7=1 

simply fl■ 
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Let us suppose that the external action is applied to the first 
element and that it is required to find the Laplace transform for the 
coordinate x k . 

We open the loop at the input of the first element (Fig. 87a). 
Then from our assumptions, the separate networks of elements from 
the first to the k -th and from the (k + l)-th to the n -th can be replaced 
by equivalent elements, whose transfer functions W 1 ( p) and W 2 (p) 
we calculate from the formula derived above (2.38) : 

Wi(p) = II Wj(pY> w *(p) = fi w j(p)- 

)=1 i = k +1 

The circuit for this system is shown in Fig. 876. 

We now return to the closed system (Fig. 86). 

To the relations 


Wtip, = 

L[x k ] 

(2.39) 

L[x> n ] 

W 2 (p) = 

L[x n ] 

(2.40) 

L[x k ] 


resulting from the definition of the transfer function, we add the con¬ 
ditions of the closed system* 

*ln = - + f(t) 


or 

L[x ln ] = - L[x n ] + L[f(t)]. (2.41) 

Eliminating the two variables L[x in ] and L[x n ] from (2.39). 
(2.40) and (2.41) we obtain : 

wap) 


L [a*] 


L[f(t)]. 


i + w ap) wap) 

The required transfer function of the single-loop system is there¬ 
fore equal to 




w.(p) 


L[f(t)] 1 + WAp) WAp) 


(2.43) 


* The minus sign in front of x n indicates that when the loop is closed the 
control element must cause an increase in the controlled quantity if it is below 
the desired value at that instant, i. e. the action must change sign at one point 
(or at an odd number of points) somewhere in the circuit. 
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The numerator of the transfer function of a single-loojp system is 
equal to the product of the transfer functions of the elements lying between 
the point of application of the disturbance and the co-ordinate being con¬ 
sidered, and the denominator is equal to the product, increased by one, 
of the transfer functions of all elements in the system . 

The characteristic equation of this system 

1 + Wl (p) W 2 (p) = 0 


can be put in the form 



a ) 


fft)- 


~ x ou r “ x *l 


X in 


W\ 


w 0 


b) 

Fig. 87 


or 


ndjjp) + 77fy (p) 

ndj(p) 


D(p) + K(p) = 0. 


(2.43) 


Thus, the left-hand side of the characteristic equation of a closed 
single-loop system is equal to the sum of two terms. The first term is the pro¬ 
duct of all the inherent operators of the elements, and the second is the product 
of the operator coefficients of amplification of all the elements . 
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(e) The transfer function of a system containing internal 

feedback 

We confine ourselves to cases when the feedback does not include 
the element to which the disturbance is applied or an element whose 
output coordinate is unknown (Fig. 88a). Let us suppose that the 






(c) 


Fio. 88 


feedback transfer function and the transfer functions of all the ele¬ 
ments are given. It is required to determine the transfer function 
of the system as a whole. To this end, we first “exclude” from the 
system the feedback and the stages shunted by it (Fig. 886). The trans¬ 
fer function of the “excluded” part of the system can be determined 
from formula (2.42), since the excluded part of the system is itself 
a single-loop system. If W 3 (p) is the product of the transfer functions 
of the elements shunted by feedback, then the transfer function of 
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the “excluded part” of the system, PF* (p), is equal to 


W*(p) 


WM 

1 + w z(p) W A (p) 


where PF 4 (p) is the transfer function of the feedback element itself. 

In view of this, the total “excluded part 7 ’ of the circuit can be 
replaced by an equivalent element having the same transfer function. 

As a result the initial non-single-loop system (Fig. 88a) is replaced 
by an equivalent single-loop system (Fig. 886) having a transfer 
function which may be found from the formula (2.42) : 


or 


0 { P ) = 


wm _ 

1 + WM) WM W*(p ) 


0(p) = 


_ Wjip) _ 

wm w *( p> EM. 
1 + w 3 (p) WM 


W_i{p) [1 + w z (p) WM _ 

1 + wm wm + WM WM WM 


In these formulae, PF* (p) does not enter in PF X . 

In more complicated cases also the transfer function and charac¬ 
teristic equation of the system are determined by similar computations 
using the transfer functions of the elements of the system or their 
equations. 


7. The Statics of the Linear Model of an Automatic Control System* 
The Transfer Functions of Static and Astatic Systems 

The concept of a “transfer function” is closely connected with 
the question of the determination of some static properties of the linear 
model of an automatic control system. 

In Section 6 it was shown that the Laplace transforms L[x k ] 
and L[f(t)] are connected by the relation 


L [ Xk \- W(p) L[f(t)]. 


( 2 . 44 ) 
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From the theory of Laplace transforms it is known that* 
*See Appendix I (p. 483). 

lim x (t) — lim pL [x (£)] . 

t —>00 p ~>0 


Let x k be the value of the co-ordinate which is set up as a result 
of the control process (i.e. lim x k (t) and / lim = lim/ (t)). Multiplying 

t —► 00 t —>00 

both sides of (2.44) by p and passing to the limit as p —> 0 we obtain 
lim x k (t) = lim W(p) pL [/ (t)] 

oo p—>0 

or 

~ (2.45) 

where fy im = lim/(£) is steady state (static) value of /(£). 

> 00 

Let x k = x x be the controlled coordinate, and f(t) the load on 
the controlled object with a transfer function W x from f(t) to x v 
If the controller is not included, then the deviation in x x caused by the 
disturbance f(t) will be equal to 

^lim = Wl (°) /lim = 

When the controller is included 


:C l li m = 0 ( O )/lim- 


where 


*(») = [__1 . 

L i + w,( P ) w p ( P ) L 0 


Here W p (p) is the transfer function of the controller as a whole. 
Therefore 

„ _ ^i(O) 


1 Iim 


1 + ^(0) w p ( 0) 


/ li 


or 


X Mim = 


**lim 


1 + ^( 0 ) W p ( 0 ) 
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The quantity x x determines the deviation of the controlled 
coordinate in the new steady conditions (for the same load with the 
controller operative) i.e. the static error. 

Thus, the inclusion of the controller reduces the static error by 
1 W x (0) W p (0) times. 


Let W ,(0) = and W p (0) = . Then 

A(0) D p (0) 


^x(0)i>p(0) 

d 1 (o)D p (q) + k 1 (o)K p (o) /lim 

(2.46) 

A(0)A>(°) 

^liim * 

A (o)A>(°) +A (o)^p(o) 

(2.46') 


As is clear from (2.46), the system can be made astatic (i.e. such that 
x x = 0 for any f =h 0). In order to do this, it is necessary that 
DpW = 0 . 

Hence, any automatic control system is astatic only in the case when 
the inherent operator of the controller , D p (p), contains p as a factor. 

From (2.46') it follows that the greater the total coefficient of ampli¬ 
fication K x (0) K p (0) of the open system , the smaller is the error compared 
to that which would occur without a controller. 

Let 




and 


AM 

d i (p) 


0 { P ) = 


hip) 
d i iP) 


Dip) 


where 


I + IM. D(p) + K(p) 

Dip) 


hip ). 


D ip) — n dj(p ); K(p)=nkj(p). 


Then 


Dip) = 


D(pl 

d i iP) 


D(0) __ 

D(0) + K(0) 


h ( 0 ) • 


<Z>( 0 ) = 
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If D (0) = 0, then 0 (0) is also equal to zero. But D (0) = 0 
only when the controller contains an astatic element. 

Therefore, a single-loop system is astatic if the controller contains an 
astatic element . In the contrary case , the system is static if the controlled 
object is static. 


8. Frequency Characteristics of a Linear Element 
and of the Linear Model of a System 

When the properties of all the elements in a system are given by 
their equations of motion, the transfer function of the system is the 
starting point for subsequent calculations. 

Often the processes taking place in the separate elements (for 
example, in the controlled object) have been inadequately studied, 
and the derivation of initial equations for these elements is difficult. 

In such cases the calculation is based not on the equations of 
motion, but on the so-called frequency characteristics of the system. 
The advantage of the frequency response method is that the necessary 
characteristics can be constructed from the linearized equations of 
the separate elements, and that they can also be found experimentally 
for elements whose equations are not known. It is only necessary to 
ensure that the elements whose frequency characteristics have been 
determined experimentally were linear or nearly so. The methods for 
the experimental determination of frequency characteristics, described 
below, enable us at the same time to find out whether the given ele¬ 
ment is linear or not. 


(a) The frequency characteristics of a linear element 

We repeat the experiment described in Section 2, but instead of 
a sharp momentary change in the input coordinate of the given 
element we apply a sinusoidal signal of the form X- m = A sin cot at 
the input of the element. The generator producing this signal is so 
constructed that it permits one to change the frequency co and the 
amplitude A of the applied disturbance within wide limits. 

First let co have some fixed value co l7 and A be small within some 
limits. The disturbance in the input coordinate causes forced oscilla- 
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tory movements of the output coordinate. Let us record these using 
some oscillation recording device (oscillograph, vibrograph, etc.). 

If the element is linear, then the output coordinate performs 
oscillations according to the law 


L out 


B x sin (co x t + (p x ) . 


Let us draw the vector from the origin of the u , v plane whose modulus 

A 

(the length of the vector) is equal to r x — , and whose argument 

(the angle between the positive direction of the u-axis and the vector) 
is equal to the angle gq with the opposite sign (usually <p x is negative). 
At the end of the vector we put the point co x (Fig. 89). 

We now change the frequency co of the oscillations applied at the 
input of the system, without changing their amplitude and phase. 
Let co = co 2 . Then for oscillation of frequency co , : 


*„ut = B 2 sin (a > 2 1 + <p 2 ). 


In Fig. 89 we construct a vector with modulus r 2 — AIB 2i argu¬ 
ment — <j) 2 an d end-point co z . Similarly, repeating the experiment for 
a new value co 3 we construct in the same figure a vector with co = co 3 , 
as end-point, and so on for various values of co from co — 0 to co = oo 
(in practice, up to sufficiently large (o) and we join the ends of these 
vectors with a smooth curve. 

The curve constructed in this way is called the amplitude-phase 
characteristic of the linear element. 

In order to determine from the amplitude-phase characteristic 
of a linear element the amplitude and phase of the oscillations of the 
output coordinate, knowing the amplitude A and frequency of 
oscillation co — co* of the input coordinate, we must find that point 
on the amplitude-phase characteristic which has the end-point co = co*. 
Let the vector produced from the origin of coordinates to this point 
have length r and argument cp. Then the amplitude of oscillations of 
A 

Xout is equal to B — — and the phase is equal to —cp (Fig. 89). 
r 

The amplitude-phase characteristics are often constructed dif- 

A 

ferently: the length of each vector is taken as being equal not to—-> 
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B 

but to —, and the argument not to — cp but to <p. In order to distin- 

A 

guish these two methods of constructing the characteristics, we agree 

A 

to call characteristics for which?* = — amplitude-phase characteristics 


B 


B 


of the first kind , and those for which r = — characteristics of the 



fig. 89 

second kind.* Figure 90 gives some examples of amplitude-phase 
characteristics of the first and second kinds for various typical stages. 

The connexion between the amplitude-phase characteristics 
of the first and second kinds is established by the vector equation 

r l • r 2 = 1> 

* In the literature on the subject, amplitude-phase characteristics of the 
first kind are often called reverse or inverse, and of the second kind, usual or 
simple. In our view these terms are unfortunate, since the use of amplitude- 
phase characteristics of the first kind is often considerably more convenient 
and simple than that of the second kind. 
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Name of stage 

Stage 

operator 

Amplitude -phase charac¬ 
teristic of the first kind 

Amplitude-phase charac¬ 
teristic of the second time 

Single 

capacitance 

Tp+1 

* 


9 

,n 

u=0 

v 

U)~oo ^ 

u 7° 


i u 



Oscillatory 

T n p* 

+r k yt 



n 

6J — oo ^ 



7 u 

£ 


Astatic 

p 

V 

At 

B 

V 

6J=»oo 

I 

i 3 

o 

li 

£_• 

i 

i U 

*3 

Conservative 


v i 

rf. 

v { 

C0=P 

1 

<^=f, 

CJ-OO 


CO=o O 

r /2 co 2 >7 

co-0 U 
r% 2 < 7 

Unstable 

rp-i 

It 

v { 


1 

i 

CJ = c*o 
✓ ^ 

—7 

u 


a 


Fig. 90 
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where r 1 and r 2 are the vectors produced from the co-ordinate origin 
to the points with the same co on the amplitude-phase characteristics 
of the first and second kind. The vectors here are multiplied according 
to the usual rules, i.e. their moduli are multiplied together, and their 
arguments are added. 

The curve relating the value of — | or — j to co is called the am¬ 
plitude characteristic of the element, and the curve relating the value 
of —f (or +*p) to co its phase characteristic. 



Let us call u and v the projections of a vector of the amplitude- 
phase characteristic on the abscissa and ordinate axes (Fig. 91). 

The curves relating u and v to co are called respectively the real 
and imaginary characteristics of the element. The reason for these 
names will become clear in the following section. 

The term t( frequency characteristics ” includes the characteristics 
of all five types enumerated above : amplitude-phase, amplitude, 
phase, real and imaginary. 

For the linear element, the amplitude B is proportional to A 
and therefore the construction of the amplitude-phase characteristic 
is independent of A. Thus an element is linear if, when a harmonic 
oscillation is applied to its input a harmonic oscillation is also set up at 
the output, with the same frequency as, and with an amplitude proportional 
to the amplitude of the input oscillation. 
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If an element is not linear, then the shape of the oscillations of 
the output coordinate is not sinusoidal and its ordinates are not 
proportional to A. The oscillations of the output coordinate in this 
case may be represented by a Fourier series and after this we may 
construct the amplitude-phase characteristics separately for each 
harmonic. But to do this it is necessary to construct a separate curve 
for each value of A. 

If the element is non-linear, but is linearizable, then the output 
oscillations depend also on the position of the mean (equilibrium) 
value of the input coordinate in the non-linear static characteristic 
of the element. 

In this case, in order to obtain correctly the amplitude-phase 
characteristic of the element experimentally, it is necessary to apply 
sinusoidal oscillations of small amplitude to the input coordinate. 
These oscillations must depend on the value of the input coordinate 
which is steady in the conditions being considered. This value is found 
from the static solution and was taken earlier as the zero reading in 
the derivation of the equations. Each set of conditions has its own 
amplitude-phase characteristic, so that for each set it is necessary 
to carry out a series of experiments, gradually increasing the ampli¬ 
tude of the applied oscillations until such time as a change in this 
amplitude does not any longer give rise to a change in the curve of the 
amplitude-phase characteristic obtained. Thus, for each set of con¬ 
ditions we must determine the amplitude-phase characteristic and 
define the region in which a linear analysis is valid. 

Experience has shown that the method of collecting such a series 
of frequency characteristics for linearizable elements is little used 
and the experimental determination of the frequency characteristics 
is widely adopted only for linear elements. 

(b) The determination of the amplitude-phase characteristic 
of a linear model from the equations of motion 

When equations of motion have been derived for some elements 
of the system, but the properties of other, linear, elements are given 
by experimentally derived frequency characteristics, it is necessary 
to construct the frequency characteristics for the first elements* 

* The converse problem of determining the equations of motion from the 
frequency characteristics is considerably more complicated, and in practice, 
as far as we can, we avoid it. 
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from their equations of motion, in order to construct the frequency 
characteristic of the system from the frequency characteristics of all 
the elements and to take it as the initial material for further calcula¬ 
tions. 

We use Euler's identity : 

e M —- cos cot + i sin cot . 

If we replace the disturbance which we applied at the input of the 
element when we obtained the frequency characteristic 


X [n = A sin cot , 


by the complex function 


Xfn = Ae i<at , (2.47) 

then the true disturbance is the imaginary part of (2.47). 

Putting this value of X* into the equation of the element, we 
calculate the forced motions of the output coordinate by finding 
the particular integral of this equation. 

Because of the principle of superposition, its imaginary part also 
defines forced motions of the output coordinate of the open system, 
caused by an external disturbance 

X- ln —- A • sin cot . 


Let the most general form of the equation of the element be 


d n X 


out 


d^X 


out 


dt n 


dr- 1 


■(■••• + a n A 


out 


(2.48) 


d m_1 X,i„ 


_ h d m X lin , u. -"-Hn , i J, y 

h °—^r + bi +• * •+ 

We will look for the particular integral of (2.48) in the form 


X out = Be i( - mt+ v)= 
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We note that 


Be& {i(o ) e ia)t , 


d 2 X out 


== Be i<p (ico) 2 e lwt , 


d n ^out 


= Be* ( ico) n e imt . 


Substituting these values in (2.48) we find 

[a 0 (ico) n + cl i (ico) 11 " 1 + ... + a n ] Be i<p e ia)t = 

= [6 a ( ico) m + \ (, ico ) m -! + ... + b m | 


(2.49) 


Hence 


d (ico) • Be i<p e la)t = k (ico) . 

^ _ d M 

B k (ico) 


(2.50) 


Separating real and imaginary parts in (2.50) we can write it as : 

A ,_i arc tan 

e-'> = u (oj) + iv (<u) = y[u (<u)] 2 + [v H] 2 e U(<u) . 


Hence 


— = F[^H] 2 + [v(<*>)] 2 

B 


(2.51) 


<p = — arctan 


(2.52) 


Thus, for an external disturbance 

X in - Ae iwt 


the forced motions of the output coordinate are equal to 

y = _£_ Jl‘ (“'- arctan a£>)] 

out f [« H ] 2 + M <»)] 2 
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or 




a ( r , 

L out = ,, - { cos mt — 

+ i sin | cot — 


arctan 


v (co) 


u (a>) 


+ 


arctan 


v (to) 
u((d) 


(2.53) 


The actual external disturbance has the form* 

X in = A sin cot = Im Ae lu)t . 

Thus the oscillations at the output are determined by the imaginary 
part of (2.53), i.e. 


*out 


A 




-sin 


cot — arc tan 


v (to) 
u (to) 


The length of the vector from the origin to a point of the ampli¬ 
tude-phase characteristic of the first kind is determined by the for¬ 
mula (2.51) and its argument by (2.52). 

The formula (2.51) determines the amplitude, and (2.52) the phase 
of the characteristic. The expressions for u (co) and v (to) define the 
real and imaginary characteristics. 

Knowing the equations of motion, i.e. d (p) and k(p ), it is easy 
to find from these formulae a point of the amplitude-phase charac¬ 
teristic for any to. 


(c) The construction of the frequency characteristic of an element 
from its time characteristic 

Frequently the properties of some elements of a system are given 
by their amplitude-phase characteristics and the properties of its 
other elements are given by their time characteristics, since sometimes 
an element does not allow the application of oscillations, while the 
experimental determination of the time characteristic does not con¬ 
stitute any difficulty (see Section 1 of this chapter). 

* Re denotes the real part, and Im the coefficient of the imaginary part 
of the expression following these letters. 

For example, if W(ioj) — u(a>) + then Re W(i co) = u(<d) and 

Im W(io) = v(cx)). 
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In such cases it is necessary to construct the frequency charac¬ 
teristic of the element from its time characteristic. 

Let the time characteristic of an element be given (as in Fig. 92). 

We assume that we have introduced relative coordinates, and 
that the element receives at its input a disturbance equal to 0 for 
t < 0 and equal to 1 for all t > 0 in the given relative coordinate 
system. 

We divide the time axis (£-axis) into m small equal intervals of 
time A t. According to the time characteristic, each such interval 




Fig. 92 Fig. 93 

corresponds to a definite positive or negative increment in the output 
coordinate A x oui (Fig. 93). 

Let us set co equal to any value co v and construct m vectors 
at the origin in the (u, v )-plane in such a way that the modulus of the 
jth vector is equal to A Xj, the first of the vectors is directed along 
the u- axis, and the increment in the argument of the j-th vector with 
respect to the argument of the preceding (j — l)-th vector, reading 
clockwise, is equal to co 2 A t. The increment in the argument is de¬ 
creased by an additional 180° for those vectors which correspond 
to the point where A Xj changes sign. The sum of all these vectors 
determines a vector of the amplitude-phase characteristic of the second 
kind of the element we are considering for the value co 2 . 

It is then necessary to repeat this construction with new values 
of co, and to determine the characteristic vector for these values. 

We demonstrate this construction (Fig. 94) using the time char¬ 
acteristic shown in Fig. 93, putting co 2 — 1. 
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We construct the vector of modulus A x x and argument zero. 
At the end of this vector we construct a new vector of modulus A x 2 
and argument, reading clockwise from the direction of the first vector, 
equal to A t. From the end of this vector we draw a vector with mo¬ 
dulus A x 3 , and argument A t , reading clockwise from the direction 
of the second vector, and so on. 



Starting from the fifth vector (A x 6 and further) the increments 
A x are negative (see Fig. 93), and therefore the increment of the sixth 
vector with respect to the fifth is equal to A t — tt. 

The vector joining the origin of co-ordinates to the end of the 
ra-th vector of this construction is also the characteristic vector for 
frequency co = 1. This means that the end of the ra-th vector deter¬ 
mines the point of the amplitude-phase characteristic of the second 
kind corresponding to the frequency co = 1. 

The greater the value of ra, and the smaller the value of A t, the 
higher is the accuracy of the result. When the values of co can be 
bounded so that 2co At < 1, the construction can be made more 
accurate by multiplying the modulus of the resulting vector obtained 
for any value co = coj by the quantity 

ncoj At 

sin (ncojAt) 
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The basic advantage of this method for constructing the ampli¬ 
tude-phase characteristic from the time characteristic is that the 
whole construction is done graphically and does not demand the use 
of tables or any calculation : the moduli of the vectors are found 
directly from Fig. 93 and the increments in the arguments of all 
the summed vectors are identical. The disadvantage of this method 
lies in the fact that in order to obtain one point of the amplitude-phase 
characteristic a large number (often several dozen) of vectors must be 
constructed. It is possible to reduce the number of vectors summed 



by many times at the cost of some complication in computing their 
moduli and arguments, by using a second construction arising from 
the equation 


/(H 


j=r 

-2 

i -i 


2Cj 


At, 


Atj(o 


sm 




This equation is easily derived from the basic theory of Laplace 
transforms. In order to use it we must replace the time characteristic 
not by the stepped line but by a series of straight line segments 
(Fig. 95) and drop perpendiculars from the points of intersection of 
adjacent segments on to the Taxis. These perpendiculars divide 
the Taxis into r sections. The lengths of these sections are denoted 
by A tj , the abscissa corresponding to the mid-point of each section 
is t m and the projections of the broken line on the ordinate axis are Cj . 
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The number of vectors which we must sum in this method in 
order to obtain one point of the amplitude-phase characteristic is 
equal to the number of straight line segments which make up the 
broken line in Fig. 95. This is considerably smaller than the number 
of steps in Fig. 93. But on the other hand the modulus and argument 
of each vector must be calculated from the given formula. 


(d) The construction of the frequency characteristic of a system 
from the frequency characteristics of its elements 

Let the Laplace transform of the input and output coordinates 
of a linear element (or system) be connected by the relation 

M (p) L [*out] =K(p)L [*,„], 


where M(p) and R(p) are polynomials in p , so that the transfer func¬ 
tion of this element (or system) is 


W(p) = 


Rip) 

M(p) ’ 


Then, as we showed above, the amplitude-phase characteristic 
of the second kind for this element (or system) can be constructed 
if the ratio 


R (ico) 
M (ico) 


= u (co) 4 - iv(co), 


is found for a range of values of oj say from 0 to + 00 and the ends 
of the vectors corresponding to these complex numbers, joined by 
a smooth curve. Thus, the amplitude-phase characteristic of the 
second kind of an element (part of a system or a system as a whole) 
can be obtained by substituting i oj for p in its transfer function. 

In Section 6 it was shown how the transfer function of the open 
or closed system is related to the separate transfer functions 
of its elements. 

These same relationships, after substituting ico for p , define the 
relation between the amplitude-phase characteristics of the second 
kind of an open or closed system and the amplitude-phase charac¬ 
teristics of the second kind of its elements. 

Thus, for example, from (2.36) it follows that each vector of the 
amplitude-phase characteristic of the second kind of an open sequen- 
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tial circuit of elements is found for any value of co by multiplying* 
the vectors of the amplitude-phase characteristics of the second kind 
of all the elements for this value of co. 

If for each element 

Wj (ico) = rj e^ (a> >, 
then for a sequential circuit of n elements 


W(ico) = £J Wj (ico) = rj =- r (co) e l(p , 

7=i J= l 


where 

j=n j=n 

r ( co ) = 77 t j H and v ( w ) = <pj H • 

j =i j -i 

For a second example we consider a closed single-loop circuit. 
If an external disturbance is applied to the first element, then 
the transfer function for this disturbance of the coordinate x K is de¬ 
termined by the formula 


0 ( P ) - 


WAP) 

1 pw^w^v) 


If we assume that the external disturbance is sinusoidal, then the 
steady oscillations of the coordinate x/< are determined by the ampli¬ 
tude-phase characteristic 


where 


<£ (ico) - 


W 1 (ia>) 


1 + W 1 (ico) W 2 (ico) 


j—k j=n 

W 1 (ico) ~ Wj (ico) and W 2 (ico) = ££ Wj(ico). 

;=1 j=k+l 


In order to construct it, we must first construct the hodograph 
of W\(ico) and the hodograph of W 1 (ico) ■ W 2 (ico). The imaginary 
axis on the latter graph must then be displaced to the left by one unit. 
In this way we obtain the hodograph of 


1 -J- W x (ico) W 2 (ico). 


Then, the vectors W 1 (ico) must be divided by the vectors of the 
constructed hodograph 1 + W 1 (ico) W 2 (ico) for the same value of oo. 

* Here, vectors are multiplied according to the multiplication rules for 
complex numbers, the moduli being multiplied, the arguments added. 
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Just as the formation of the transfer function of the system com¬ 
pletes the preparation for the analysis of the control process using 
the equations of the element, so the formation of the amplitude-phase 
characteristic of the system completes the preparation for the analysis 
of the control process using the amplitude-phase characteristics 
of its elements. 

To analyse the process, the characteristics both of the open system 
and of the closed system must be available. (For an investigation of 
stability see Chapter III, and for a study of the course of the process, 
see Chapter IV.) 



For an open system it is essential to know the amplitude-phase 
characteristic, while for a closed system we are usually required to 
know the amplitude and the real characteristics. Let us represent 
the vector 0 (ico) of the closed system in the two forms : 

0(ico) = A (co) e l<p (t0 > and 0 (ico) = P (co) + iQ (co). 

The graph of the function A (ft)) is called the amplitude charac¬ 
teristic of the closed system, and the graph of the function P (co) 
is its real characteristic. 

In Fig. 96 are shown the amplitude-phase characteristic, the vec¬ 
tor 0 (ico) (for one value of ft)), and the quantities P, Q, A and <p 
are indicated. From Fig. 96 it follows that 

A 2 (ft)) = P 2 (ft)) + Q 2 (co) 

and 

P (ft)) = A (co) • cos cp (ft)). 
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It is usually sufficient to carry out the construction of the ampli¬ 
tude-phase characteristic of the open system ; from it, it is then easy 
to construct the amplitude characteristic A (co) and the real charac¬ 
teristic P (co) for the closed system. 


(e) Logarithmic characteristics 

When the transfer function of the open system is equal to the 
product of the transfer functions of the separate elements, the con¬ 
struction of the amplitude-phase characteristic of the system from 
the characteristics of the elements is simplified if a logarithmic scale 
is employed.* 

The transition to a logarithmic scale also extremely simplifies 
the construction of the amplitude-phase characteristics of the elements 
from their linear equations, in particular in cases where the degree 
of the operators dj ( p ) and kj ( p) is not greater than one. 

Terminology. The terminology used in the construction of loga¬ 
rithmic frequency characteristics is borrowed from acoustics. 

If two frequencies are such that one is twice the other, that is 



o>i 


then the frequencies ca x and co 2 are said to differ from one another by 
one octave. 

If this ratio is equal to ten, i. e. 



then these frequencies are said to differ by one decade. 

In order to measure the ratio of two quantities which vary over 
a wide range, the logarithmic scale is often used. 

In measuring the ratio of two powers N 1 and N 2 . they are said 
to differ by one bel if 


1 N 2 1 

log-- = 1 . 


This is a comparatively large unit of measurement. 


* Various methods have been suggested which use the logarithmic scale, 
for the construction of the frequency characteristics of non-single-loop systems 
as well, but for these the transition to logarithmic characteristics still has not 
such undeniable advantages as for single-loop systems. 
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When considering concrete problems it is usually necessary 
to use a smaller unit of measurement, called the decibel. This unit is 
defined by the following equation : 


N 

10 log —- — 1. 

From powers, we may pass to the measurement of ‘‘protoplastic” 
quantities (the amplitudes of the forces, of current, potential, pressure 
and so on) whose square is proportional to the powers 

N ± = .Jl N 2 = J\. 

Thus, if 

N T 2 

10 log —- = 10 log — 2 - = 1, 

N t 8 J\ 

then the ratio of the amplitudes of the forces of current, potential, 
pressure and so forth is given by 

20 log = 1 


if J 2 differs from J 1 by 1 decibel. 

Table I enables us to translate logarithmic units of measurement 
into units of the ratio of powers and of “protoplastic” quantities 
(e.g. potentials or currents). 

Henceforth, when we use logarithmic characteristics the frequency 
measurements will be made in octaves or decades, and the amplitude 
in decibels. Proceeding to the construction of logarithmic charac¬ 
teristics, we begin by considering an astatic stage. 

Astatic stage. The transfer function of this stage is defined 
by the equation 

, v Jfe 
«’(?) = — • 

V 

Putting p = ito, in this equation we obtain : 
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Table I. 

Conversion from decibels into absolute ratios 


Ratio of 
voltages or 
currents 

Ratio of 
powers 

±dB 

Ratio of 
voltages or 
currents 

Ratio of 
powers 

1-0000 

1-0000 

0 

1-0000 

1-0000 

0-9994 

0-9989 

0-005 

1-0006 

1-0012 

0-9989 

0-9977 

0-01 

1-0012 

1-0023 

0-9977 

0-9954 

0-02 

1-0023 

1-0046 

0-9966 

0-9931 

0-03 

1-0035 

1 0069 

0-9954 

0-9908 

0-04 

1-0046 

1*0093 

0-9942 

0-9886 

0-05 

1-0058 

1-0116 

0-9931 

0-9863 

0-06 

1-0069 

1-0139 

0-9920 

0-9840 

0-07 

1-0081 

1-0162 

0-9908 

0-9818 

0-08 

1 0093 

1-0186 

0-9897 

0-9704 

0-09 

1-0104 

1-0209 

0-9886 

0-9772 

0-1 

1-012 

1*023 

0-9772 

0-9550 

0-2 

1-023 

1*047 

0-9661 

0-9333 

0-3 

1-035 

1-072 

0-9550 

0-9120 

0-4 

1-047 

1-096 

0-9441 

0-8913 

0-5 

1-059 

1*122 

0-9333 

0-8710 

0-6 

1-072 

1*148 

0-9226 

0-8511 

0-7 

1-084 

1*175 

0-9120 

0-8318 

0-8 

1-096 

1*202 

0-9016 

0-8128 

0-9 

1-109 

1*230 

08913 

07943 

10 

1122 

1259 

0-8810 

0-7762 

1*1 

1*135 

1-288 

0-8710 

0-7586 

1-2 

1*148 

1*318 

0-8610 

0-7413 

1-3 

1*161 

1*349 

0-8511 

0-7244 

1-4 

1-175 

1*380 

0-8414 

0-7079 

1-5 

1-189 

1*413 

0-8318 

0-6918 

1-6 

1*202 

1*445 

0-8222 

0-6761 

1-7 

1-216 

1*479 

0-8128 

0-6607 

1-8 

1-230 

1-514 

0-8035 

0-6457 

1-9 

1-245 

1-549 

07943 

06310 

2 0 

1259 

1585 

0-7852 

0-6166 

2-1 

1*274 

1-622 

0-7762 

0-6026 

2-2 

1-288 

1-660 

0-7674 

0-5888 

2-3 

1-303 

1-698 

0-7586 

0-5754 

2-4 

1-318 

1-738 
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Table I. (contd.) 


Ratio of 
voltages or 
currents 

Ratio of 
powers 

±dB 

Ratio of 
voltages or 
currents 

Ratio of 
powers 

0-7499 

0-5623 

2-5 

1-334 

1-778 

0-7413 

0-5495 

2-6 

1-349 

1-820 

0-7328 

0-5370 

2-7 

1-365 

1-862 

0-7244 

0-5248 

2-8 

1-380 

1-905 

0-7161 

0-5129 

2-9 

1-396 

1-950 

0 7079 

05012 

30 

1413 

1 995 

0-6998 

0-4898 

3*1 

1-429 

2-042 

0-6918 

0-4786 

3-2 

1-445 

2-089 

0-6839 

0-4677 

3-3 

1-462 

2-138 

0-6761 

0-4571 

3*4 

1-479 

2-188 

0-6683 

0-4467 

3-5 

1-496 

2-239 

0-6607 

0-4365 

3-6 

1-514 

2-291 

0-6531 

0-4266 

3-7 

1-531 

2-344 

0-6457 

0-4169 

3-8 

1-549 

2-399 

0-6383 

0-4074 

3-9 

1-567 

2-455 

06310 

0-3981 

4-0 

1-585 

2512 

0-6237 

0-3890 

4-1 

1-603 

2-570 

0-6166 

0-3802 

4-2 

1-622 

2-630 

0-6095 

0-3715 

4*3 

1-641 

2-692 

0-6026 

0-3631 

4-4 

1-660 

2-754 

0-5957 

0-3548 

4-5 

1*679 

2-818 

0-5888 

0-3467 

4-6 

1-698 

2-884 

0-5821 

0-3388 

4-7 

1-718 

2-951 

0-5754 

0-3311 

4-8 

1-738 

3-020 

0-5689 

0-3336 

4-9 

1-758 

3-090 

0 5623 

03162 

5 0 

1-778 

3 162 

0-5559 

0-3090 

5-1 

1-799 

3-236 

0-5495 

0,3020 

5*2 

1-820 

3-311 

0-5433 

0-2951 

5-3 

1-841 

3-388 

0-5370 

0-2884 

5-4 

1-862 

3-467 

0-5309 

0-2818 

5-5 

1-884 

3-548 

0-5248 

0-2754 

5-6 

1-905 

3-631 

0-5188 

0-2692 

5-7 

1-928 

3-715 

0-5129 

0-2630 

5-8 

1-950 

3-802 

0-5070 

0-2570 

5-9 

1-972 

3-890 
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Table I. (contd.) 


Ratio of 
voltages or 
currents 

Ratio of 
powers 

±dB 

Ratio of 
voltages or 
currents 

Ratio of 
powers 

05012 

0 2512 

60 

1 995 

3 981 

0-4955 

0-2455 

6-1 

2-018 

4-074 

0-4898 

0-2399 

6-2 

2-042 

4-169 

0-4842 

0-2444 

6-3 

2-065 

4-266 

0-4786 

0-2291 

6-4 

2-089 

4-366 

0-4732 

0-2239 

6-5 

2-113 

4-467 

0-4677 

0-2188 

6-6 

2-138 

4-571 

0-4624 

0-2138 

6-7 

2-163 

4-677 

0-4571 

0-2089 

6-8 

2-188 

4-786 

0-4519 

0-2042 

6-9 

2-213 

4-898 

0-4467 

01995 

7-0 

2-239 

5 012 

0-4416 

0-1950 

7-1 

2-265 

5-129 

0-4365 

0-1905 

7-2 

2-291 

5-248 

0-4315 

0-1862 

7-3 

2-317 

5-370 

0-4266 

0-1820 

7-4 | 

2-344 

5-495 

0-4217 

0-1778 

7-5 

2-371 

5-623 

0-4169 

0-1738 

7-6 ! 

2-399 

5-754 

0-4121 

0-1698 

7-7 

2-427 

5-888 

0-4074 

0-1660 

7-8 

2-455 

6-026 

0-4027 

0-1622 

7-9 

2-483 

6-166 

03981 

0 1585 

80 

2512 

6310 

0-3936 

0-1349 

8-1 

2-541 

6-457 

0-3890 

0-1514 

8-2 

2-570 

6-607 

0-3846 

0-1479 

8-3 

2-600 

6-761 

0-3802 

0-1445 

8-4 

2-630 

6-918 

0-3758 

0-1413 

8-5 

2-661 

7-079 

0-3715 

0-1380 

8-6 

2-692 

7-244 

0-3673 

0-1349 

8-7 

2-723 

7-413 

0-3631 

0-1318 

8-8 

2-754 

7-586 

0-3589 

0-1288 

8-9 

2-786 

7-762 

03548 

01259 

9 0 

2818 

7 943 

0-3508 

0-1230 

9-1 

2-851 

8-128 

0-3467 

0-1202 

9-2 

1-884 

8-318 

0-3428 

0-1175 

9-3 

2-917 

8-511 

0-3388 

0-1148 

9-4 

2-951 

8-710 
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Table I. (contd.) 


Ratio of 
voltages or 
currents 

Ratio of 
powers 

±dR 

Ratio of 
voltages or 
currents 

Ratio of 
powers 

0*3350 

0-1122 

9-5 

2-985 

8-913 

0-3311 

0-1096 

9-6 

3-020 

9-120 

0-3273 

0-1072 

9-7 

3-055 

9-333 

0-3236 

0-1047 

9-8 

3-090 

9-550 

0-3199 

0-1023 

9-9 

3-126 

9-772 

03162 

010000 

100 

3162 

1000 

0-3126 

0-09772 

10-1 

3-199 

10-23 

0-3090 

0-09550 

10-2 

3-236 

1-047 

0-3055 

0-09333 

10-3 

3-273 

10-72 

0-3020 

0-91200 

10-4 

3-311 

10-66 

0-2985 

0-08913 

10-5 

3-350 

11-22 

0-2951 

0-08710 

10-6 

3-388 

11-48 

0-2917 

0-08511 

10-7 

3-428 

11-75 

0-2884 

0-08318 

10-8 

3-467 

12-02 

0-2851 

0-08128 

10-9 

3-508 

12-30 

02818 

0 07943 

110 

3548 

12-59 

0-2786 

0-07762 

11-1 

3-589 

12-88 

0-2754 

0-07586 

11-2 

3-631 

13-18 

0-2723 

0-07413 

11-3 

3-673 

13-49 

0-2692 

0-07244 

11-4 

3-715 

13-80 

0-2661 

0-07079 

11-5 

3-758 

14-13 

0-2630 

0-06918 

11-6 

3-802 

14-45 

0-2600 

0-06761 

11-7 

3-846 

14-79 

0-2570 

0-06607 

11*8 

3-890 

15-14 

0*2541 

0-06457 

11-9 

3*936 

15-49 

02512 

0 06310 

120 

3981 

1585 

0-2483 

0-06166 

12-1 

4-027 

16-22 

0-2455 

0-06026 

12-2 

4-074 

16-60 

0-2427 

0-05888 

12-3 

4-121 

16-98 

0-2399 

0-05754 

12-4 

4-169 

17*38 

0-2371 

0-05623 

12-5 

4-271 

17*78 

0-2344 

0-05495 

12-6 

4-266 

18-20 

0-2317 

0-05370 

12-7 

4-315 

18-62 

0-2291 

0-05248 

12-8 

4-365 

19-05 

0-2265 

0-05129 

12-9 

4-416 

19-50 
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Table I (contd.) 


Ratio of 
voltages or 
currents 

Ratio of 
powers 

±dB 

Ratio of 
voltages or 
currents 

Ratio of 
powers 

0-2239 

0 05012 

13 0 

4467 

1995 

0-2213 

0-04898 

13-1 

4-519 

20-42 

0-2188 

0-04786 

13-2 

4-571 

20-89 

0-2163 

0-04677 

13-3 

4-624 

21-38 

0-2138 

0-04571 

13-4 

4-677 

21-88 

0-2113 

0-04467 

13-5 

4-732 

22-39 

0-2089 

0-04365 

13-6 

4-786 

| 22-91 

0-2065 

0-04266 

13-7 

4-842 

23-44 

0-2042 

0-04169 

13-8 

4-898 

23-99 

0-2018 

0-04074 

13-9 

4-955 

24-55 

01995 

003981 

14 0 

5 012 

2512 

0-1972 

0-03890 

14-1 

5-070 

25-70 

0-1950 

0-03802 

14-2 

5-129 

26-30 

0-1928 

0-03715 

14-3 

5-188 

26-92 

0-1905 

0-03631 

14-4 

5-248 

27-54 

0-1884 

0-03548 

14-5 

5-309 

28-18 

0-1862 

0-03567 

14-6 

5-370 

28-84 

0-1841 

0-03488 

14-7 

5-433 

29-51 

0-1820 

0-03311 

14-8 

5-495 

30-20 

0-1799 

0-03236 

14-9 

5-559 

30-90 

0-1778 

003162 

150 

5-623 

31 62 

0-1758 

0-03090 

15-1 

5-689 

32-36 

0-1738 

0-03020 

15-2 

5-754 

33-11 

0-1718 

0-02951 ! 

15-3 

5-821 

33-83 

0-1698 

0-02884 

15-4 

5-888 

34-67 

0-1679 

0-02818 

15-5 

5-957 

35-48 

0-1660 

0-02754 

15-6 

6-026 

36-31 

0-1641 

0-02692 

15-7 

6-095 

37-15 

0-1622 

0-02630 

15-8 

6-166 

38,02 

0-1603 

0-02470 

15-9 

6-237 

38-90 

0-1585 

0 02512 

16-0 

6 310 

! 3981 

0-1567 

0-02455 

16-1 

6-383 

40-74 

0-1549 

0-02399 

16-2 

6-457 

41-69 

0-1531 

0-02344 

16-3 

6-531 

42-66 

0-1514 

0-02291 

16-4 

6-607 

43-65 
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Table I. (contd.) 


Ratio of 
voltages or 
currents 

Ratio of 
powers 

±dB 

Ratio of 
voltages or 
currents 

Ratio of 
powers 

0-1496 

0*02239 

16-5 

6*683 

44*67 

0*1479 

0*02188 

16*6 

6*761 

45*71 

0*1462 

0*02138 

16*7 1 

6*839 

46*77 

0*1445 

0*02089 

16*8 

6*918 

47*86 

0*1429 

0*02042 

16-9 

6*998 

48*98 

01413 

001995 

170 

7079 

5013 

0*1396 

0*01950 

17*1 

7*161 

51*29 

0*1380 

0*01905 

17*2 

7*244 

52*48 

0*1365 

0*01862 

17*3 

7*328 

53*70 

0-1349 

0*01820 

1 

17*4 

7*413 

54-95 

0*1334 

0*01778 

17*5 

7-499 

56*23 

0*1318 

0-01738 

17*6 

7*586 

57*54 

0*1303 

0*01698 

17*7 

7*674 

58*88 

0*1288 

0*01660 

17*8 

7*762 

60*26 

0*1274 

0*01622 

17-9 

7*852 

61*66 

01259 

001585 

18 0 

7*943 

6310 

0*1245 

0*01549 

18*1 

8*035 

64*57 

0*1230 

0*01514 

18*2 

8*128 

66*07 

0*1216 

0*01479 

18*3 

8*222 

77*61 

0*1202 

0*01445 

18*4 

8-318 

69*18 

0*1189 

0*01413 

18*5 

8*414 

70*79 

0*1175 

0*01380 ! 

18*6 

8*511 

72*44 

0*1161 

0*01349 

18*7 

8*610 

74*13 

0*1148 

0*01318 

18*8 

8*710 

75,86 

0*1135 

0*01288 

18*9 

8*811 

77*62 

01122 

001259 

19*0 

8913 

7943 

0*1109 

0*01230 

19*1 

9*016 

81*28 

0*1096 

0*01202 

19*2 

9*120 

83*18 

0*1084 

0*01175 

19*3 

9*226 

85*11 

0*1072 

0*01148 

19*4 

9*333 

87*10 

0*1059 

0*01122 

19*5 

9*441 

89*13 

0*1047 

0*01096 

19*6 

9*550 

91*20 

0*1035 

0*01072 

19*7 

9*661 

93*33 

0*1023 

0*01047 

19*8 

9*772 

95*50 

0*1012 

0*01023 

19*9 

9*886 

97*72 

0*1000 

001000 

200 

10*000 

100*00 
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The amplitude characteristic is determined by the modulus of the 
transfer function 


A (co) = | w (ico) | 


(2.55) 


Thus, the amplitude characteristic, measured in decibels, is defined 
by the following equations: 

1c 

L — 20 log A (w) — 20 log — , 

CO 


L [db] 



or 

L = 20 lg k — 20 lg co . (2.56) 

Let us put L y in decibels, along the y- axis, and log o> along the 
#-axis, while indicating -co (Fig. 97). In these coordinates, equation 
(2,56) is the equation of a straight line. Usually the construction of a 
logarithmic amplitude characteristic is done first for k = 1, but the 
fact that k 1 is taken into account later when passing from the 
characteristic of the element to that of the system. 

For k = 1 from (2.56) we obtain L = —20 lg co. When co — co A 
let L — L r and when co = co 2 — 20 ^ let L = L 2 , where L Y — — 20 lg 
L z = —20 lg co 2 -= —20 lg 2co x = —20 lg co t — 20 lg 2. The latter 
equation can be written in the following form: 

L 2 = L t — 20 log 2 ^ L x — 6 , 
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from which it follows that the straight line has a negative slope of 6 dB 
per octave. 

Thus , the straight line with a negative slope of 6 dB per octave 
passing through the origin of the coordinates log co = 0L = 0i.e.co = 1, 
is the amplitude logarithmic characteristic of an astatic stage with coeffi¬ 
cient of amplification 1c = 1 in coordinates L, co (L in decibels and the 
frequency scale being logarithmic ). 

Single-capacitance stage. The transfer function of a single¬ 
capacitance stage is 


w(p) = 


k 

Tp + T ' 


If we put co T = ^ , then 


w(p) = 


ko ) 1 


P + cj t 


where co T is the conditional or conjugate* frequency of the single¬ 
capacitance stage. Hence 

* The reasons for this name will be explained below. 

IcOJp 

10) (JJ T 


W (ico) 


The amplitude characteristic is given by the modulus of the transfer 
function 


A H 


Icoj^ 

]/0) 2 p -f- O) 2 


As before, L — 20 log A{oj ), i. e. 

L = 20 log 1c -f- 20 log o) T -- 20 log ]f oj\ + co 2 . 

If 1c = 1, then the equation of the characteristic may be written in 
the form 

L — 20 log co T — 20 log y oj\ -j- a ) 2 . 

We can considerably simplify the construction of this curve by 
finding its asymptotes. 
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Let co —> 0 . Then L = 20 log co T — 20 log J/cof* + co 2 ->0 and by put¬ 
ting an equals sign in place of —we obtain the equation of one of the 
asymptotes of the required curve. 

If we let co -> oo ? then 

]/co^-j-co 2 j/co 2 and L 20 log co T — 20 log co. 

By putting = instead of -> we find the equation of the second asj^mp- 
tote to the required curve. It is clear that this asymptote passes through 



Fig. 98 


the point co = co r with a slope of — 6 dB per octave. Indeed 

for co = coj L — L x — 20 log co 7 — 20 log co x , 

and for co = co 2 = 2 co x 

L — L 2 = 20 log co T — 20 log co x — 20 log 2 , 

i. e. 

L 2 ^ L x - 6 . 

We can usually substitute a broken line consisting of sections of the 
asymptotes for the true logarithmic amplitude characteristic of a 
single-capacitance stage since the curve differs little from this line 
(Fig. 98). 
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Let us estimate the amount of error obtained in this substitution: 
The error is d = L truc — L app 

where L true is the true value of the characteristic, L app is the approxi¬ 
mate value obtained in replacing the characteristic by its asymptote. 
For co <1 cor 

d == 20 log cd t — 20 log fcof' -j- co 2 . 

For o) co T 

d = 20 log co — 20 log fcor + co 2 . 

The values of & for various frequencies are set out in Table II. 


Table II. 


CO 

i 

• 5 tor 

1 

£0 T 

1 

“2 

cor 

2 co r 

4:COr 

5co r 

<5 in dB 

—0-17 

— 0'3 

— 1 

—3 

—1 

—0-3 

1 

—0-17 


For co = co r the error is at its greatest and reaches "-3 dB; for 
co = 2co r the error decreases to 1 dB.Thus, the absolute values of the 
error are insignificant. 

Oscillatory stage. The transfer function of this stage is of the form 


w(p) = 


_ k _ 

T' 2 p 2 + T k p+l 


We transform this expression, dividing numerator and denominator 
by T’ 2 : 

1 . 


w{p) 


J"2 


p 2 + — T k p + — 

y'Ss y/ 2 


Let us put 


Then 


T' 


T k _ * T k 

= (D d , — = 2f or f == —~ 

T' 2 T 


IccOd 


w(p) = 


p 2 + 2£co d p -|- co* 
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Putting p = ico, we obtain: 


which gives 


w(ico) = 


A (co) = 


hcol 


(co% ~ CO 2 ) + 2i£co d co 


kw& 


Y( co d — <^ 2 ) 2 + 4f 2 0) 2 d CO 2 


(2.57) 


Putting the value of A(co) obtained from( 2.57) in L = 20log^4(co) 
we obtain: 

kcol 


L = 20 log 


f(co| — co 2 ) 2 + 4f 2 co| co 2 


(2.58) 


giving 


L = 20 log k + 20 log co| — 20 log |/(co| — co 2 ) 3 -j- 4 £ 2 co| co 2 . 


For k — 1 

L = 20 log co| — 20 log j/(co| — co 2 ) 2 + 4f 2 co^ co 2 . 

This is the exact equation of the logarithmic amplitude characteristic 
of an oscillatory stage. To simplify its construction in this case too 
we can replace it by its asymptotes. 

Suppose that co —> 0 . Then 

L ->■ 20 log co\ — 20 log co| 0. 


Replacing the->by equals signs, we obtain the equation of the first 
asymptote. 

Let co —> °°. Then 


j/co 4 + 4f 2 co| —co 2 , since co 4 4f 2 co| co^ 


for sufficiently large values of co. 

Then 

L -> 20 log co 2 — 20 log co 2 

or, otherwise, 

L —40 log co d — 40 log co . 


Replacing the arrows by equals signs we obtain the equation 
of the second asymptote, which itself represents a straight line passing 
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through the point corresponding to co = co d . Let us therefore find its 
slope. If co = co v then 

L x = 20 log co d — 40 log co 1 . 


For co — CO 2 — 2 co 1 

L z — 20 log co d -- 40 log ojj — 40 log 2 . 

Taking into account that 20 log 2 ^ 6 we obtain 

12 . 


Thus, the slope of the second asymptote is equal to 12 dB per octave. 

Let us estimate the magnitude of the error d = L true — L app which 
is introduced by replacing the characteristic of the oscillatory stage 
by its asymptotes, and let us find under what conditions this error 
will be negligible. 

For co < co d 

d — 20 log co d — 20 log 1 f(co% — co 2 ) 2 + 4f 2 co d aJ *. 

For co > co d 

d = — 20 log Yoo\ —• a> 2 ) 2 -f- 4f 2 co| ct> 2 + 20 log co 2 . 

Obviously, the error depends on the quantity |. To estimate the errors 
we construct a family of curves for various values of the parameter £ 
(Fig. 99). 

For 5 = 0-6 the error is little different from zero. It does not 
exceed roughly 3 dB for 0-4 < | <0*7. 

If £ < 0*4, then near the value co — co d the amplitude character¬ 
istic must be calculated from the exact formula, since for small 
values the error may considerably exceed 3 d b and may tend to in¬ 
finity as | ► 0, i. e. when the oscillatory element approaches the con¬ 
servative stage. 

An open loop consisting of astatic , oscillatory and single-capacitance 
stages. For such a circuit the transfer function has the form 


W(p) 


V 


fr — y — 77 

fj Tjp + lfJ, T'i 


2 P 1 + T ki p + 1 
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6[db] 



Fig. 99 


The amplitude characteristic is 

Jc m Jc ■ n hi 

A M _ | IT (to, | - ^ 

or 

h m k ■ 

L == 20log A (co) = 20 log-—— jylog . J - - — + 

[ i co j j—p | Tj zco -{~ 11 

n fc . 

+ 20 Tlog------ • 

P \(l-T'faS)+iT kja >\ 

In order to obtain an approximate construction of the logarithmic 
amplitude characteristic of an open single-loop system, consisting of 
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single-capacitance, oscillatory and astatic stages, the following ope¬ 
rations must be carried out. 

1 . As abscissa we take oj on the logarithmic scale, and as ordinate 
L in decibels. 

2 . Along the co-axis we mark the points equal tow T = and co d 

(conjugate to the stage frequencies). For an astatic stage, it is con¬ 
ventional to put co 7 = 1 . 

3. Through each point corresponding to a conjugate frequency 
we draw a straight line with a slope of 6 dB per octave (if the stage is 
astatic of single-capacitance) or of 12 dB per octave (if the stage is 
oscillatory). We must then add the ordinates of all the broken lines 
obtained. 

4. In order to make the curve more accurate we have to take into 
account the accumulated errors introduced by representing the curve 
of the element by its asymptotes. 

For an astatic stage, the error is equal to zero. For a single¬ 
capacitance stage it is given in Table II, and for an oscillatory stage 
it is found graphically (see Fig. 99). 

When, for the oscillatory stage 0*4 < £ <0*7, the error can be 
taken roughly as not exceeding 3 dB. Usually sufficient accuracy is 
obtained if we regard the error for each conjugate frequency as being 
obtained only from the stage with this conjugate frequency. Then 
for each co T and co d we must plot a point 3 dB. below the break. 
The points thus obtained must be joined by a smooth curve, as 
shown in Fig. 100. 

5. This procedure was done for k — 1 . If K = /7 kj + 1 , then 
the whole curve must be raised by the amount L = 20 log K. 

Stages with derivative action. We suppose that one of the stages 
of the considered circuit contains derivative action. Let the inherent 
operator of this stage be d (p). Then the Laplace transformed diffe¬ 
rential equation of this stage can be written in the following form: 

d (p) L [a W ] = ^(1 “h QP) L [a?j n ] • 

The usual rules give us the transfer function 


w{P ) = k ±±-W 

d( P ) 
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the characteristic of the equivalent stage with the transfer function 
(1 + qp), and then add them. 

Let us construct the characteristic of an equivalent stage with the 
transfer function 


w{p) = i + ep ■ 


(2.59) 


We transform the expression (2.59) as follows 


w (ico) —■■ 1 -f- icog = 


i(0 —(— (Og 


where ft) 


But, by definition, 


A (w) = j w (ico) 


Hence 


’ + ^ 


2 


L = 20 log A (o) = 20 log J fco* -f- co 2 — 20 log oj q . 


In order to construct this curve we find its asymptotes as before. For 
small values of the frequencies, i.e. for co^ 0, L—> 0 also. Thus, the 
first asymptote will be the x-axis. For large values of frequency 
we obtain the equation of the asymptote in the following form 

L — 20 log co — 20 log co Q . 

This expression is the equation of a straight line, but now with a 
positive slope. We can find the slope of this asymptote as before. It is 
equal to +6 dB per octave. 

We note, furthermore, that for the second asymptote when 
L = 0 co = co Q , i.e. the asymptote intersect at the point co = co Q . 

The errors introduced by substituting the points of the curve by 
those of its asymptotes can be determined of the table which was used 
for the single-capacitance stages, except that they will be of the oppo¬ 
site sign. 

Figures 101 and 102 give examples of the construction of the 
logarithmic frequency characteristics of single-capacitance (Fig. 101) 
and oscillatory (Fig. 102) stages having first derivative action. 



THE CONSTRUCTION OF A LINEAR MODEL CONTROL SYSTEM 


143 


Let us suppose that in one of the circuit stages there is second 
derivative action. In this case, the transfer function has the form 

w(p) = k^^ k SLtSl+lA. 

w 2 (p) d ( p) 

and 

A (co) = | W (iaj) | ==: 1c 
or, in logarithmic coordinates 


(1 + iqco — sco 2 ) 
d ( ico ) 


L= 20 log A (co) = 20 log k — 20 log | d (i co) | -\- 20 log 1 1 q i co — sco 2 [ 

From the last expression it is clear that to construct the logarith¬ 
mic characteristic of this stage we must add together the ordinates of 
two logarithmic characteristics: that of the stage with transfer 
k 

function - 7 - and that of a single equivalent stage with transfer 


function 


d(p) 


°h (P) = (1 + QP + SP 2 ) ■ 


Let us construct the logarithmic characteristic of this equivalent 
stage. We transform its transfer function by putting 


f = 


~2fs ' 


Then 


W 1 (p) =; 


d ~ lr ' 

p 2 + 2 £o> d p+ m 2 d 


By definition 

A x (co) = | w x (ico) | = 

and 


(co^ — CO 2 ) 2 + 41 2 co\ CO 2 

w" 


L = 20 lg A 1 (co) = 20 lg Y(oj% — co 2 ) 2 -f- 4 | 2 coj co 2 — 20 log co\ . 
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We met similar equations when we considered the logarithmic charac¬ 
teristics of oscillatory stages. This equation differs from the earlier 
ones only in the sign of all its terms. We can therefore assert that the 
asymptotes of this curve will be the straight line L — 0 for small 
frequencies and the straight line 

L ~ 20 log a) 2 — 20 log col 
for large frequency values. 



Fig. 101 


The slope of the second asymptote will be positive and equal to 
12 dB per octave. The errors introduced in the substitution of the 
exact curve by its asymptotes will be given by the same graphs as for 
the ordinary oscillatory stages, but their sign will be reversed. 

Figure 103 is an example of the construction of the logarithmic 
characteristic of an oscillatory stage with first and second derivative 
action. 

Single-loop circuit with derivative action. Logarithmic character¬ 
istics in this case are constructed according to the same rules as in the 
ordinary single-loop circuit. The only difference is that it is now neces¬ 
sary to take into account the logarithmic characteristic of the equiv¬ 
alent stage effecting the derivative action. 
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The construction of phase and amplitude-phase characteristics. 
It was shown above that the construction of the amplitude characte¬ 
ristic of a single-loop circuit is simplified when we use logarithmic co¬ 
ordinates, since the characteristics of the stages may be replaced by a 
broken straight line, and the characteristics of the open system in 
logarithmic coordinates are formed by the sum and not the product 
of the ordinates. 



Fig. 102 


The phase characteristic of a system in ordinary (non-logarithmic) 
coordinates also is obtained by summing the phase characteristic of 
its elements, since the argument of the product of vectors is equal 
to the sum of the arguments of the factors. Let 


W{p)= fj 

7 = ‘ 


h (p) ' 

dj{p) 


n n 

arg w (ico) = ^arg kj (ico) — Varg dj(ico). 


Then 
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Here all the kj(p) and dj (p) are polynomials of not higher than 
the second order. The values of their corresponding arguments are 
given in Table III. 

Table III 


k(p) or d{p) 

arg k(ico) or arg d(ico) 

c 

0 

bp + c 

bco 

arctan - 


c 

ap 2 + bp + c 

bco 

arctan - — - — 


<M 

3 

S3 

1 

C 


In Table III a , b and c are constants. 

Thus, the construction of the phase characteristic of the separate 
stages of the open system also presents no difficulty. 

Knowing the logarithmic amplitude characteristics and phase 
characteristics it is easy to construct from them the amplitude-phase 
characteristic of the system. 



Fig. 103 
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(f) General remarks about the use of the frequency characteristics 
of a system to determine its properties 

For non-linear elements (whether they are linearizable or not), the 
essential difference between experimentally determined frequency 
characteristics and frequency characteristics calculated from the 
equations for the same conditions, must be borne in mind. 

When deriving the equation of motion we replaced the non-linear 
characteristics by their tangents at the point determined by the given 
conditions. When determining the frequency characteristics experi¬ 
mentally, we “average’’ the non-linear functions and replace the non¬ 
linear curves not by their tangents, but by secants, whose slope changes 
when there is a change in the amplitude of the sinusoidal disturbance 
applied at the input of the element. 

Thus, only when we start from the equations of motion can a 
strict transition to a consideration of the system “for small oscil¬ 
lations” be effected, in the sense laid down in the theory of oscillations. 
When we are looking for the properties of a system with the use of 
frequency characteristics, the strict formulation of the problem of the 
investigation of the system “for small oscillations” is not infringed, 
only if they calculated from the equations of motion linearized by the 
method in this chapter. In practice, the time constant of the element 
or its coefficient of amplification is sometimes determined from a time 
characteristic which has been found by experiment. Of course, cons¬ 
tants found in this way which enter into the equation of the linear 
model of the element also “average” the non-linear functions. 

When determining the properties of a system both from experi¬ 
mental frequency characteristics and when the equations given have 
coefficients obtained by averaging the time characteristics, the problem 
is not correctly put: we consider the oscillations of the equivalent 
averaged linear model of the given system, and not small oscillations 
of the system in the exact sense of the term. Such a non-rigorous 
statement of the problem is justified only by the accumulation of ex¬ 
perience which shows that often, in spite of it, the results obtained 
are admissible. Of course, this does not prove that correct results are 
obtained in all cases, and therefore in the experimental averaging of 
non-linearities (when finding the frequency characteristics or when 
determining the coefficients of the equations of motion from the time 
characteristics) great care and circumspection are required. 
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9. Concluding Remarks 

Let us summarize the contents of this chapter. 

The elements of automatic control systems are usually non-linear. 
In the linear theory of automatic control we consider not the real 
system, but its linear model. If the elements are linearizable, then a 
study of the linear model enables us to estimate the control process 
in the real system, but only for sufficiently small disturbances. The 
linear model depends not only on the properties of the system, but 
also on the conditions of operation: for each value of the load on the 
object, of the controller tuning, and so on, a separate linear model 
must be constructed and each possible set of operational conditions 
must be studied separately. We therefore begin the preparation of 
material for a dynamic calculation with the construction of the static 
characteristics of the system and the determination of the equilibrium 
values of the coordinates for all operational conditions. 

The transfer function of the system or its frequency charac¬ 
teristic can be used as the initial material for a linear analysis. 

In each case the calculation is begun by breaking the system 
down into its elements, choosing generalized coordinates and their 
origin and direction. A static investigation leading to the construction 
of the static characteristic of the system as a whole from the static 
characteristics of its elements, is made; this gives a family of curves 
determining the steady values of all the coordinates of the system for 
any possible set of conditions (i.e. for a series of fixed values of the 
load, tuning, etc.). 

Three cases can arise: 

(1) the properties of all the elements are determined by the 
equations of motion; 

(2) the properties of all the elements are obtained from experi¬ 
mentally derived frequency characteristics under all given conditions; 

(3) some of the elements have experimentally derived frequency 
characteristics, while the others do not. 

In the first case the next step in preparing the material for the 
problem is the derivation and linearization of the initial equations of 
motion for all the system elements. The linearized equations of the 
elements are reduced to typical forms by changing to relative co¬ 
ordinates and by introducing time constants and amplification coeffi¬ 
cients into the problem. Then, depending upon the action circuit of 
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the given system, the transfer function of the system for all possible 
conditions is derived. For different conditions, the transfer functions 
usually differ only in the numerical values of their coefficients, and 
they can be calculated for all the given conditions at once. 

In the second case, when the frequency characteristics of each 
system element for each set of conditions are given, the frequency- 
characteristic of the system for any conditions is formed from them. 

In the third case, when only some of the elements have experi¬ 
mentally determined frequency characteristics, the frequency charac¬ 
teristic of the system as a whole is also used as initial material 
for the linear calculations. In order to construct it, we must form 
the equations of motion for those elements without frequency char¬ 
acteristics, we must linearize them and reduce the linearized equa¬ 
tions to typical form. We then form the transfer function of each 
element and from this construct its frequency characteristic. In 
some cases, the construction of the frequency characteristics can be 
made easier by using logarithmic characteristics. 

Then, just as in the second case, the frequency characteristic 
of the system can be constructed from the frequency characteristics 
of all the stages. Here we must construct as many characteristics 
as there are possible sets of conditions. 

Sometimes, even when there are no experimental frequency 
characteristics at all, the result of the preliminary work for the calcu¬ 
lation is presented in the form of frequency characteristics of the system 
under all conditions. This happens in those cases when it is wished to 
carry the linear analysis further by frequency methods. In such cases, 
after the transfer functions of the system have been obtained forvarious 
sets of conditions, the frequency characteristics are formed from them 
separately for each set of conditions. 



CHAPTER III 


THE STABILITY OF THE LINEAR MODEL 
OF AN AUTOMATIC CONTROL SYSTEM 


In the majority of cases the problem of control consists of estab¬ 
lishing and maintaining over a period of time the operating state 
of the controlled object. This problem gives rise to the requirement 
that the system of automatic control should possess a definite stabi¬ 
lity, even if only when the disturbances which affect the operating 
state of the controlled object or which act on the elements of the 
controller, are small. 

Let us suppose that some external action has disturbed equi¬ 
librium in the system and has set the control process into motion. 
Further, suppose that this action then disappears. Then the control 
process is called stable or of steady oscillation if, after a sufficiently 
small disturbance, the action of the controller results in the restoration 
of the same state as that maintained by the controller up to the time 
of the disturbance. In the contrary case, the control process is said 
to be unstable or of increased oscillation * 

According to this definition, the stability of the proces s depends 
on the action of the controller after the disturbance has ceased to act 
on the system. At that moment, the system deviated in a definite 
way from its equilibrium state, and these deviations may be taken 
as the initial deviations. Then the concept of a “stable” or “unstable” 
control process may be formulated in the following way: a process is 
said to be stable if, for any sufficiently small initial deviations, the 
equilibrium is restored to the control system as a result of the action 
of the controller; the process is said to be unstable if we can find 
deviations as small as we please for which the controller does not 

* The concept of “stable process” will be made more precise in Section 
4 of this chapter. 
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restore operating state which existed in the system before the appear¬ 
ance of these initial deviations. 

We will show further that for the linear model of a system of 
automatic control, the fact that a small initial deviation figures in the 
above formulation of the concept of stability is of no importance; 
if the linear model is stable with respect to small disturbances then 
it is stable also with respect to any other disturbance, not necessarily 
small. But if we use this linear model to estimate the behaviour of 
the true system, then this is only valid with respect to small dis¬ 
turbances and therefore, in the best case, stability of the given control 
system in the meaning of this term given above.* 

In practice automatic control is frequently employed in unstable 
processes. In most cases instability is the scourge of control. For this 
reason the calculation of an automatic control system is begun with 
the elucidation of its stability conditions. 


1. Estimating the Stability of the Linear Model of a System, 
Using its Transfer Function 

(a) General considerations 

Let us suppose that at time t = 0 the control system we are 
considering is in the position of equilibrium, that the control process 
is called into action because a certain action is applied to one of the 
elements of the system and that at time t = t x this action disappears. 

Let us take t = t x as the time coordinate origin. Then any co¬ 
ordinate of the system changes for t> t x according to the rule,** 

x = 2G k **, (3.1) 

k =1 

where the C k are constants, defined in the way described in Appendix I, 
and p k are the roots of the characteristic equation of the system which 
are obtained as in the previous chapter by equating the denominator 
of the transfer function of the system to zero. 

* At the end of this chapter (in Section 4) we shall investigate in detail the 
connexion between the stability of the original system and that of its linear 
model. The definition of the term “stability” given here differs from the classical 
definition of Lyapunov and corresponds to the concept “steady oscillation 
process” often used in technology. 

** See Appendix I 
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If all the roots p k of the characteristic equation are real numbers, 
then the G k also are all real numbers, and x is the sum of exponential 
functions. If all the p k are negative, then all the exponential functions, 
and hence x also, tend to zero as t —oo; however, if any one of the p k 
is positive, then x oo. 

Now let the characteristic equation have complex-conjugate roots 
p k and p k +x. Then each sum G k e Pkt + G k+1 e Pk+1 * on the right-hand 
side of (3.1) may be replaced (by Euler’s identity) by the sum 

C a *' (A k sin t + B k cos t), (3.2) 

where a k is the real part and j3 k the imaginary part of the complex root 
p k = a k + i and A k and B k are constants. 

Indeed, from Euler’s identity 

e iz = cos z + i sin 2 

we have 

G k e^ ak+iPk)t = C k e akt (cos fi k t + i sin Pk 0» 

C k+1 e^ ak ~ lPk)t — G k+i e akt (cos fi k t — i sin fi k t ). 

Hence 

C k e Pkt + G k+l e p *+s = 

= e a * ( [( C k + C k+1 ) cos p k t + * ( C k — C k+1 ) sin (S k t]. 

We note that C k and C k+1 are complex-conjugate numbers. Let 
C k — y + i <p. Then C k+1 = yj — i cp. Therefore C k + G k+1 = 2yi and 
i(Pk — G k + 1 ) = —299 are real. Denoting them by A k and B k we obtain 
(3 - 2) * 

The amplitudes A k e a/ct of the terms of (3.2) entering into (3.1) 
tend to zero if all the real parts a k of the complex roots of the charac¬ 
teristic equation are negative. The solution of (3.1) grows without limit 
if the real part a k of even one root is positive. 

The zero value of the coordinates is their value in the position 
of controlled equilibrium. If therefore a coordinate tends to zero as 
£ —>• 00 , this means that equilibrium is restored. 

From this it follows that the necessary and sufficient condition for 
the stability of the control process in its linear approximation (i.e. in the 
case when the process is described by a system of linear equations) is that 
all real roots of the characteristic equation be negative and all complex 
roots have a negative real part. 
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In the plane of the complex variable p let us draw the points cor¬ 
responding to all the roots of the characteristic equation (Fig. 104). 
The system is stable if all n points lie to the left of the imaginary axis, 
and is unstable if any one point lies to the right of the imaginary axis. 
We agree to say that the system is on the border of stability when 
any one of the points lie on the imaginary axis (i.e. if the charac¬ 
teristic equation has any zero root or any one pair of purely imaginary 
roots). 

Thus, in order to estimate the stability, it is not necessary to 
calculate the roots of the characteristic equation. It is necessary only 
to discover whether they all lie to the left of the imaginary axis or not. 



Usually two statements of this problem are found. Firstly, we may 
be given certain parameters, and have to find for which values of the 
remaining parameters the system is stable. Secondly, we may consider 
all the parameters to be given, and then determine whether or not 
the system is stable for these parameter values. 

The first problem is solved by constructing the region of stability, 
and the second by using the stability criteria. 


(b) The general concept of the D-partition 

We consider the characteristic equation 

Oo V n + «l P " _1 + . • . + a>n- 1 P+ a n = 0. 

The aggregate of values a Q , a l9 a 2 . . . , a n may be interpreted 
geometrically as a point in ^-dimensional space, with axes for the 
values of the coefficients a Q , a l9 . .. , a n . 
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To each point of this space there corresponds a definite value of 
the coefficients a 0 , a v . .., a n and consequently, definite values of all 
the roots p x , p 2 , ... , p n of the characteristic equation. 

If in this space there exists a region in which each point corresponds 
to a characteristic equation, all of whose roots lie to the left of the 
imaginary axis in the root plane, then the hypersurface bounding 
this region is called the boundary of the region of stability . 

When there are only two coefficients, this region is bounded by 
a plane, when there are three by a three-dimensional surface and so 
forth. 

Since all the coefficients a^ are determined by the values of the 
parameters of the differential equations of the system (time constants 
and amplification coefficients) we may clearly similarly construct 
the space of the parameters T v T 2 , .. . , k Xi k 2i ... and isolate a region 
of stability within it. 

In practice we try to make it sufficient to construct the region 
of stability on a numerical straight line (one parameter) or in a plane 
(two parameters). 

Let us consider by way of example a characteristic equation in 
which all the coefficients apart from two (say a 0 and a n ) are given. 

Let us suppose that for some definite values of a 0 and a n in the 
plane of the roots (in the ^-plane) the given equation has k roots 
lying to the left and n—k to the right of the imaginary axis (Fig. 105a). 
It is obvious that there always exists a curve (in general a hyper¬ 
surface) which, in the plane of a 0 and a n (in general case in the 
coefficient space) bounds a region (Fig. 1056) in which each point 
defines a polynomial also having k roots lying to the left and w— k 
roots to the right of the imaginary axis. We denote the region bounded 
by this curve (in the general case, surface) by D (k y n — k). Here k 
can be any whole number between 0 and n , and in this way, in the 
plane of a 0 and a n { in the general case in the coefficient space) we can 
find regions D (k, n — k) corresponding to various values of k. Thus, 
for example, if the characteristic equation is of the third degree, i. e. 
if n = 3, then in the general case the regions D ( 0 . 3), D (1. 2 ), D ( 2 . 1) 
and D (3. 0) can be found in the coefficient space. The last region is 
in fact also the region of stability in the coefficient space. 

If in this characteristic equation all the coefficients except two 
are specific numbers, then the plane of these two undetermined 
coefficients may not contain any of the regions mentioned. If, for ex- 
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ample, there exists no region D (3. 0) then this means that for any 
values of these undetermined coefficients and for the given values of 
the remaining coefficients, the equation cannot have three roots with 
a negative real part (to the left of the imaginary axis). 

The partition of the coefficient space of the characteristic equation 
into regions corresponding to the same number of roots lying to the 
left of the imaginary axis is called the D-partition . We note that the 
whole\D-partition is realized by one surface (or line in the case of a 
two-dimensional coefficient space), this surface (line) dividing up 
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Fig. 105 


all regions corresponding to the polynomials having k roots to the left 
of the imaginary axis for any number k. 

Let us suppose that k roots of the polynomial 

«o V n + V n ~ x + ... + <*„-1 V + <* n = 0 

He to the left of the imaginary axis. Let us vary the values of the coef¬ 
ficients a continuously. The roots may then cross over to the right- 
hand half-plane, although clearly only by crossing the imaginary 
axis.* Consequently the imaginary axis in the p-plane is the reflection 
of the boundary of the D-partition, and the crossing of the latter in 
the coefficient space is represented by the roots in the root plane 

* A root may also cross from the left-hand to the right-hand half-plane 
(i.e. the sign of its real part may change), when the real part goes off to infinity, 
i.e. when a 0 — 0. This case will be considered separately below. 
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crossing the imaginary axis. This suggests the method for determining 
the D-partition boundary: its equation is found in parametric form 
by replacing p by ico in the given polynomial (where co is a variable). 
From this equation the boundary may be constructed if the value 
of co is varied from — °o to -f- 00 * 

We considered above the D-partition in the space of the coeffi¬ 
cients of the characteristic equation. Of course, in a similar wav, we 
can construct the D-partition for the space of any parameters on which 
the coefficients of the characteristic equation depend (for example, 
for the space of the time constants and amplification coefficients). 

The aim of the analysis is to isolate the region of stability, the 
region D ( n , 0 ), but the construction of all the D-partitions often 
proves to be a very simple method for determining the boundary 
of the region of stability. 

(c) The construction of the stability region in the plane 
of one complex parameter 

Let us denote by A the parameter whose value is varied in order 
to guarantee stability. Let us suppose that we may solve the charac¬ 
teristic equation with respect to A, i.e. reduce it to the form 

Q(p)+lR(p) = 0 or 

R(p) 

Thus, for example, in the case of the equation 

pp 1 -f- &\P "L a 2 == ^ and A = a± 

we obtain 

Q(p) = p 1 + a 2 , R(p) = p . 

In the case of the equation 

{T x p -f- 1) {T^p + 1) + 1 = 0 and A = T x 

we obtain 

Q(p) ~ ( r ^2P + 1 ) + 1 , R(p) = p{T 2 p + 1 ) • 

Only real values of A have any practical value. Let us suppose, 
however, for the time being, that A is complex, and let us transform 
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the imaginary axis in the plane of the roots (the ^-plane) into the 
A-plane (Fig. 106). To do this we put p = i co in the equation 


obtaining 


Q(P) ? 

B(p) 


X (ico) = 


Q (ico) 

B (ico) 



Fig. 106 

and we separate real and imaginary parts 

X = — — ^ ■ = u (co) + iv (co) . 

B(ico) 

Giving co values from — oo to + °° we construct from these 
points a curve which is the transformation of the imaginary axis of 
the £>-plane on A-plane, i.e. the boundary of the D-partition in the 
A-plane. This boundary in the given case is symmetrical with respect 
to the real axis, and in order to construct the whole curve it is sufficient 
to construct that half corresponding to 0 ^ co + 00 and then to 
add to it its mirror reflection in the real axis. 

If in the root plane we move along the imaginary axis from — oo 
to + 00 (Fig. 107a) then the region where, for stability of the process, 
the roots mu$t be distributed, will always be on the left. 

Proceeding along the boundary curve of the D-partition from the 
point corresponding to co = — oo } to the point corresponding to 
co = o°, we will shade this curve on the left (Fig. 107&). When in 
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the A-plane the boundary of the D-partition is crossed from the shaded 
to the unshaded side, in the root-plane one root crosses the imaginary 
axis, passing from the left-hand half-plane to the right-hand half¬ 
plane. 

Since only real values of X are of practical use, of the whole region 
only the partition of the real axis is important. 

Thus, in order to construct the boundary of the J5-partition for 
any one parameter we must: 



<*) b) 


Fig. 107 

(1) Solve the characteristic equation with respect to this para¬ 
meter, i.e. reduce it to the form X — -. 

R (p) 

(2) Perform the substitution p — ico and separate real and imaginary 
parts in the expression obtained, i. e, reduce it to the form 

X = u(co) + iv(co) . 

(3) Setting out along the u and v axis their corresponding values, 
construct the curve obtained if co is taken for all values from 0 to + oo. 

(4) Add to this curve its mirror reflection in the t^-axis, i.e. its 
branch corresponding to — oo < co ^ 0. 

(5) Moving along this curve from the point corresponding to 
4Q — — oo to the point co — + °° shade the left-hand side of the curve. 
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If to any point of the A-plane there corresponds a polynomial 
having k roots to the left of the imaginary axis, then the polynomial 
corresponding to any point to which we may pass over without 
crossing the D-partition boundary has the same number of roots to 
the left of the imaginary axis. If in passing to another point the curve 
is crossed from the non-shaded side to the shaded side, then this new 
point represents a polynomial having k + 1 roots to the left of the 
imaginary axis if the shading is single, and k + 2 roots if the shading 
is double (points of self-intersection of the curve). 

If a polynomial with k roots to the left of the imaginary axis is 
represented by the point A and if from A we can reach the point B 
by crossing the boundary of the D -partition z 1 times from the shaded 
side and z 2 times from the unshaded side,* then B represents a poly¬ 
nomial having (k + z 2 — 2 X ) roots to the left of the imaginary axis. 

Thus, it is sufficient to know the distribution of the roots relative 
to the imaginary axis for any one arbitrary value of A in order to 
determine the distribution for any other value of A. 

In practice, since we are only interested in real values of A, having 
constructed the D-partition of the A-plane and having determined 
the number of roots corresponding to each region, we have to deter¬ 
mine which segment of the real axis belongs to the region of stability. 

We give some examples of constructing the D-partition. 


Example 1. The characteristic equation is given as 
p 3 + p 2 + p+ A = 0. 

Solving it for the parameter A, we obtain 

A = — p 3 — p 2 — p . 


Carrying out the substitution p — i co, we find 


where 


X = i co 3 + co 2 — i co — u + iv , 


u = co 2 ; v — co 3 — co. 

We construct the boundary of the Zbpartition in the A-plane (Fig. 108.) 
Passing along the curve from the point co — — oo to co — + oo we shade 
it on the left. 

* Crossing across a point of self-intersection of the curve is here regarded 
as two intersections. 
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It is obvious that the region corresponding to the polynomials which 
have the greatest number of roots to the left of the imaginary axis will be 
the region containing the points of the real axis satisfying the inequality 
0 < A < 1. 

In order to verify that this region will be the region of stability, we con¬ 
sider the border point X — 0. 

For X = 0 


Pi = 0; 



i.e. one root is equal to zero and two lie to the left of the imaginary axis. 



Inside the given region the number of roots lying to the left of the imaginary 
axis must be greater by one, since in order to be in this region it is necessary 
to cross the boundary of the D-partition from the unshaded side. Hence poly¬ 
nomials having all three roots to the left of the imaginary axis correspond to 
this region. 

Only real values of X interest us and these are determined at once by the 
segment of the w-axis lying inside the region D( 3, 0). Thus, the considered system 
is stable only if 0 < X < 1. 

Example 2. Let us consider the characteristic equation 


Solving it for X, we find 


Putting p — i oj we obtain 


P 3 + Xp* + p + 1 = 0. 





im z — ia) — 1 


= "YY + 


{±-4 


Giving €o values from — ooto + oo, we construct the D-partition in the 
A-plane (Fig. 109) and find the region which corresponds to the polynomials 
with the greatest number of roots lying to the left of the imaginary axis. In 
Fig. 109 this region is denoted by the letter R. At no point of the plane not 
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belonging to R can there be the same or a greater number of roots lying to the 
left of the imaginary axis*. 

Let us find the number of roots to the left of the imaginary axis for 
X = 1. In this case the characteristic equation reduces to the form 

P 3 + P 2 + V + 1 = (P 2 + 1) (P + 1) = 0 

and has roots 

Pi = —i; Pi ,a = ±i- 

Thus for the point X — 1 one root lies to the left of the imaginary axis, 
and two roots lie on it. Passing from the point X = 1 to any point of the region 
U, we leave the curve on the shaded side, while at the point X = 1, the shading 



is double (two branches of the D-partition boundary pass through this point)- 
Consequently, the region R corresponds to the case when all three roots have 
a negative real part, i.e. it is the region of stability. 

Example 3. Let us determine what the time constant of viscous friction 
T k of a controller must be if the motor having positive inherent regulation, 
time constant = 1 sec and coefficient of amplification k t = 2 is controlled 
by a static direct action controller with time constant T% = 0*1 sec and ampli¬ 
fication coefficient k 2 = 20. 

The equations of motion for the motor and controller are 

Tx + T k^r + *.=■*.*!• (3-3) 

The characteristic equation has the form** 

(T lP + 1) (T' 2 *p* +T k p+l) + k t Jc 2 = 0. 

* Indeed it is not possible to cross from any point of this region to any 
point not belonging to it without crossing the boundary of the D-partition from 
the shaded side to the unshaded side. 

** See Chapter II. 
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After substituting the given values of T lt T f 2 , h l and k 2 we obtain: 

(p + 1) (0*01 p 2 + T k p + 1) + 40 = 0. 



Fig. 110 


Solving the last equation with respect to T k , we find 
_ 0*01 p z + 0*01 p 2 + p + 41 

k ~ p 2 -f p 

Substituting ico for p, multiplying numerator and denominator by (— ia> — eo 2 ), 
opening the brackets in the numerator and denominator, and collecting like 
terms we find 

_ 0*01 i(o 6 — 0*99 io) z — 41 iw — 40 co 2 

k co 2 + co 4 

The construction of the D-eurve from these points is shown in Fig. 110. 

A system of direct control can always be made stable by the choice of 
T k , and hence the T^-plane must necessarily contain a stable region. 

Let us suppose that for T k = 0*1 the equation (3.3) has r roots with 
a negative real part. Then the number of such roots for any other value of 
T k (Fig. 110) is determined at once. Since we know beforehand that there exists 
a region of stability in the T^-plane, then it can only be a region having the 
greatest mark, i. e. the region with a mark r + 2. 

Thus, the considered system is stable for any T k > 0-3. 
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(d) The construction of the region of stability in the plane 
of two real parameters (the Vishnegradskii diagram) 

A Vishnegradskii diagram is taken to mean the plane of any two 
real parameters of a system in which the lines separating the region 
of stability are plotted. The Vishnegradskii diagram may thus be ob¬ 
tained by constructing the D-partition of the plane of the two real 
parameters, i.e. the plane section of the D-partition of the parameter 
space. 

Let us suppose that the coefficients of the characteristic equation 
of the system 

«o P" + % P"" 1 + «2 P"' 2 + •. • + a n-l V + n n = 0 

depend on two parameters* y nad rj , and let us restrict ourselves to 
the case when these parameters enter into the equation linearly, so 
that this equation can be reduced to the form 

n S(p) + t] Q(p) + R{p) = 0 . 

For example, the equation 

(yp+ 1 )(5p+ l) + 3rj = 0 

can be reduced to the form 

y(5p* + p) + 3r j + (5p + l) = 0. 

In this case 


8 (p) = 5 p* + P 

Q(P) = 3 

R(p) = 5p+ 1 

Putting, further, p = i co and separating real and imaginary parts, 
we obtain 

pS (iw) + vQ (^ co ) + R (ico) = u (co) + iv (co) 

In the general case both functions u(a>) and v(w) depend not only 
on co, but also on the two parameters y and r\. In order to construct 
the boundary of the ZLpartition it is necessary to determine y and r] 

* These parameters may be, in particular, simply two coefficients of the 
considered equation. 
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for each co, by solving simultaneously the two equations 

n(co) = 0 , 
v(co) = 0 . 

If in each of them we separate the terms containing (i and rj 9 
then we obtain a system of two equations with two unknowns: 

U (co) ■= fi S x (co) + 7] Q x (co) + B 1 (co) = 0 , 

v(co) = [x S 2 {a>) + rj Q 2 (co) + R 2 (co) = 0 . 


Solving this system of two linear algebratic equations with 
respect to ju and rj for each value to co we obtain: 

-®i Qi 

_ — Q2 _ — -^i Q2 ~f~ ^2 Qi 

~ S 1 Q 1 Q 2 — Qi J 

£>2 Q2 

Si -Ri 

s 2 -R 2 -s 1 b 2 + s 2 b 1 

8 X Qi| "" S 1 Q 2 — S 2 Q 1 


The equations u(a>) ~ 0 and v{co) = 0 determine one value of /x 
and one value of rj for each co only when these equations are simul¬ 
taneous and independent. If for some value of co the numerator and 
denominator become zero, then for this value of co one of the equations 
u(co) = 0 or v(co) = 0 is a consequence of the other, and for this value 
of co we obtain not a point but a straight line in the /x, 17 -plane. In this 
case, either of the equations u(a>) — 0 or v(a>) = 0 is the equation of 
this straight line when this value of co is substituted. 

If the coefficient of the highest term of the characteristic equation 
depends on the parameters /x and rj, then, by equating this coefficient 
to zero we obtain the equation of another straight line corresponding 
to co = 00. These straight lines are called singular . 

In order to shade the boundary of the D-partition we must move 
along the boundary in the direction of co increasing, and shade it on 


the left edge at those points for which A > 0 and on the right edge 

SQ 

for those points for which A < 0 where A = 1 1 . Usually the curve 

S2Q2 
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is traversed twice: once when co goes from — °o to 0, and once when 
it changes from 0 to oo ? but it is shaded both times on the same side, 
since usually the sign of A changes for co = 0 or co = °o.* Singular 
lines pass through these points most frequently. They are shaded in 
this case as is shown in Fig. 111. Near the point of intersection of the 
curve and the straight line their shaded sides must be directed towards 
one another. 




Fig. 112 


There are rare exceptions when these singular lines must not be 
shaded (see Example 1). If A becomes zero (which is rare) for co oo 
or co -f 5 0 and the sign of A does not change, then these straight lines 
are not shaded and can generally be removed from the construction. 
If the sign of A does change, then the lines are shaded as in Fig. 112. 

Finally, if A = 0, then the singular lines alone are the boundary 
of the D-partition. 

Figure 113 gives examples of the shading of the D-partition curve 
and of the singular lines. 

Example 1. Given the characteristic equation 
P 3 + t*P 2 + VP + 1=0. 

* In constructing the boundary of the D-partition the following rules 
must be observed: 

(a) first write down the equation u(co ) = 0, and then v(co) = 0; 

(b) if fi is the first variable in these equations and rj the second, then in 
constructing the curve the system of coordinates (fi, r t ) must be right-handed 
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Fig. 113 
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We construct the /^-partition by writing it in the form 
u p 2 + rj p + (p 3 + 1) = 0 


and putting 


p = iw. 


Then 

or 

whence 


— /n oj 2 rj i oj -\- 1 — i oj 3 = 0 


—p (o 2 + 1 + i(rjOJ — co 3 ) = 0 , 


u(oj) = /x( : —co 2 ) +^*0+1=0, 


v(a>) = ^*0 + TjOJ - CO 3 = 0 . 

The determinant of this system 


| — co 2 0 
| 0 co 


= — co 3 


equal to zero only when co = 0. 

For any co 0 

(x = and rj == co 2 , 

therefore 

1 


The boundary of the D -partition is a rectangular hyperbola (Fig. 114). 
The point co = 0 lies at infinity on the ^-axis, and the points co = + oo 
and — oo lie at infinity on the rj- axis. The determinant changes sign at the point 
co — 0. The hyperbola therefore has double shading, shown in Fig. 114. 



Fig. 114 
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The value co = 0 determines two singular straight lines: p = oo and 
r) — 0. Only the line rj = 0 will be of value, since the line p — oo does not 
divide a region in the finite part of the plane. 

In the given case we need not shade the line r) = 0. This is clear from the 
fact that to a point of this line p — r) = 0, there corresponds an equation hav¬ 
ing one root to the left of the imaginary axis and two roots to the right, and no 
zero root. When the boundary of the D-partition with double shading is crossed, 
this corresponds to a change of sign in the real parts of the two roots. Hence 
the region A corresponds to all three roots lying to the left of the imaginary 
axis, i.e. is the region of stability. 

Example 2. Let us find what parameters (time constants and coefficients 
of amplification) of single-capacitance objects can be stably controlled by a 
static direct action controller having a time constant equal to 0*45 sec, a damp¬ 
ing time constant equal to 5 sec and coefficient of amplification equal to 25. 

We consider the equations of direct control 


T i -7TT- + x 1 = -h 1 x l , 


At 

L 2 ''d / 2 


T? - 4 ^ + T 'k + *« = h , 


(3.4) 


where x x is the coordinate of the object, and x z the coordinate of the control¬ 
ler, T 1 and k x the time constant and coefficient of amplification of the object, 
T'z and k 2 the time constant and coefficient of amplification of the controller, 
and T k is its damping time constant. 

We may now formulate the given problems as follows: given the values 
Tg — 0-45; T k = 5; k 2 — 25; to find the region of stability in the T lt k x plane 

For equation (3.4) the characteristic equation can be written 

(T x p + i) (t; 2 p 2 + T k p + 1) + K h = 0 
or, with the given values of ^ u. an( ^ ^2 

(T x p + 1) (0*2 p 2 + 5p + 1) + 25 k x = 0 , 
or 

0-2^ p 3 + Sp p 2 + p p + 0 - 2 p 2 + 530 + 1 + 25^ = 0, (3.5) 

where p = T t and tj — k r . 

Proceeding to the construction of the D-partition of the equation (3.5), 
for the parameters p and r\ y we substitute i co for p: 

— 0*2^ i cd 3 — 5 pco 2 -f - p i a) — 0*2co 2 + Si co + 1 -f* 25 rj = 0 . 


Separating real and imaginary parts and equating them separately to zero, 
we obtain 

— 5/uco 2 + 2 Sr} + (1 — 0*2co 2 ) = 0, ) 
pco (1 — 0*2co 2 ) + rj m 0 + Sto = 0. j 

In the given case 

(co) = — 5co 2 ; S 2 (co) = co (1 — 0-2 co 2 ) ; Q 1 (co) = 25; 
Q 2 (co)e=0; Ri ( w ) = 1 — 0*2co 2 ; R 2 (co) = Sco ; 
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-Si («>) Qi (to) 
»S 2 (to) Q 2 (to) 


— 5to 2 

to (1 - 0-2to 2 ) 


26 ! 

i 

‘>1 


— 25to (1 — 0-2to 2 ); 


— i?i(to) (to) 
-i? 2 (to) Q 2 (to) 


— (1 — 0-2to 2 ) 25 
— ow 0 


= 12 5w ; 


Si (to) - i?! (to) 
<S 2 (to) — i? 2 (to) 


- 5a> 2 - (1 - 0-2 to 2 ) 

to (1 - 0-2to 2 ) - 5to ~ 

= 25to 2 + co (1 — 0-2to 2 ) 2 . 


Hence 


_ Jj _ 5 _ _ 25to 2 + (1 - 0-2to 2 ) 2 

~ zl ~ 1 - 0-2io 2 ’ V ~ A ~ 25 (1 - 0-2CO 2 ] 




Giving co various values from 0 to oo we draw the curve shown in Fig. 
115 through these points. 

We note that A becomes zero for co — 0 and for co = ^5 ^ 2-236 but for 
co — ][5 neither A 1 nor zJ 2 becomes zero. For 0 < co < 2-236 the determinant 
A< 0, and for co > 2-236 A > 0. 

Moving along the curve from the point co = 0 to the point co = 2-236, 
we shade it doubly (Fig. 116) on the right (since A < 0) and later, for co > 2-236, 
on the left (since A > 0). 

In the given case there are two singular straight lines: one of them cor¬ 
responds to co = 0, the other to co = oo, since in this case the coefficient of 
the highest order term of the characteristic equation contains fx . 
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Equating to zero the free term of the equation, we find 25?? = —1 or 
rj = -—0 04. Hence, the line rj = —0 04* is the first singular line corresponding 
to w = 0. 

Finally, equating the coefficient of p 3 in equation (3.5) to zero, we find 
the equation of the second line: p = 0 . 

Hence, the ??-axis is the second singular line. 

In Fig. 116 we show these lines are shaded according to the above rules. 

Let the point rj — 10, p — 20 represent an equation having r negative 
roots. Figure 116 shows the marking of all the regions for this case. 

It is obvious that the plane contains a region of stability, since there are 
always objects which the given controller can stably control, whatever the values 
of the parameters T 7 ?, T k and k 2 , provided that they are all different from zero. 

The region ( r) has the greatest mark in Fig. 116, and it is therefore the 
required region of stability. 

We may test the correctness of this reasoning by putting rj = — 0 04; 
p = 1. Then the equation (3.5) becomes 


and has roots 


0-2 p* + 5-2 p 2 + 6p = 0 


Pi = 0; p 2i3 = 


— 5-2 ± V5-2* — 4.6.0-2 
2.0-2 


Of these three roots, two are situated to the left of the imaginary axis, 
and on© on it. The point r\ = —0-04; p — 1 lies on the singular line and crossing 
to the region (r) leaves the singular line on the shaded side. 

Hence the regions (r) correspond to equations with all three roots lying 
to the left of the imaginary axis. 

In order to find out the value of r, we can proceed as follows: in (3.5) 
let us put p = 0; r\ = 0 * 2 . Then (3.5) reduces to the quadratic equation 

0-2 p* = 5p + 6 = 0. 

Both of its roots are negative. 

The point p = 0, rj = 0 2 lies on the singular line p = 0, corresponding 
to co = co. When we leave this line on the shaded side the number of roots 
with a negative real part is increased by one and therefore r — 3 . 


(e) Criteria for stability. Necessary condition for stability . 

For stability it is necessary that all the coefficients 
in the characteristic equation have the same sign 

From Bezout’s theorem, any equation can be factorized into 
factors of the form (p — p k ) where p k are the roots: 

a 0 P n + a 1 p n ~ 1 + .. . + a n = a 0 (p — pj (p-p^)... (p — p n ). 

* In Fig. 116 the line r\ — 0-04 is combined with the line 77 = 0. The 
left branch of the curve in the first quadrant is now drawn to scale. 



THE STABILITY OF THE LINEAR MODEL 


171 


But if the real parts of all the roots lie to the left of the imaginary 
axis, then each bracket contains a positive term.* Hence a v a 2 , . .., a n 
have the same sign. 

The A. V . Mikhailov criterion . Let us turn to the characteristic 
equation 


D (p) — a Q p n -+- V n ~ 1 + • • • + a n- 1 P + a n — 0. (3.6) 

Let us introduce the parameter A and consider the more general 
class of equations 

D(p) = A , 

of which equation (3.6) most frequently occurs (where A = 0). 

Let us put p = ico in equation (3.6) and construct the D-partition 
for the parameter A (Fig. 117). 

The only possible region of stability is the region A , shaded in 
Fig. 117a. If the point A = 0 lies inside this region and the latter is 
the region of stability, then all roots of the equation lie to the left of the 
imaginary axis and the system is stable. 

We can prove a rule which enables us to establish whether the 
region A is the region of stability, without having recourse to shading 
the curve. 

Let us consider the case A = 0, i.e. the equation (3.6). Let the 
degree of this equation be equal to n and let p v p 2 , .. . , p n — be its 
roots. Then 


D(p) = a 0 (p— p x ) {p - p 2 ) . .. (p - p n ) . 


Putting ico in place of p: 


D(ico) = a 0 (ico — pj (ico — p 2 ) ... (ico — p„) . 

* For the real root = — \p k \ this is obvious: 

(:P — Pk ) = (P + I Pk\ )• 

In the case of a pair of complex conjugate roots we have: 

(P - Pk ) (P —Pk+ i ) = [P — ( a k + iPk)1 (P ~ (°k ~ tfk) 1 = 
= p 2 — % a kP 4 " ( a k + P%) > 

and if a k < 0, then a k — — \ a k \ and 

(P - Pk) (P - Pk+ 1) = P- + 2 I °k I P + («« + /$)• 
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If, in the £>-plane, we mark the point p k , then the difference 
ico — p k corresponds to the vector joining the pointy to the point ico 
on the imaginary axis (Pig. 1176). Let us go from co ~ — o o to 
co = + 00 • In the case when p k lies to the left of the imaginary axis, 
the argument of this vector (ico — p k ), will be increased by n (Fig. 
117c). Therefore, if all the roots p v p ly ... , p n lie to the left of the 
imaginary axis, then when co changes from — 00 to + 00 the argument 
of the vector D (ico) (sometimes called the characteristic vector), in¬ 
creases by 7t n, which represents the sum of the increments in the 
arguments of all n vectors i co — p k . And if r roots lie to the right of 



a) bj c) 

Fig. 117 


the imaginary axis, and n — r roots to the left of it, then the tota 
increment in the argument is equal to {(n — r) — r} n. 

Let us restrict the change in co from 0 to -f 00 , Then the change 
in the argument of the characteristic vector D(ico) will be half as 
great as it is when co changes from — 00 to + 00 , and will be equal tol 

71 

n — when the system is stable. We note that as co increases the argu- 
2 

ment of all the vectors (i co — p k ) for which p k lies to the left of the 
imaginary axis and, of course, the argument of the vector D(i co) of 
the stable system, grows monotonically. 

Thus, the region A will be the region of stability if, when for 
co = 0 we start on the real axis to the right of the coordinate 
origin, and for co increasing to + 00 the boundary of the D-partition 
for the given X passes through n quadrants (where n is the degree of 
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the given characteristic equation) in such a way that the radius 
vector always rotates in an anti-clockwise direction. 

Let us consider now the left-hand side of any characteristic 
equation D(p). Let us replace p by i co and separate real and imaginary 
parts: 

D(i co) — u(co) + iv(co) . 

Let us put u(co) along the #-axis, and v(co) along the y-axis. Then, 
calculating the quantities u and v for values of co, we find points in 
this plane. Letting co go from zero to infinity, we can trace a curve in 
this plane, the hodograph of the characteristic equation of the system. 
The radius vector drawn from the origin of coordinates to this point, 
as we have already shown, is sometimes called the characteristic 
vector of the system. The argument of this vector will be, as usual, 
equal to the angle between the positive direction of the w-axis and 
the radius-vector, reckoned anticlockwise. 

We may then formulate the following criterion for stability 
(the A. V. Mikhailov criterion). 

In order that a system be stable, it is necessary and sufficient that 
the modulus of the characteristic vector be different from zero for any 
co(0 ^ co ^ c^) and that the argument of this vector be equal to zero for 
co = 0, and, further, that as co increases monotonically from 0 to + oo } 

71 

it should increase monotonically from 0 to—n 9 where n is the degree 
of characteristic equation. 

In other words, the hodograph of the characteristic equation of 
a stable system may only be drawn in the following way: beginning for 
co = 0 on the semi-axis u+, it must then encompass the origin of co¬ 
ordinates and subsequently intersect the semi-axes v+, u ~, v ~, u+, 
v+, u~ and so on, until it has traversed n quadrants. In the wth 
quadrant the hodograph goes off to infinity. 

The hodograph is like this only when 

u (0) > 0 ; v (0) = 0; 

,lr i >o 

dc ° \ u=0 

and when the zeroes of the function v(co) alternate with the zeroes of the 
function u(co) (Fig. 118). 
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If the hodograph of the characteristic equation is different in any 
way, for example if it crosses the same semi-axis twice in succession, 
then the system will be unstable. 

The Routh—Hurwitz criterion. We consider below several dif¬ 
ferent formulations of this criterion. Not differing from each other in 
principle, they differ in form and each of them has its most appropriate 
uses. 

Let us put p = ia> in the characteristic equation D(p) = 0 of the 
system, and separate real and imaginary parts: 

D(ia>) — u(a>) + iv(a>) . 



We recall that in a stable system the real roots of the equations 
•u(a>) = 0 and v(co) = 0 alternate (Fig. 118). 

On the D-partition boundary u(a>) = 0 and v(a>) = 0 simul¬ 
taneously. The condition for this is that a determinant of the nth order, 
called the highest Hurwitz determinant, shall be equal to zero. It is 
formed according to the scheme: 


a l 

a 3 

«5 

a 7 . 

. 0 

a 0 

<z 2 

fl 4 

a 6 . 

. 0 

0 

a i 

a 3 

a 5 . 

. 0 

0 

a 0 

<2 2 

a 4 . 

. 0 

0 

0 

ai 

fl 3 . 

. 0 

0 

0 

a 0 

* 

. 0 

0 

0 

0 

U 1 • 

. 0 

0 

0 

0 

a 0 • 

. 0 

0 

0 

0 

0 . 

. . d n 
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where the a k are the coefficients in the characteristic equation: 


D(p) = a 0 p n + a x p "- 1 + a 2 p n ~ 2 + 


The equation A n — 0 determines a surface in the coefficient space 
which includes the boundary of the D-partition. 

The region of stability is found from the condition that the deter¬ 
minant A n itself and all its diagonal minors 


A x — a x J Ay, 


a i a 3 
a 0 a 2 



a 3 a 5 

a 2 a x > • • • 
®1 


shall be positive. 

It has been shown that when all the coefficients of the character¬ 
istic equation are positive (a 0 > 0, a x > 0, .. , a n > 0) from the fact 
that all the determinants A v A s , A 5 with odd indices are positive, it 
follows that the determinants A 2 , zl 4 , A 6 , ... with even indices are 
also positive, and vice versa. Hence when the necessary conditions 
for stability are fulfilled, i.e. a 0 > 0, a x > 0, ... , a n > 0, the neces¬ 
sary and sufficient conditions for stability may be formulated as 
follows: 

In order that all roots of the characteristic equation 


a oP n + % P n ~ x +...+ a n = 0 

with positive coefficients (a Q > 0, a x > 0, . . . , a n > 0) shall have 
negative real parts , it is necessary and sufficient that among the deter¬ 
minants 

A x , A 2f ... , A n 


all determinants with even (or all determinants with odd) indices shall be 
positive . 

Let us consider for example the system whose characteristic 
equation is 

a o P s + a i P 2 + a 2 P + a 3 = 0 • 


The stability condition, according to Hurwitz's criterion, will be 
that the inequalities. 


A 


3 — 


«1 

a 0 


0 


a 2 

a , 


0 

0 

O3 


> 0 ; 



a 3 

a 2 


>0; A 1 = a 1 > 0, 
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shall be satisfied, or, after expansion of the determinants A 2 = 
= a x a 2 — a 0 # 3 > 0 and A 3 = # 3 A 2 > 0. 

If all the coefficients a 0 , a 1 , a 2 and a 3 are positive, then we require 
only that 

0^2 1 Cl q fl 3 0 . 

The evaluation of the determinants A v A 2 , . . . , A n by means of 
decomposing them according to the elements of any column or row 
is usually tedious. This is why it is convenient not to compute these 
determinants, but to bring the determinant A n to diagonal form. 

From the theory of determinants we know that if we subtract 
from all the elements of any row of the determinant a multiple of the 
elements of any other row, then neither the value of the determinant, 
nor that of its diagonal minors, will be changed. 

Let us consider the last but one Hurwitz determinant* A n - X : 


dl 

a 3 

a 5 

Q. f 

«9 

«n 

«13 

a lb .. . 

a 0 

a 2 


a 6 

«8 

«10 

a 12 

#14 • • « 

0 

a x 

a 3 

% 

a 7 

«9 

a n 

#13 * * * 

0 

a 0 

a 2 

a \ 

«6 

a s 

a io 

• • • 

0 

0 

a x 

a 3 

o 5 

a i 

«9 

a n . . . 

0 

0 

a 0 

a 2 

a i 

a 6 

a s 

# 10 . . . 

0 

0 

0 

a x 

a z 

«s 

a 7 

#9 ... 

0 

0 

0 

a 0 

a 2 

«4 

a 6 

# 8 ... 


All the other Hurwitz determinants are the diagonal minors of 

^n— i* 

Let us form the ratio of the first elements of the first two rows: 

«i 

We subtract from all the elements of the second row the cor¬ 
responding elements of the first row, first multiplied by ^ = — . 

<*i 

* Due t© the fact that A n = a n A n _ 1 and a n > 0, the inequality A n ^ x > 0 
implies A n > 0. 
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As a result the second row is replaced by the row 
0 d 2 a 4 a 6 d 8 .. . , 

where 

- a o - a o 

a 2 = a2 - 1 d 4 — d 4 d b 

d\ d\ 

and so on. 

In an exactly similar way, the fourth, sixth, eighth, etc. rows may 
be transformed, no new calculations being required since in A n ^ 1 each 
subsequent pair of rows repeats the first and second rows, displaced 
by one column. We mhy thus immediately replace a 0 by 0, a. z by a 2 , a 4 
by d 4 and so on, everywhere. 

As a result we arrive at the determinant 


®1 

a 3 

®5 

d 7 

a 9 

a il 

a i3 

a i5 

• • • 

0 

d 2 

a 4 

a 6 

d s 

«10 

®12 

«u 

• • ♦ 

0 

Oi 

d 3 

®5 

d 7 

dg 

a Xl 

a i3 

♦ • • 

0 

0 

d 2 

«4 

a 6 

d 8 


«12 

• • • 

0 

0 

®1 

d^ 

®5 

a 7 

«9 

a ll 

• • ♦ 

0 

0 

0 

d 2 

a 4 

a 6 

a 8 

5 !0 

• • • 

0 

0 

0 

a i 

d 3 

«5 

a. 

a 9 


■ o 

0 

0 

0 

d 2 

a 4 

a 6 

a 8 



We now subtract from each element of the third row of this 
determinant the element of the second row lying above it, first multiplied 

by ^2 = —, i* e. we replace the third row 0 d 1 a 3 a b a 7 a n a 13 ... by 
a 2 

the row 

0 0 dg d*j dg d^i d ±3 , 


where 


— d -1 _ = di _ 

d 3 = d^ ~ d^y d b = d b — 

&2 d >2 


and so on. 

Just as before we repeat this substitution in the fifth, seventh, 
ninth, rows, etc., i.e. in the third row and in all lower rows we replace 
d 1 by 0, a 3 by « 3 , a 5 by a 5 and so on. 
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As a result of this transformation we obtain the determinant: 


«1 

a 3 

«5 

drj 

a 9 

a n 

a i3 

«15 

0 

d 2 

d 4 

d 6 

d 8 

«10 

«12 

«1 4 

0 

0 

d 3 


d 7 

a 9 



0 

0 

d 2 

«4 

d 6 

d 8 

«10 

«12 

0 

0 

0 

«5 

a 7 

d 9 

«11 

«13 


0 0 0 d 2 a 4 d 6 d 8 d 10 . 

0 0 0 d 3 <f 5 § 7 U 9 a n . 

0 0 0 0 d 2 a 4 d 6 d s . 


Continuing the process, we are left with a determinant of the same 


order: 


d 3 d 3 dy •. • 
0 d 2 ®4 • • • 

0 0 d 3 S 5 ... 

0 0 0 a 4 . . . 


in which all the elements lying to the left of the principal diagonal are 
zero and the elements of the main diagonal are 


* * * 

The value of this determinant is equal to the product of its dia¬ 
gonal elements 

3 n —1 = d^ . d 2 . d 3 . &4 * • • • > 

and any diagonal minor of the Jcth order is equal to the product of the 
Jc diagonal elements of this minor. 

The determinant d n _ x and its diagonal minors coincide respect¬ 
ively with the Hurwitz determinant A n ^ x and its diagonal minors, 
since the transformation from the determinant A n _ 1 to d n ^ x changes 
neither the value of the determinant nor the value of any of its diagonal 
minors. 

Thus 

A x = a v 
A 2 = ,d 2 , 

A 3 = • d 2 . d 3 

and so on, and the Hurwitz condition A > 0, 4j > 0, a 3 > 0, . .. 
reduces to the condition a x > 0, d 2 > 0, d 3 > 0. 
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Therefore the Routh—Hurwitz criterion may be formulated as 
follows*: 

We form the determinant* A n and using transformations which 
alter neither value of the determinant nor the value of its diagonal minors , 
we reduce it to diagonal form. In order that the system shall be stable it is 
necessary and sufficient that all the elements situated on the main diagonal 
of this determinant shall be positive . 

We note that when using the Routh—Hurwitz criterion it is 
important only to know the sign of the determinant and of its diagonal 
minors, and not their value. And the sign of the determinant is not 
altered if we multiply all elements of any row or column by an arbit¬ 
rary positive number M. We can use this in order to reduce all the 
elements of a row or column by a common multiple. 

We may arrive at the determinant <5^ in another way. From the 
coefficients of the characteristic equation 

«o P n + «l P n_1 + . . . + a n - 1 P + a n = 0 (3-6) 

we construct the Routh table: 



where 
a 31 — 

a 32 — 
a 33 ~ 
a 34 = 


«i 

a 2 

— 

a o 

a 8 






«i 


— 

a Q 




a± 



«i 

a 6 

— 

a Q 

«7_ 







a 8 

— 

a 0 

a Q 


a j 


„ a 3\ a 3 a i a 32 

U M — " > 

a 31 

„ _ a 3l a 5 a i a 33 

a 42 — > 

a 31 

n __ a 31 a 7 ~ a i a 3i 
a 3l 


a 51 — 


*52 


^41 ^32 ^31 ^42 

a 41 

^41 ^33 fl 3l^43 

a 41 


* It is assumed that the necessary condition of stability, i.e. that all the- 
coefficients including a n are positive, is satisfied. 
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The elements of the first row are all the coefficients with even 
indices, and the elements of the second row those with odd indices. 
The elements of the third row are obtained by the cross-product of 
the elements of the first two rows, subsequently divided by the first 
element of the previous row. The elements of each subsequent row 
are formed in the same way from the two preceding rows. Then the 
Routh—Hurwitz criterion may be formulated as follows: 

In order that the real 'part of all roots of the equation (3.6) shall be 
negative , it is necessary and sufficient that all the elements in the first 
column of the above table, i.e. 


a 0 

*1 


a 3 i — 


a i a% a 0 & 3 


a i 


a 4i = 


^ 31^3 ' a i a 3 2 

a®i 


shall be different from zero and of the same sign. 

If a 0 is negative, then it can always be made positive, by mul¬ 
tiplying both sides of (3.6) by — 1. Therefore with a Q > 0 the system 
is stable if all the elements of the first column of the table are positive. 

The formation of the Routh table can be stopped as soon as the 
first element of any row turns out to be negative or equal to zero. 

Numerical Example. Let us find out whether the system with 
characteristic equation 


p 4 + 8p 3 + 18p 2 + Up + 5 = 0 . 
is stable or not. We construct the Routh table: 


No. of 

No. of column 

row 

1 

2 

3 

1 

1 


18 


5 

2 

8 


16 


0 

3 

8-18 - M6 

= 16 

8.5 - 1.0 

5 

8.0 — 1.0 

8 

8 

8 ° 

4 

16.16-8.5 

= 13-5 

16.0-8.0 

0 

0 

16 

16 

5 

13-5-16.0 

— * 

13*5.5-16.0 

0 

0 

13-5 

13*5 
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The elements of the first column are equal to 1, 8, 16, 13.5 and 5; 
they are all positive, and hence the system is stable. 

We notice at once that the operations which it is necessary to 
perform on the coefficients a in order to form the Routh table are 
exactly the same as those which it is necessary to perform on these 
coefficients when transforming the Hurwitz determinant to diagonal 
form. 

It is sometimes convenient to perform these operations without 
constructing tables. It will be shown later that the given equation 


a 0 V n + V n ~ 1 +. .. + a n = 0 


may be transformed to the equation 


s ~ | p n + v n “ 1 + k - — v n - 

{ ai } l a x ) 


‘ + 


(3.7) 


■ a 3 P n ~* + I -- 

a i 


p n ~ 4 + = 0. 


and that the (n — 1) roots of this new equation are in the same situ¬ 
ation, with respect to the imaginary axis, as are (n — 1) of the roots 
of the original equation; the remaining root of the original equation 
being removed to either ± 00 . 

We write this new equation as 


where 

and 


<*o P m + a x p” 1 " 1 + d 2 p m ~ 2 + ... = 0, (3.8) 

m = n — 1 
d 0 = a 1 , 

- a o 

— d 2 ^3 ? 

& 2 = Ug, 

- Uq 

d 3 — -u 5 

a i 


and so on. We again apply the same transformation to (3.8) 



p m 4- a, p m_1 



— “ 3 ) p m ~ 2 + ... = 0 , 

«i / 
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i.e. we proceed to the equation 


where 

and 


a o f + a i V T ~ X + • • • = 0 , ( 3 . 9 ) 

r ~m —1— 2 


U X u _ o 

«1 

and so on. 

Continuing in this way to successively lower the degree of the 
characteristic equation, we finally arrive at an equation of zero degree. 
The stability criterion may now be stated. 

If all the ratios 



y j y •• • 

cq cq £q 


are positive , then the roots of the characteristic equation lie to the left of 
the imaginary axis and the system is stable. 

But if all the coefficients of the characteristic equation are positive, 

then — > 0 ; therefore ^- > 0, if <q > 0 , since d 0 = a 1 ; further ^ > 
cq cq cq 

> 0 if a 1 > 0 since d g = 04, and so on. 

Thus the conditions for stability reduce to the form 


> 0, d l =a 2 — — a 3 > 0 , 

a 1 ( fln ] 

= a 2 - -\a i - a 5 > 0. 

«i l a i J 

Example. Let us apply this sequence of operations to the equation 
p 6 _|_ 6p 5 _|_ 21p 4 + 44p 3 + 62p 2 + 52p + 24 = 0. 

This leads to the equation 

6 p 5 4-^21 jjr 44 j p 4 4- 44p 3 4- (62 — L 52^ p 2 4- 52p 4- 24 = 0 

or 

6p5 _j_ l3-67p 4 + 44p3 + 53*34p 2 + 52p + 24 = 0. 

By the same method we obtain 

13.67p 4 4- (44 - -jA_ 53.34] p 3 4 - 53.34p 2 4- (&2 - -j^y- X 24 ] p 4 - 24 = 0 
or 

13-67P 4 4- 20-6p 3 4- 53-34p 2 4 - 41-45p 4- 24 = 0. 
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Once again decreasing the degree of the equation we have 

20-6 p 3 -f (53-34 — X41-45j p 2 + 41-45 p + 24 = 0 

or 

20* 6p 3 + 25-9 p 2 + 41-45p +24 = 0. 

Using the same transformation 


25-9 p* + (41-45 - 2 ° 2 6 5 y 4 ) p + 24 = 0 
or 

25-9 p* + 22-25p + 24 = 0. 

The system is stable, since 


6 


> 0 , 


13-67 >0 ’ 


13-67 

20-6 


> 0 , 


20-6 

25-9 


> 0 , 


and the quadratic equation we have obtained has roots with a negative real 
part, since all its coefficients are positive. 

We see at once that this sequence of operations on the coefficients 
is the same as that performed in constructing the Routh table or in 
reducing the Hurwitz determinant to diagonal form. 

Let us proceed to a proof of the Routh—Hurwitz criterion. 

We described above both the reduction which successively lowers the 
degree of the characteristic equation, and the criterion of Routh—Hurwitz, 
which is equivalent to it in the sense that when using the reduction and when 
using the Routh—Hurwitz criterion in its usual form the same operations must 
be carried out on the coefficients of the characteristic equation. Therefore in 
order to prove the Routh—Hurwitz criterion it is sufficient to prove this 
reduction. 

The essence of the proof consists in the following. 

The use of the reduction lowers the degree of the characteristic equation 
by one. It is proved (see below) that as a result of this reduction the arrangement 
of the roots relative to the imaginary axis is not changed, but one of the roots 
is taken to oo without crossing the imaginary axis in the root plane. 

By repeating the reduction n times in sequence all the roots are taken to 
infinity. If they are taken to — oo, i.e. if they move in the left-hand half¬ 
plane, then all roots of the initial characteristic equation also lay in the left- 

hand half-plane. It is proved that the condition that all — > 0 ensures that 

°i 

all the roots are sent to — oo. 
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We prove the reduction for even n. For odd n it is proved similarly. 
Let S(p) be a polynomial in p with real coefficients and let S(i co) = 
= u(co) + iv(co). We show first of a31 that as a result of using the reduction the 
polynomial <S(p) is transformed to the polynomial ^(p) such that 

co) = [w(co) + r co v(co)] + » (3.10) 

where 

a 0 

r ==* — . 

a i 

Let 

S(p)=a 0 p n + a l p n - 1 + ... +a n . (3.11) 

Then for even n 

u (co) = ya 0 co n — ya 2 co n ~ 2 -j- . . . , (3.12) 

v (co) ass — ya x co n 1 -f- ya z c o n ~ 3 — . .., (3.13) 

where y — +1 if n = 4, 8, 12, .. ., and y = —1 if n = 2, 6, 10, . . . 

Hence 

u (co) + rcov (co) = yco n (a 0 — ra x ) — ya) n ~ 2 (a 2 — ra z ) + ... 

But (3.14) 

Si(p) = (o 0 - raj p n + a l p n ~ 1 + (u 2 - ra 3 ) p n ~* + ... 

Therefore Be S^i co) is determined by the equation (3.14), and Im S^ico) 
by (3.13). 

Hence (3.10) is proved. 

We now construct the D-partition of S t (p) for the parameter r. To do this 
we solve S^i co) = 0 with respect to r, 

r = _ «(«») _. 

co^(co) CO * 

The point r = 0, corresponds to the initial polynomial S(p) and the point 
r = — to the polynomial S^p) obtained after reduction. 

a t 

We consider now the shape of the D -partition boundary for r. We note 
first of all that it intersects the real axis only for co = oo, and for any 0 ^ co< 
< + 00 it lies beneath it. For co = oo we obtain 

r __ W o_ = «o 

~-ya 1 % 

For co — 0 we have r — —oo. 

The sign of the imaginary part of r is always the reverse of the sign of co. 

Thus the D-partition boundary for — > 0 is as in Fig. 119a, and for — < 

Uj a t 

<0 as in Fig. 1196. 
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In the first case (Fig. 119a), going from the point r — — corresponding 

a \ 

bo the equation S^p) = 0 to the point r = 0, corresponding to the initial equation 
S(p) = 0 we move one root over to the left of the imaginary axis, since we leave 
the D-curve on the shaded side. The polynomial 8(p) for r = 0 has one root more 

to the left of the imaginary axis than for r = — . 

a i 

In the case of Fig. 1196 on the contrary, when going from r= — 

a i 

to r — 0 the number or roots lying to the right of the imaginary axis is in¬ 
creased by one. 



Thus, for even n } the root tends to oo on the left of the imaginary axis, 

if -5s. > o. 

a l 

Hence, the above reduction transforms any equation of the nth degree 
to another equation S^p) = 0 of degree n — 1 . n — 1 roots of the original 
equation are, in relation to the imaginary axis, just the same as all n — 1 
roots of the equation and the last, nth, root lies to the left of the imaginary 

axis, since in the reduction with — > 0, it is taken to —oo. 

a i 

2. An Estimate of the Stability of a System from 
the Frequency Characteristics 

(a) The first amplitude-phase criterion of stability 
Let the system have the characteristic euqation 

D(p) + K(p) = 0 . ( 3 . 15 ) 

Let us consider the more general equation 

D(p) — X K(p) — 0 , 


where X is complex. 


( 3 . 15 ) 
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Obviously (3.15) can be obtained from (3.16) by putting A = — 1. 
We find the region of stability for (3.16) for the parameter A by 
constructing the D-partition in the A-plane. 

We solve the equation (3.16) with respect to A, and obtain 

x = 

K(p) ' 


Then we put p = i co, so that 

A — P - M 0 ^) -~u(oj) + iv (co). 
K(ico) 


Fig. 120 



Putting in u(co) and i’(co) values of co from - oo to + co we con¬ 
struct the boundary of the D-partition (Fig. 120). 

The amplitude-phase characteristic of the first kind, with the 
addition of its mirror reflection in the real axis, is the boundary of the 
D-partition. If such a characteristic is given as the initial material 
for the calculation (See Chapter II) there is no need, therefore, to 
construct the boundary of the D-partition. 

By shading, we determine the region which corresponds to the 
polynomials having the greatest number of roots to the left of the 
imaginary axis (this is done in Fig. 120). 
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To determine the conditions under which this region corresponds 
to the region of stability, let us take the boundary point A = 0 which 
corresponds to the equation 

D(p) = 0 . (3.17) 

Then, in the A-plane (Fig. 120) equation (3.17) corresponds to the 
point A = 0, and this is the characteristic for an open system, while 
(3.15), which is the characteristic for a closed system, corresponds to 
the point A = —1. 

If the open system is stable the point A = 0 belongs to the region 
of stability in the A-plane. The given closed system is stable if the 
point A = —1 belongs to this region; thus, for a system which is stable 



Fig. 121 


in the open state, we may formulate the following criterion for stabi¬ 
lity: 

In order that a system which is stable in the open state be stable also 
in the closed state, it is necessary and sufficient that the amplitude-phase 
characteristic of the first kind does not intersect the segment of the real 
axis between 0 and —1 or else intersects this segment from above down¬ 
wards (“descent”) and from below upwards (“ascent”) the same number 
of times (Fig. 121). 

This criterion may be generalized to cover the case when the 
equation 

Dip) = 0 

has 2r + s roots (where r — 0, 1,2, ... , and e = 1 if the number of 
roots is odd and 0 if it is even) situated to the right of the imaginary 
axis or on it, assuming that there are no repeated roots on the axis. 
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We will move along the real axis in the A-plane from the point 
X = 0 to the point X — —1. The number of roots to the left of the 
imaginary axis increases by two when we “ascend”, corresponding to 
co > 0, and decreases by two when we “descend”*. 



Fig. 122 


Similarly, an “ascent” for co — 0 in the segment — 1 < u < 0 
enables us to transfer one root to the left. 

In order that the system with the characteristic equation 

D(p) + K(p) = 0 , 

shall be stable when the total number of roots of the equation D(p) = 0 
lying to the right of the imaginary axis and on it (but with no repeated 
points on it) is equal to 2r + e (where r is any whole positive number 

* The number of roots to the left of the imaginary axis changes by two, 
since after adding to the amplitude-phase characteristic its mirror reflection 
in the real axis, all the points of intersection with the w-axis for co < 0 are 
points of self-intersection of the curve. 
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and e = 1 for an odd and e — 0 for an even number of roots), it is 
necessary and sufficient that : 

(1) in the segment —1 < u < 0 the number of “ ascents” of the 
amplitude-phase characteristic of the first kind for co > 0 exceeds the 
number of “descents' by r , and 

(2) when e — 1 the point co = 0 corresponds to an ascent in this 
same segment of the axis , and when e = 0 or in the presence of a zero root , 
to a descent. 

Figure 122 shows the shape of some amplitude-phase character¬ 
istics of the first kind when the equation D(p) — 0 has no roots to 
the right of the imaginary axis or on it (Fig. 122a), or has one root to 
the right of the imaginary axis and one zero root (Fig. 1226 ), and the 
closed system is stable. For the sake of clarity the right-hand sides 
of Fig. 122a and 6 show the shaded characteristic together with its 
mirror reflection in the imaginary axis. 


(b) Second amplitude-phase criterion for stability 


If we are given an amplitude-phase characteristic of the second 
kind, instead of the first kind (i.e. if we are given the hodograph of 
D(ico ). , n K(i(o) . 

—--instead of——then instead ol equation (3.16) we must con- 

K(ico) D(ico) H 

sider the equation 

K(p) - X D(p) = 0 . 


Then the amplitude-phase characteristic of the second kind 


K(i(o) 
D(i (o) 


is the D-partitio n boundary. 

The point X— —1 corresponds to the equation D(p) -f- K{p) = 0, 
i.e. the characteristic equation of a closed system. The point X = — oo 
corresponds to the equation D{p) — 0 , i.e. the characteristic equation 
of an open system. Because of this we must now move from the point 
X = — °o to X = — 1 instead of from X = 0 to A ~ — 1. 

All the reasoning given in the construction of the first amplitude 
phase criterion is still valid, except that now the number of ascents 
must not exceed the number of descents, but, on the contrary, the 
number of descents must exceed the number of ascents by r. Thus 
the amplitude-phase criterion for stability may be formulated as 
follows: 
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In order that the system with the characteristic equation D(p) + 
+ K(p) = 0 shall he stable in the case when the total number of roots of 
the equation D(p) = 0 lying to the right of the imaginary axis and on it 
(hut with no repeated roots on it) is equal to 2r e (where s = 1 or 0) 
it is necessary and sufficient that 

(1) on the segment — ^ < u < —1 the number of “descents” for 
co > 0 of the amplitude-phase char act ersitic of the second kind shall ex¬ 
ceed the number of “ascents” by r , and that 

(2) when e = 1 the point co = 0 corresponds to a “descent” in this 
segment of the u-axis , and when e 0 or when there is a zero root , to an 
“ascent”. 

By way of example, Fig. 123 shows the shape of the amplitude- 
phase characteristic of the second kind for the same cases as in Fig. 122. 

(c) Estimating the stability from the logarithmic characteristic 

We showed in Chapter II that in some case the construction of 
the logarithmic characteristic is exceptionally simple. In these cases 
we use the logarithmic characteristic of the open system as initial data 
for the calculation. To judge the stability from these characteristics, 
we can use them to construct the ordinary amplitude-phase character¬ 
istic and then use the amplitude-phase criterion for stability. We 
need not, however, carry out such a construction but can adapt the 
criterion to the peculiarities of logarithmic characteristics. 

We restrict ourselves to the case when the open system is stable. 
In accordance with the second amplitude-phase criterion for stability, 



Fig. 123 
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for the stability of the closed system it is necessary and sufficient in 
this case that the amplitude-phase characteristic of the second kind 
descends and ascends in the section - °° < w < —lof the real 
axis the same number of times. This condition is fulfilled if, for all co 
for which the argument 9 9 of the characteristic vector is equal to 
7 i(Jc = 1 , 3, .. .) and the modulus of the vector is greater than 
d (p 

unity, the signs of-alternate. But 20 log 1 = 0 . Hence, in order to 

d co 

find out whether the closed system is stable in the case when the open 
system is, it is necessary to mark all values of co for which the phase 
characteristic intersects the line ±Jc tz(Jc = 1 , 3, . . .) and to find the 

dcp 

sign of-for those co for which the logarithmic amplitude character - 

d co 

istic lies above the frequency axis. 


(d) The use of amplitude-phase characteristics in estimating 
the stability of systems containing elements with time delays 
or with distributed parameters 


The concept of a time delay. Everywhere in the preceding ac¬ 
count it was supposed that the action of the output coordinate of one 
stage on the input of the next stage was realized instantaneously. 
In practice, there are often occasions when such an assumption cannot 
be made, since the time required for transmission of the signal is not 
small enough to be ignored. 

The calculation of the delay time constant, if it is at all con¬ 
siderable,* or the calculation of the complete picture of the wave 
process in pipes can be important in the analysis of the stability of the 
system. 

The characteristic equation of a system with a time delay . Let us 
remove from the system the element which introduces the time delay. 
Then we obtain an ordinary open linear system. Its equation is 


d n x 


out 


dt n 


— j— U-i 


d n_1 x, 


out 


di n -' 


d t m 


+ &1 


'+•••+ a n x out = 

d m_1 x in 


(3.18) 


d£ m 1 


+ • • • ~\~ in • 


* We will later define more exactly what value of r is considerable (see 

p. 202). 
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The system in reality is closed across the element introducing the delay, 
and therefore 

(*) = — *out (< - r) . (3.19) 

Putting (3.19) in equation (3.18) we obtain for x out {t) a differential 
equation with a “delay argument”: 

a dnx ont (t) , d " -1 * out (0 , I „ T m _ 


d W gout(*-T) , 6 d '”~ 1 *out (t-x) 

d« m 1 dP- 1 ‘ 


(3.20) 


••• +&m*out(*- T ) 


As in the usual linear equation, we look for an integral of equation 
(3.20) in the form 

*out(O = 0e*. (3.21) 

We note that in this case 


Oo *out = D (P) Xout = D ( P ) 00, (3.22) 

dP 


where 


D(p) =o 0 y n + a 1 j) n - 1 + ... +o n , 


and the function x out (t — r) is transformed to 

*out (< — t) = CeP <'' r >. 


= £W<-r) 


and generally 


d m x out (< —t) 


_ Qp m e p(t-r) 


Therefore, using ( 3 . 21 ) 


^ d m x 0 U t(i+T) * , d m- 1 Xout(*— r) 

-^-+--+'•••+ &m*out (*+T) = 


where 


= K ( p ) = K (p) Cfc* e'P* (3.23) 


K (P) = \p m + \ P m ~ l + ■■•+&„ 
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Putting the last expression and (3.22) in (3.20) and dividing the 
right and left-hand sides by Ce pt , we find: 

D (p) K ( p) e~ px = 0 (3.24) 

The roots of this transcendental equation are those values of p 
for which the function (3.21) is an integral of the equation (3.20) 
In contrast to an algebraic equation, the transcendental equation 
(3.24) can have an infinite number of roots, and the corresponding 
complete integral of equation (3.20) is equal to 

*out =2 C J eP *> ( 3 - 25 > 


where pj are the roots of equation (3.24) and Cj are constants deter¬ 
mined by the boundary conditions. 

The system is obviously stable if all the terms in (3.25) tend to 
zero as t —> i.e. if all the roots of (3.24) lie to the left of the imagi¬ 
nary axis in the plane of the roots.* 

Equation (3,24) plays exactly the same role with respect to the 
initial equation (3.20) as the algebraic characteristic equation plays 
for the usual linear differential equation. 

For this reason equation (3.24) is called the characteristic equation 
for the initial equation (3.20). 

We note that for x = 0 (3.24) becomes 

D(p) + K(p) = 0 , 

which is the ordinary characteristic equation of the system without 
delay. 

For the transcendental equation (3.24) it is now necessary to 
consider the same problem of the distribution of the roots relative 
to the imaginary axis, which we considered for a polynomial above. 

The amplitude-phase criterion of stability for a transcendental 
characteristic equation . Let us return to equation (3.24). We shall 
consider the more general equation 

-XD{p) + K(p)e~' p = 0 , (3.26) 

* The reverse statement, that the system is unstable if among the roots 
of equation (3.24) there is any one root with a positive real part, is considerably 
less trivial. It will be proved for the present only with some supplementary 
conditions on the boundary conditions of the problem. 
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where X is any complex number. This equation becomes equation 
(3.24) for X = —1. 

We construct the D-partition of (3.26) for the parameter X: 


A(p) = 


K jPl e-rp 
D(p) 


After substituting i cu for p we obtain: 


X (ico) = 


D ( ia)) 


For X = — °° (3.26) becomes D(p) = 0 , and the distribution of 
the roots of this equation is independent of r. We first put r = 0 . 
Let us find how many times, in moving along the real axis in the 
A-plane from the point X = — °° to the point X = — 1 , it is necessary 
to cross the D-partition boundary on the shaded side and on the un¬ 
shaded side, in order that the point X = —1 shall belong to the region 
of stability. It will then be necessary to cross the D-partition boundary 
exactly the same number of times in the same way for any r > 0 
in order that the point X == — 1 shall belong to the region of stability. 

For the case r = 0 the required number of intersections and their 
correct direction are ensured if the conditions of the amplitude-phase 
criterion of stability are fulfilled. This criterion is true, therefore, not 
only for polynomials, but also for the transcendental characteristic 
equation (3.24). 

But if, for r = 0 , the equation of the amplitude-phase charac¬ 
teristic is 

* ( ic °) = 7:77-7 > (3.27) 

D {iw) 

then for r > 0 this equation is 

A (ia>) = K - % —^ e~ irm . (3.28) 

' D (io>) 

The stability of systems with delays. In order to construct the 
characteristics (3.28) it is first necessary to construct the hodograph 
(3.27) and then to displace all the points so that the radius-vector 
of each point is unchanged but its argument is decreased by rco. 
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Suppose, first, that for r = 0 the system is stable and has the 
amplitude-phase characteristic of the second kind given in Fig. 124. 

Further, let t be small, but not zero. Then each radius vector 
turns through an angle tea in a clockwise direction. Thus for example 



Fig. 124 




the point a (Fig. 124) is displaced to the point 6. It may happen that 
after such a deformation the characteristic does not contain the point 
X = -L 

We then increase r and once more deform the hodograph. It may 
happen that for some r — x x the characteristic passes through the 
point X = — 1 (Fig. 125), and for t = x x + e surrounds it (Fig. 126). 
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To find this value of x x we draw an arc of unit radius as far as its first 
intersection with the characteristic. Let the point of intersection cor¬ 
respond to co=co 1? and let x x be the ratio of this arc (in angular measure) 
to co v Then for r = x x the characteristic passes through the point 
X = — 1 , and the system is on the boundary of stability — it generates 
undamped oscillations with a frequency co x (Fig. 125). 

When x is increased the system becomes unstable (Fig. 126). 
Stability is once again established (Fig. 127) if x crosses to the value r 2 , 



Fig. 127 Fig. 128 


corresponding to the second intersection by the characteristic of the 
point X — — 1. 

Thus, as x increases from zero to infinity, the system can either be 
always stable, or else regions of stability and instability can alternate. 

To determine these regions we construct a circle of unit radius, 
and determine all the points of intersection of the characteristic with 
this circle (Fig. 128 1 ). These points are determined by the equations 

R(co) — 1 , cp(co) — xco = —7i(2k + 1) , (3.29) 


where k — 0, I, 2, ... 

Solving the first of the equations (3.29) for co, we find the values 
of the frequencies coj at the points of intersection with the unit circle. 
From the second equation we obtain 


y(o>y) + rc(2fc + 1 ) 

CO] COj 


(3.30) 
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These values of xj divide the region of possible values of x into 
stable and unstable sections, i.e. they isolate the region of stability 
for the parameter x (Fig. 129). The system is stable for all x , only if 

I K (&w) I 


the whole characteristic lies inside the unit circle, i.e. if 


<1 


| D (ico) | 

for 0 co < But this case is impractical since it requires that 
K(0) should be excessively small. 

Remarks on the calculation of the wave 'processes in pipes . It is 
sometimes impossible to ignore the presence of reflected waves in 
pipes and the phenomenon of hydraulic thrust or other wave pheno¬ 
mena have to be taken into account. 


Stab/e 

Stable 

o r, 

x 7 x 3 


Fig. 129 


X 


In this case the total differential equation must be supplemented 
by partial differential equations, and their corresponding boundary 
conditions. 

If these equations and the boundary conditions are linear, the 
characteristic equation of such a system reduces to 

A (p) e PT i + B (p) e ~ px i = 0. (3.31) 

It is not difficult to extend the amplitude-phase criterion for 
stability to equation (3.31) as well. 

Let us consider the more general equation 


— XA (p) e pr '+ B (p) e~ pri = 0 , (3.32) 


which becomes (3.31) when A = —1. 

From equation (3.32) we have 

*(^>)=4TT ^^2PI, 

A (p) 
or 

1 (ico) = — e~ 2im r i. (3.33) 

A (ico) 
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If the hodograph of the vector (3.33) is called the amplitude-phase 
characteristic of the system having characteristic equation (3.31) then 
the amplitude-phase criterion for stability and all the above state¬ 
ments concerning delay remain valid for this case also. In this case, 
for the system corresponding to r = 0 whose characteristic is con¬ 
structed in order to determine its intersection with the unit circle 


we have to consider not 


K {i&>) but B (ico) 


and instead of the distri- 


D (ico) A (ico) ’ 
bution of the roots of the open system D(p) = 0 we must take as the 
equivalent the distribution of the roots of the equation A(p) — 0. 
In addition, in this case, r = 2t v 


3, General Properties of Some Classes of Systems 
of Automatic Control, Connected with the Conditions 
of their Stability 

The criteria of stability may be used not only in order to deter¬ 
mine the conditions for stability in each concrete case, but also to 
study the general properties connected with stability for whole classes 
of control systems. Knowing these properties we may immediately 
make a number of inferences about the stability of a system from its 
scheme, without using the criteria of stability. 


(a) The conditions for the existence of the region of stability 
in the parameter space (the conditions for structural stability) 

The concept of the conditions for structural stability. Let us 
suppose that any system is given by its structural scheme. It is known 
what stages it contains and what kind of connexions exist between 
these stages. The values of the time constants or the coefficients of 
amplification of the stages are, however, not known. The aggregate of 
the positive numerical values of all the time constants and other coef¬ 
ficients which it is necessary to know in order to calculate the value of 
the coefficients of the characteristic equation when we know the struc¬ 
tural scheme, are called the system parameters. 

A change in the non-zero parameters, i.e, in the positive values 
of the time constants, the coefficients of amplification and so on, does 
not change the structural scheme of the system in any way. 
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The structural scheme of the system is usually predetermined by 
the properties of the controlled object and by the chosen scheme of the 
controller. In a number of cases the system proves to be unstable for all 
values of the parameters and we may only make it stable by changing 
the structure of the system. Systems of this kind are called struc- 
turally-stable systems, which can be made stable by the choice of para¬ 
meters. 

Examples of structurally-unstable systems are given in Fig. 103a 
and 6, and an example of a structurally-stable system is given in Fig. 


1 

m 

§ 


r**i 

w 8 




(a) 


D—<GHD-i 





(c) 

Fig. 130 


130c.* For the system shown in Fig. 130a the characteristic equation 
can be put in the form 

(T lP + 1) {T& + 1) + k x k 2 = 0 
or 

TA* + Tip* + Tjp + (k x k 2 + 1) = 0 . 

The Routh—Hurwitz criteria require that the inequality 
T X T\ - T X T\ (k x k 2 + 1) > 0 , 
shall be satisfied. This reduces to 

-T X T\ k x k 2 > 0 

* From Fig. 130 onwards the conditional notation for stages, introduced 
in Chapter II (p. 102), is used. 
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and hence cannot be satisfied if T x , T 2 , k x and k 2 , are positive numbers. 
The system is unstable for any positive values of T v T 2 , k x and k 2 , i. e. 
it is structurally unstable. 

For the system shown in Fig. 1306 the characteristic equation 
can be put in the form 

(Tt p -I- 1) pp + h 2 lc 3 = 0 

or 

T x p 3 + p 2 + k x k 2 k 3 = 0. 

For any values of T v k x k 2 and k< A the system is unstable, since its 
characteristic equation does not contain a first degree term in p. 
Hence, the system is structurally-unstable. 

Let us consider, finally, the system shown in Fig. 130c. Its 
characteristic equation is 

(T x p + 1) ( T\ p 2 + T 2k p + 1) + 0 

or 

T x T 2 p 3 + {T x T 2 k T 2 )p 2 + (T x + T 2k )p + {k x k 2 + 1) = 0 . 

The Routh—Hurwitz criteria reduce to the inequality 

{T x T lk + T\) (T x + T 2k ) — T x T\ {k x k 2 + 1) > 0 , 

which can always be satisfied, .for example, by taking the values of 
k x and k 2 sufficiently small. The system, therefore, is structurally- 
stable. 

The problem consists in deciding from the form of the structural 
scheme whether the system is structurally-stable or structurally- 
unstable, i. e whether the parameter space of the system contains a 
region of stability or not. 

The conditions for the structural stability of single-loop systems 
without derivative action . We first consider single-loop systems with 
the characteristic equation 

D(p) + K = 0 , 

where 

D(p) = ndj ( P ), 

and dj (p) are polynomials of the zero, first or second degree of the form 

Tp + 1, Tp- 1, p, 

T 2 p 2 + T k p + 1, T 2 p 2 + 1 . 
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We denote by q the number of astatic stages (having d ( p ) = p ), 
by t the number of unstable stages (i.e. with d (p) — Tp — 1), 
by r the number of conservative stages (with d {p) = T 2 p 2 -f 1)* 
in the system, and by n the degree of the polynomial D(p ). 

The conditions for the structural stability of such a system are deter¬ 
mined by the following theorem: 

In order that a single-loop system shall be structurally-stable it is 
necessary and sufficient that, simultaneously , the inequalities 
(a) q -f t < 2 and (b) n > 4r shall be satisfied 



As an example let us consider the assembly of the indirect control of 
an internal combustion engine using a controller without feedback (Fig. 131). 


* The calculation of the conservative stages is important for two reasons. 
Firstly, it is often necessary to ensure stability for limited small damping 
in the oscillatory stage. In this case we neglect damping, i. e. replace the oscil¬ 
latory stage by a conservative stage, and require that the system shall be stable 
in this case too. Secondly, two astatic stages following one another and closed 
by feedback transmitted from the output of the second stage to the input of 
the first, form a conservative stage (see footnote on p. 210). Such a combination 
of astatic stages is often encountered in control systems, since it allows us to 
use only one feedback when there are two cascades of astatic amplifiers. 
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The engine represents a single-loop stage if it possesses inherent regulation, an 
astatic stage if it does not and an unstable stage if the inherent regulation is 
negative. The static sensor represents either an oscillatory stage (if viscous 
friction is taken into account), or a conservative stage (if not). The servomotor 
without feedback represents an astatic stage. 

Table IV gives the various possible structural schemes, depending on the 
properties of the engine and of the controlled object. 



We see that out of six cases in only one can the system be made stable: 
when the engine possesses positive inherent regulation and friction is taken into 
account in the sensor element (scheme a). 

Let us add one more servomotor possessing feedback, this being equiv¬ 
alent to adding one single-capacitance stage to the assembly (Fig. 132). 

The structural schemes for the same six systems are shown in Table V. 

The system can now be made stable for the engine which possesses posi¬ 
tive inherent regulation both with friction in the sensor, and without it (Table 
Va and b), but as before it is not possible to produce stability in any of the 
other cases. 

In place of the additional servomotor included in the scheme of Fig. 131, 
let us shunt the servomotor in the scheme with feedback. 
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Table IV 



Table V 


Inherent 

S 

e n 

5 0 

r 

regulation 

With friction 

Without friction 

Motor with 
positive 
inherent 
regulation 


HDHZZHZhCh 





_ i _ 



_£_ 

Motor 

without 

inherent 

regulation 


rCH hOOi 





c) 



d) 

Motor with 
negative 
inherent 


-Vh boo 



pS^ii! HZK> 

_ 


regulation 

e) 


_ 

T) . 
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Then the system will be structurally-stable for any engine, provided 
there is friction in the sensor (Table Via, c and e), but is still structurally - 
unstable for all engines without friction in the sensor (Table VIb, d and f). 

Let us turn to the scheme of two-stage amplification, but let us add feed¬ 
back in the second servomotor (Fig. 133). 

Now (Table VII) the system is structurally-stable in all six cases, i.e. 
both for any engine and with or without friction in the sensor. 



The conditions for structural stability in single-loop systems with 
derivative action . If positive first-derivative action is present in a 
single-loop system, the characteristic equation of the system takes 
the form 

Dip) + Rp + K = 0 , 
where R is a positive number. 

If, in addition, there is positive second derivative action, or if 
first derivative actions exist at two points in the circuit, then the 
characteristic equation of the system reduces to the form 

D(p) + Mp 2 + Rp + K = 0, 

where M and R are positive numbers. 

Bearing in mind the general case of the system containing any 
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Table VI 



Table VII 


Inherent 

regulation 

Sensor 

With friction 

Without friction 

- - - ! 

Motor with 
positive 
inherent 
regulation 

pT~N HTVTT* 


pOTOOOi 


a) 


b) 


Motor 

without 

inherent 

regulation 

rOH H~~H~T» 




0) 


dj 


Motor with 
negative 
inherent 
regulation 

rVH HIHIh 


|~A7~*^ H h* 


e) 

m — 

f) 

J 
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number of first derivative actions or of both first and second deri¬ 
vative actions, let us consider the characteristic equation 

D(p) + K(p) = 0. (3.34) 

Here K(p) is the product of factors of the form (E t p + K t ) and 
\M(p l + RiP + K() and R h M t and K t are positive, non-zero, 
numbers.* There can be any number of such factors provided that 
m , the degree of K(p), does not exceed n, the degree of D(p). 

With these assumptions, all the roots of the polynomial K(p) 
lie to the left of the imaginary axis, or, as is sometimes said, K(p) 
is a Hurwitzian polynomial. 

Just as before, we suppose that D(p) contains only factors of the 
form p (the number of such factors being q), Tp — 1 (their number 
being t), T' 2 p 2 ^ 1 (their number being r), Tp + 1 and T' 2 p 2 ~V 
+ T k p + 1. In addition to the earlier notation we put y = q + t + 
+ 2r, q = the integral part of the fraction y/2, m is the degree of the 
polynomial K(p), and IV = n + m. 

The conditions for the structural stability of systems containing 
the derivative actions given above are determined by the following 
theorem : 

In order that the system with characteristic equation (3.34), in which 
D{p) is the product of factors of the form p, Tp + 1, T' 2 p 2 + T k p + 1, 
T' 2 p 2 -\- 1 and Tp — 1, and K{p) is a Hurwitz polynomial , shall be 
structurally stable , it is necessary and sufficient that the inequality 

m> q + t — 1 (3.35) 

be satisfied , and that one of the inequalities in Table VIII , depending 
upon the values of y and m, be satisfied. 


Table VIII 



m — 0 

m > 0 and 
even 

m odd 

(X even 

n > 4^ 

N > 4^—1 

N > 4^ — 2 

/1 odd 

n > 4^ 

N > ±Q 

N > 4g + 1 


* This means that there are no negative derivative actions in the circuit, 
and that positive second derivative actions are introduced at any point of the 
loop only if there is first derivative action at that point (in the contrary case 
we would hgv© M) > 0, = 0, and this is excluded by the given conditions). 
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In the simplest particular case, when K(p) = Rp + K, he. 
when the system contains only first derivative actions at one point 
of the circuit, we have m = 1 and the inequality (3.35) reduces to 
q + t < 2. 

In this case, mis odd, and we must use the last column of Table VIII. 
Three cases are possible: q-\-t = 0, and q + t = 2. 

In the first case p == 2r, i.e. p is even, q — r and the second inequality 
reduces to the form 

N > 4r — 2 

or, since N = n + 1, to the form 

n > 4r — 3. 

In the second case, when q -f- t == 1, we have p = 2r + 1, i.e. 
p is odd, but as before g = r. In this case the second inequality re¬ 
duces to 

n > 4r. 

Finally, in the third case, when q ~j~ t = 2, p = 2r + 2 ana 
q = r + 1 then the second inequality becomes 

n + 1 > 4(r + 1) — 2 
or 

n > 4r + 1. 

Thus, if first derivative action is present at one point of the circuit , 
the necessary and sufficient conditions for structural stability are ob¬ 
tained if the inequality (3.35) is replaced by 

? + £ < 2 , 

and Table VIII is replaced by the simpler Table IX. 


Table IX 


q t 

0 

1 

2 

Inequality 

n > 4 r — 3 

n > 4r 

W >4r+1 


Thus, due to positive first derivative action, the value of q + t 
may be increased to 2 without disturbing the conditions of structural 
stability, and when astatic and unstable stages are absent (i.e. for 
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q -f t = 0) the number of conservative stages may sometimes be 
increased without disturbing the stability. 

Table X repeats Table IV, but on the added assumption that the 
system contains positive first derivative action. The bold lines in¬ 
dicate those systems which are known to be stable on the strength 
of the above theorem of structural stability. 

In Table X an arrow with a point->* denotes derivative action. 

A comparison between Tables X and IV shows how structural 
stability is basically favoured by the introduction of derivative action. 

In the above theorem it was assumed that K(p) was a Hurwitz 
polynomial. In order to consider also those cases when the system 
contains negative derivative action (i.e. when R x < 0 and M( < 0) 
or when second derivative action is introduced without first deriv¬ 
ative action (i.e. when R x = 0 for M { =h 0) we now lift all restrictions 
on the polynomial K(p). 

Table X 



In addition to the condition we shall assume that the 

polynomial D(p) consists of factors of the form Tp + 1, T' 2 p 2 + 1 
and T' 2 p 2 + Tfp + 1, and contains not more than one factor p 
(or Tp — 1), i.e. we shall assume that q + t < 2. The conditions for 
structural stability in this case are determined by the theorem: 
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Table XI 



A = 0 

X > 0 and even 

A odd 

(A) 

(B) 

(A) 

(B) 

q + t = 0 
«?+< = ! 

N > 4r 

N > 4r 

N > 4r — 1 
N > 4r 

N > 4r 

N > 4r 

N > ir — 2 
N > 4r + 1 

N > 4r — 2 
N > 4 r + 2 


In order that the system with characteristic equation 

D(P) + K{p) = 0 

for q t >> 2 shall be structurally-stable, it is necessary and sufficient 
that one of the inequalities in Table XI shall be satisfied , this inequality 
being chosen according to the values of q + t and X and depending on 
whether we are considering the normal case (A) or the particular case (B). 

In addition to our earlier notation, here X is the number of roots 
of the polynomial K(p) lying to the left of the imaginary axis, (A) is 
the case when one of the factors in K(p) is Hurwitzian, and (B) is the 
case when K{p) contains no Hurwitzian factors. 

As an example we consider a system containing a negative first 
derivative action at one point in the circuit. In this case K(p) = 
= —Bp -f- K, i.e. X — 0 and N = n + 1* 

Consequently, the condition for structural stability is the in¬ 
equality 

n > 4r — 1 

Comparing this with the inequalities of Table IX, we note that 
for q -f- t = 1 negative first derivative action can also guarantee 
structural stability in those cases when positive first derivative 
action is of no use. Thus, for example, the system with characteristic 
equation 

p(Tp + 1) ( T ' 2 p 2 + 1) + Bp + K = 0 
is structurally unstable, and the system with characteristic equation 

p(Tp + 1) (T' 2 p 2 + 1) - Bp + K = 0 
is structurally stable. 

The structural stability of some non-single-loop systems. The 
theorems given above may also be used in the analysis of the con¬ 
ditions for structural stability of systems with non-intersecting 
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static feedbacks*. An example of such a system is shown in Pig. 134. 

Let us consider any system which differs from a single-loop 
system by the presence of any number of static non-intersecting 
feedbacks. We remove from the system all the feedbacks which include 
one or two stages of the first order, together with these included stages, 
replacing them by equivalent stages.** We can then find two stages, 
the jth and the kth, which satisfy the following two condition 0 : 

(a) Feedback is transferred from the &th to the jth stage ; 

(b) The stages included by this feedback have no other feedback. 


s 


ggggsi 

■ 

■ 

■ 




Fig. 134 


Let us “excise” from the system this feedback and the stages it 
includes representing them separately, while instead of the “excised” 
stages we include in the system a chain of n single capacitance stages, 
where n is the degree of the characteristic equation of the “excised” 
part of the system. Again we find two stages, satisfying the above 


* i.e. containing connexions such that the arrows which represent them 
on the structural diagrams do not intersect. 

** Thus, for example, an astatic stage with feedback has the equation 


where 


= *, (x ia - ex oui ) or T + z out = kx m . 


T< 


d t 

— and & = — 
hi Q Q 


and therefore is equivalent to a single-capacitance stage. 

Two astatic stages with static feedback have the equations 

■—gr — (#ln “ Q x a)» = h x i or ^ ^ x in . 


Introducing new notation we obtain 


T 2 d 2 z out 
d t 2 


+ x out = kX'm where x out = x z ; T 2 


&2 £? 



and consequently the two astatic stages with feedback are equivalent to one 
conservative stage, and so on. 
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condition, “excise” them from the system and similarly include a 
corresponding number of single capacitance stages in their place, 
and so on until the system becomes a single-loopsystem. 

If the system contained h feedbacks and if only 8 of them may be 
excluded at once by introducing equivalent stages, then as a result 
we obtain h — 8 + 1 single-loop systems. 



dj 


Fig. 135 

We call this process c< the decomposition of a multiple-loop system 
into single-loop systems”. The value of this procedure is shown by the 
following theorem: 

In order that a multiple-loop system with static non-intersecting 
feedbacks shall be structurally-stable it is sufficient (but not necessary) 
that this property be possessed by all the single-loop systems obtained by 
decomposition of the given multiple-loop system. 

Let us find, by way of example, whether the system whose 
structural scheme is shown in Fig. 135a, is structurally stable. 
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The third stage together with its shunted feedback can be re¬ 
placed by a single-capacitance stage without feedback which is equiv¬ 
alent to it. The resulting system is shown in Fig. 1355. It is completely 
equivalent to the original scheme, shown in Fig. 135a. 

We now single out the second, third, fourth and fifth stages, 
together with their shunted feedbacks. The characteristic equation 
of the singled out system is of the fifth degree. We replace these stages 
by five single-capacitance stages (Fig. 135c). Thus the multiple-loop 
system (Fig. 135 b and c) can be broken down into two single-loops, 
both of which are structurally stable. Hence, the original multiple- 
loop system is also structurally stable. 

Let us now find whether the system shown in Fig. 136 is struc- 
turally-stable when the engine possesses negative inherent regulation, 
and when there is friction in the sensor. 

The structural scheme of the system is shown in Fig. 137a. 
It is decomposed into two single-loop systems (Fig. 137& and c). 
They are both structurally stable. Hence the original multiple-loop 
system of Fig. 136 is structurally stable. 


(b) The critical coefficient of amplification. The critical 
coefficient of amplification of a single-loop system without 
derivative action 

If a single-loop system consists only of single-capacitance and 
oscillatory stages, then it can always be made stable by the choice 
of its parameters ; to do this it is sufficient to choose the coefficient 
of amplification of the system, K, to be less than some critical value. 

In fact, in this case the characteristic equation of the system has 
the form 

£jdj(p) + K=:0. 

7 - 1 


j=n 

where K = rih is positive, and 

j= i 


or 


dj ( V ) = Tj p + 1 
dj(p) = T]p* + T Jk p + 1. 
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The hodograph n d I (i co) + K is obtained from the hodograph 
j =1 

j=n 

n dj (i co), by displacing it to the right, parallel to itself, by the 
/=i 

amount K. 



J'=n 

The hodograph of the product II dj (i co) always satisfies the con- 

dition of the Mikhailov criterion. Suppose that its intersection with 
the negative u -axis nearest the origin of coordinates is the point u 0 . 
Then for any K > u Q the hodograph 

fj dj (to) -f- K 
j= i 
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also satisfies the conditions of the Mikhailov criterion and the system 
is stable. ^ i 

The value K = u 0 is called the critical value and is denoted 
by K cr . The system is stable if K < K cr . 

If 


j= n 

D (i(x>) ~ £J dj {w) ~ u (a>) + iv (co), 
j= i 



(c) 

Fig. 137 


then the critical value of the coefficient of amplification is determined 
from the condition 

^ (^min) cr > 

where o min is the least positive real root of the equation vj^co) = 0, 
since the value of K cr is equal to the section of the w-axis from the 
origin to the nearest point of intersection of this axis and the hodo- 
graph D (i co). 

The value of the coefficient of amplification determines the static 
error (see Chapter II, Section 7) ; the larger the coefficient of ampli¬ 
fication, the smaller the non-conformity and the higher the static 
accuracy of the system. 

Thus, in every single-loop system the coefficients of amplification 
has a limiting value which ensures the stability of the control : in a static 
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system this value is determined by the minimal attainable static error in the 
system *. 

From the point of view of the stability of the system it is desirable 
to have the smallest value of the coefficient of amplification. At the 
same time, from the point of view of the static accuracy of control 
it is desirable to increase the coefficient of amplification; it is possible 
to do this without destroying the stability only if K cr is sufficiently 
large. 

The critical value of the coefficient of amplification depends on 
the values of the time constants in the separate stages. 

Let us confine ourselves to a system consisting of n single¬ 
capacitance stages. The characteristic equation of such a system is 
of the form 


jj(T jP +l) + K=0. 

j =i 

Let us assume that all the time constants are equal, i.e. 

Tl = T % =... = T n . 

In this case all the stages will have an identical hodograph. 

Let the hodograph of the system intersect the w-axis at the value 
co = co and let R be the modulus, and a the argument of the radius- 
vector to the point of the hodograph of the stage corresponding to a> 
(Fig. 138). If the system consists of n identical stages, then 

a = — and K cv = R n . 
n 

But, from the triangle Oac (Fig. 138) 

R = Y(Tco) 2 -f- 1 and Tco — tan . 

n 


* Of course, only if an increase in static accuracy is obtained when K 
is increased for invariable values of all the time constants. We can often increase 
the static accuracy by changing those parameters determining K and T, and 
as K increases, K cr is increased. A typical example of such a parameter is the 
rigidity of the piston of a sensor. With a decrease in rigidity, the static error is 
decreased. Then the coefficient of amplification of the sensor and its time con¬ 
stant increase simultaneously and, of course, so does K cr . 
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Therefore the critical coefficient of amplification is 


and hence 


K c{ = R n — [f(T«) 2 4- l] n = 


tan 2 —- + 1 
n 




Values of the critical coefficient of amplification calculated from 
this formula are set out in Table XII. 

In present-day static control assemblies, in order for the system 
to be statically exact, it is often necessary that k should be from 50 
to 100, or in some cases from 500 to 1,000. 


Table XII 


n 

2 

3 

4 

5 

6 

K cr 

00 

8 

4 

2*9 

2-4 


From the calculations made it follows that a system consisting 
of stages having identical (or, of course, approximately equal) time 
constants, is not suitable if the number of stages is more than two. 
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In order to ensure high values of K cr , it is necessary to “move” 
the values of the time constants apart , to increase the range between them. 

Let us now consider the case when the time constants form a 
geometric progression 



The values of the critical coefficient of amplification in this case 
are set out in Table 13 for various values of A and n. 

Table XIII 


1 

Number of stages 

3 

4 

5 

6 

1 

8 

4 

3 

2-3 

5 

37 

30 

29 

28 

10 

122 

110 

no 

no 

100 

10,200 

11,000 

10,098 

10,097 


From Table XIII it follows that in order to obtain K cr > 50 
with a normal number of stages (n < 7) the value of A must be of the 
order of 10. 

Frequently static systems contain oscillatory stages in addition 
to single-capacitance stages, although the simple relations show how 
important it is to increase the ratio of the greatest time constant 
to the least, to “move” the values of the time constants apart from 
one another. 

The increase in the critical coefficient of amplification due to the 
introduction of derivative action. Let us suppose that in the absence 
of derivative action the conditions for structural stability are satisfied 
and that derivative action is introduced only to increase the critical 
coefficient of amplification. 

Let us number the stages in such a way that the first is the stage 
to which the derivative action is applied. 

Then with first derivative action the equations of the control 
process after the application of the Laplace transform take the form 

di (p) L OJ = — M 1 + QP) L K], 
dj (p) L [xj] = kjL [>,'_!]> j=l,2, 


(3.36) 
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where, as before, q is different from zero if there exists first derivative 
action in the system. The characteristic equation of the system (3.36) 
reduces to the form 


D(p) + K + K qp = 0 (3.37) 

or 

D(p) + K + Rp = 0, (3.38) 

where 

R = K q. 


To find the conditions under which the introduction of derivative 
action increases the critical value of the coefficient of amplification, 
it is most convenient to construct the region of stability in the plane 
of the parameters K and q. With this aim we first construct the region 
of stability in the plane of K and R and then pass into the plane of K 
and Q. 

Let D(i eo) = u (eo) + i v (to). 

Putting p = i ay in (3.38) and equating the real and imaginary 
parts separately to zero, we obtain : 


giving 


K -f- u (to) = 0, | 
Ray -f v (co) — 0 , ( 


K — — u (co) ; R — — 


v (co) 
ay 


The determinant of the system (3.39) is 


A = 


1 0 

0 ay 


= 0 ), 


(3.39) 


(3.40) 


and therefore in the A", A-plane there is only one singular straight line, 
that corresponding to ay = 0. Knowing the shape of the curve D(i ay) 
it is not difficult, using (3.40), to construct the Z)-partition boundary 
in the K, A-plane (Fig. 139). For this we need only change the signs 
of the abscissae and the ordinates and divide the latter by ay. The 
ordinate of the D-partition boundary then becomes zero for the same 
values of ay for which the ordinate of the hodograph D (i ay) becomes 
zero. 
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It is now not difficult to obtain the D-partition of the plane 

R 

K, g if we bear in mind that Q = — 

K 

The ordinate of the D-partition boundary in the K, g-plane is 
defined as the tangent of the angle of inclination of the straight line 
joining the origin in the K, i£-plane to the point of the D-partition 
boundary in this plane. 

As an example, in Fig. 140d we complete the construction of the 
D-partition of the half-plane K > 0 for the case when the hodograph 
D ( i co) is as shown in Fig. 140a. 



In Fig. 140& we copy the hodograph of Fig. 140a changing only 
the signs of u and v. In Fig. 140c the ordinate of each point is divided 
by the value of co corresponding to it. After shading the K , i^-plane, 
the region of stability is seen. We are only interested in the half-plane 
K > 0. The previous construction is therefore carried out only for 
this half-plane (Fig. 140d) The abscissae of the curves in Fig. 140d 
and c coincide, and the ordinates in Fig. 140d are equal to tan cp (see 
Fig. 140c). 

From Fig. 140d it follows that the greatest critical coefficient 
of amplification, K cr max is obtained when g = g a . From the graph 
it is seen that K cr max = u a and that the value of K cr max = u a can be 
determined directly from the hodograph D ( i co), provided that (and 



2 
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this occurs most frequently) the hodograph u -\- i — has no point 

co 

of self-intersection. To do this we must draw the vertical tangent to 
the curve D (i co) to the left of the v-axis and as near to it as possible. 
On the w-axis this tangent cuts off the value u a — K cr max (Fig. 140a). 
If the point a lies in the third quadrant, then q a > 0 while if it lies, 
in the second quadrant, then q a < 0. 

The absolute value | q a | is found from the equation 


lGfli = 


co n u n 


(3.41) 


and can be calculated directly from the hodograph 

Thus, to determine the most advantageous coefficient for first deri¬ 
vative action from the point of view of an increase in the critical coefficient 
of amplification , it is necessary to construct the Mikhailov hodograph 
D (i co) for an open system with derivative action and to find the abscissa 
u a and the ordinate v a of the point a where the tangent to the hodograph 
nearest the v-axis and lying to the left of it is vertical. The optimal value 
of q a is found from the equation 


| M Q Ua I 

If the point a lies in the third quadrant , then q a > 0, i.e. in order 
to increase the critical coefficient of amplification we must introduce 
positive derivative action and the greatest coefficient of amplification 
which can be attained by introducing first derivative action will be 
K cy max = u a . If the point a lies in the second quadrant q a < 0, i.e. the cri¬ 
tical coefficient of amplification is increased only if negative derivative 
action is introduced and then K cr max < u a . 

p 

This statement is only true, of course, if the hodograph u + i — 

o> 

has no self-intersections. In the contrary case, the point a is not the 
point where the tangent is vertical, but is one of the self-intersecting 
points. 

We recall that the modulus dj (i co) for astatic, single-capacitance 
and sufficiently well damped oscillatory stages increases monotoni- 
eally as co increases, and has no points of self-intersection. If the system 
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consists of such stages only, then the modulus | D (i co) |, equal to 
the product of the moduli j dj ( i co) |, also increases monotonieally 
as co increases. In this case the point a cannot lie in the second quad¬ 
rant, and the critical coefficient of amplification can only increase 
when positive first derivative action is introduced if £ does not go 
outside the defined threshold. Here the introduction both of negative 
and of exceedingly strong positive ( £ >Q a ) derivative action only 
lowers the critical coefficient of amplification. 

In a system containing weakly damped oscillatory stages it is 
quite another matter. The modulus J D (i co) | in such a system grows 
non-monotonically as co increases, the hodograph D (i co) can have 
points of self-intersection, and the point a can lie either in the third 
or in the second quadrant. In such cases positive derivative action 
can only decrease the critical coefficient of amplification, while nega¬ 
tive derivative action can increase it, provided that 

\Q\ < leal- 

The only exceptions to these rules are systems having charac¬ 
teristic equations of the second and third degrees, since a vertical 
tangent cannot be drawn to their hodograph D (i co) in the finite part 
of the plane. 

A system which has a second order characteristic equation and no 
derivative action is stable for any coefficient of amplification, and 
there is then no meaning in the problem of increasing the critical 
coefficient of amplification by introducing derivative action. 

Hodographs D (i co) of a system having a characteristic equation 
of the third order are shown in Fig. 141a. The construction of the region 
of stability in the K , ft-plane and in the half-plane K > 0, £ is carried 
out in Fig. 1416 and c. 

In this case the critical coefficient of amplification increases 
monotonieally as £ increases (for £ > 0), becoming infinite for the 
finite value £ — £ 0 . If £ > £ 0 then the system is stable for any co¬ 
efficient of amplification. 

From this it follows that this remarkable property of single-loop 
systems is characteristic only of those systems with third degree 
characteristic equations. 

For characteristic equations of higher degree £ becoming larger 
than the given threshold (the value £ a ) entails a risk of making a stable 
.system unstable only because of the introduction of derivative action. 
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Fig. 141 


Example 1 . Let us consider an indirect control assembly and let the 
time constant of the single-capacitance object be 5 sec, of the static servomotor 
be 1 sec, of the oscillatory sensor be ]/0* 1 sec, and of damping be 1 sec. Then the 
characteristic equation of the control process will be 

D(p) + K = 0 , 

where 

D(p) = (Bp + 1) (0-lp* + p + 1) (p + 1), 

and where only the value of K depends on the transmission ratios of the con¬ 
nexions. 
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The Mikhailov hodograph of the open, system is 

D(i (d) = (5i co + 1) [(1 — 0-lco 2 ) + i <u] ('* + 1) 

shown in Fig. 142. 

From Fig. 142 we see that the critical coefficient of amplification of the 
system is equal to 12‘1, and therefore it is not possible to obtain stable opera¬ 
tion in the given system by changing the transmission ratios of the connexions, 
if the static error is to be less than 



f5 = 


1 

12*1 + 1 


^ 0*776, 


i.e. less than 7*6%. 

Now let derivative action be introduced into the system in order to 
decrease the static error. 

To determine the maximum coefficient of amplification attainable in 
presence of derivative action, we draw the vertical tangent to the hodograph,. 
as in Fig. 142. 

The point of contact has the coordinates u a — —60*6, v Q — 183-6, and 
it corresponds to a> a = 3*33. This point lies in the third quadrant. Consequently, 
the critical coefficient of amplification can be increased, by introducing positive 
derivative action, to the value K cr max = 60-6- This maximum coefficient of 
amplification is attained when 


v a __ 183-6 

(D n U n 


Qa 


60-6.3-33 


= 0-91. 
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The static error when derivative action is present can be decreased to 


60*6 + 1 “ 


0016, 


without destroying the conditions of stability, i.e. to 1-6%. 

Example 2. We consider the previous example supposing that T k = 0-01, 
the values of all the other time constants remaining unchanged. 

The hodograph 

D(ico) — (5 ia> + 1) [(1 — 0-la; 2 ) -|- 0-01 2 a;] (ico -|- 1) 


is represented in Fig. 143. 



In this case, when derivative action is absent, the critical coefficient of 
amplification is equal to only 3-9. The point where the tangent to the hodograph 
is vertical lies in the second quadrant. Its coordinates are w a =—12-3, = 

= 6-04 and it corresponds to co a = 2-27. Consequently, for T k = 0-01, positive 
derivative action only reduces the coefficient of amplification. 

In order to increase the coefficient of amplification it is necessary to 
introduce negative derivative action. Then the coefficient of amplification can 
only be increased up to K cr max = 12-3. This maximum coefficient of amplifica¬ 
tion is attained for 




(JO n U 


a™ a 


6-04 

12-3.2-27 


0-216. 


A similar investigation made for the case when second derivative 
action is introduced to increase the critical coefficient of amplification 
shows that the value of K cr attained because of this action is unbounded 
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only if n < 5. For n > 5 the effect of the second derivative action 
is first to increase K cr to some maximum value, and then reduce it to 
zero. Negative second derivative action only lowers K cr . 


4. Estimating the Stability of the Original System from 
the Stability of its Linear Model 

In the previous sections we considered the question of the sta¬ 
bility of the linear model of an automatic control system. 

At the beginning of the chapter it was proved that at best the 
stability of the linear model indicates the stability of the given non¬ 
linear system for sufficiently small disturbances. In the present sec¬ 
tion this statement will be made more precise. Moreover, in some 
cases we can make a stronger assertion concerning the stability 
of the real system if it can be established that its linear model is 
stable. 

To exemplify this, let us make the concept of stability which 
we introduced at the beginning of Chapter III more precise. 

We call a system which contains non-linear elements “slightly 99 
stable if there exists a region, however small, of initial deviations, 
such that as a result of a deviation which belongs to it, the steady 
conditions are restored (after a finite time or in the limit as 2 —> oo), 

Thus, by saying that the controlled conditions are “slightly ” stable 
we are only asserting the presence of a region of initial deviations with 
respect to which the system is stable (i.e. the presence of a region of 
stability) but are not defining any of its boundaries. 

Of course, the “slight” stability of a system does not prevent 
the system itself, for real initial deviations, behaving as if it were 
unstable, since the concept of slight stability does not take into account 
the fact that the region of stability of the system can be bounded. 
To speak of the stability of the real system it is necessary to compare 
the region of stability and the region of initial deviations which are 
possible under testing conditions. 

We agree to say that the system is “largely ” stable when the 
boundary of the region of initial deviations following which the con¬ 
trolled conditions are restored is defined and when it is shown that 
this region contains real initial deviations. 

Finally, we agree to say that the system is “ decremented ” or 
“ unboundedly ” stable (“wholly” stable) when the region of initial 
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deviations, which lead to a restoration of the position of equilibrium, 
is not bounded at all. In this case the initial system possesses the same 
properties as its linear model ; from the fact that it is wholly stable 
for any initial deviation. 

We now restrict ourselves to the case of a system which differs 
from a linear system by the presence of one non-linearity. In the 
general case the process in such a system is described by the equations: 


n 

*i = 2 a u x i + fM - 

y=i 

n 

x t = ^ a {j i = 2, 3, . .., n, 

7 = 1 

differing from the linear system 

n 

= j 'X'j ~b &x k , 

7 = 1 
n 

±i — ^ a t j Xp i = 2, 3, ..., n 9 

7 = 1 


(3.42) 


(3.43) 


only by the presence of one non-linear function f{x k ), in the first 
equation in place of ax k . 

Let us now find the region of values of a for which the system 
(3.43) is stable. Let it be established, for example, that the system 
(3.43) is stable for 

a* < a < a** 


and unstable for 

a < a* — e and a < a** + e, 

at least for a sufficiently small positive number e. 

In other words, the values a =z a* and a — a** are the boundary 
of the region of stability for a. 

Further, in the construction of the linear model of the original 
system (3.42) let the non-linear function f{x k ) be replaced by the linear 
function a Q x k , a Q being chosen so that 


a* < a 0 < a**. 


(3.44) 
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It is immaterial how a 0 was determined, whether by a transition 
to small oscillation, i. e. by substitution of the / = f{x k ) by the tangent 
at the point x k = 0 or by experimental methods, i.e. by replacing 
this curve by a straight line, which, although it also passes through 
the point, is not coincident with the tangent. If the inequality (3.44) 
is satisfied, then the constructed linear model is stable. Can we then 
make the same conclusion concerning the stability of the original 
system (3.42)? 

Let us consider two numbers a x and a z satisfying the inequality 
a* < a x < a 0 < a 2 < a**. (3.45) 

Let us now construct in the /, avplane two rays f = a \ %k and 
/ = a 2 x k and compare them with the curve / = f(x k ). 

There are three possible cases, represented in Fig. 144. 

1. The curve/ = f(x k ) lies entirely, i.e. for all values of x k possible 
when the system is tested, between the ray f = a x x k and the ray 
/ = a 2 x k (Fig. 144a). 

2. The curve f = f(x k ) lies between the rays f — a x x k and / = 
= a 2 x k only for sufficiently small x k and intersects one of the rays 
for some value of x k , say for x k = x k2 (Fig. 1446). 

3. The curve does not lie between the rays for any x ki however 
small (Fig. 1 44c). 

Using the Lyapunov method, we establish that it is always 
possible, however the number a 0 was chosen when substituting the 
system (3.42) by its linear model (3.43) to find two numbers a x and a 2 
such that the following assertions are true : 

1. In the first case (Fig. 144a) the stability of the linear model 
indicates that the original system is unboundedly stable. 

2. In the second case (Fig. 1446) the stability of the linear model 
shows only that the original system is “slightly 55 stable. 

In addition, knowing the least value of x k for which the curve 
intersects one of the rays, it is possible to determine the region be¬ 
longing to the region of stability. Comparing it with the given region 
of initial deviations, it is sometimes possible to establish also that the 
stability of the linear model indicates that the system is “largely 55 
stable. 

3. In the third case (Fig. 144c) the stability of the linear model 
does not even indicate the slight stability of the original system. 
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method that the original system is “largely” stable or even (as in 
Fig. 144a) that it is unboundedly stable. 

If the linear model is constructed by the experimental averaging 
of non-linearities, for example, if experimentally found frequency 
characteristics are used or if the parameters of the elements (time 
constant, coefficients of amplification, etc.) are found from experi¬ 
mentally derived time characteristics, then the case of Fig. 144c is 
possible and the stability of the linear model does not ensure that the 
original system is even “slightly” stable. 

All that has been said can be directly applied to systems which 
contain any number of linearizable non-linear functions of any number 
of arguments or which include parameters that are functions of time. 

Returning to the case of the system (3.42), containing only one 
non-linear function, it is natural to ask : 

Is it not possible to move the rays to the boundary of stability , i.e. 
is it not possible for the given deductions to remain in force if ive replace 
the ray f = a 1 x k by the ray f = a* x k , and the ray f — a 2 x k by the ray 
f = a** x k ? 

So far we have not succeeded in finding a single example to refute 
this suggestion when some easily satisfied conditions are laid on the 
function f(x). But it has been found possible to prove this assertion 
only for systems of the second order, or for separate special cases 
of systems of higher order, although the attention both of mathema¬ 
ticians and of engineers have been attracted to the problem. 

When the initial system contains non-linearizable non-linearities, 
the situation is considerably more complicated. Up to now we have 
not succeeded in finding general methods enabling us to construct 
a linear model in these cases too, in order to answer the question of 
whether the stability of the linear model indicates the stability of the 
original system, even if only the “slight” stability. We have succeeded 
in solving only a number of special non-linear problems with respect 
to non-linearizable non-linearities. These solutions show that some¬ 
times the presence of non-linearizable non-linearities leads to the fact 
that it is not possible to judge the stability of the system even for 
“slight” stability from the stability of its linear model, if the non- 
linearizable non-linearities were rejected during its construction (for 
example, dry friction in the sensor of an indirect action controller). 
However, cases where the non-linearizable non-linearities tend to 
favour the stability of the system are also known. 
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5, Concluding Remarks 

When the linear model of the given system is given by its equation 
of motion (transfer function), we judge the stability of the linear 
model from its characteristic equation. This equation is obtained by 
equating the denominator of the transfer function to zero. To judge the 
stability it is most convenient to use a reduction which successively lowers 
the degree of the equation (p. 181), or to reduce the Hurwitz deter¬ 
minant to diagonal form (p. 176— 179). The region of stability for one or 
two parameters which enter the characteristic equation linearly can be 
found by the relatively simple construction of the D-partition boundary. 

When the properties of the linear model of the system are given 
by its amplitude-phase characteristic (or its amplitude and phase 
logarithmic characteristics), an estimate of the stability of the linear 
model can be made directly from the graph of these characteristics. 
Rut then in the case of non-linear, linearizable systems the question 
about the validity of such judgements even for small disturbances 
remains open. The results of such an analysis are unconditionally valid 
only when the original real system is linear for all possible ranges of 
change in all its generalized coordinates. 

If the investigation results in establishing the instability of the 
linear model, then a number of qualitive considerations about me¬ 
thods of ensuring stability can be made without further calculation. 
For this we use theorems concerning structural stability, or concerning 
the critical coefficient of amplification and methods of increasing it. 
In particular, in a structurally-unstable system to ensure stability 
requires, above all, a change in the structural scheme. If the scheme 
is structurally stable, but for the given values of the parameters 
stability does not exist, then by a sufficient decrease in the coefficient 
of amplification stability can always be secured. In doing this, in 
order not to increase the static error of the system (if the system is 
static) past its admissible value, it is necessary to increase the range 
between the extreme values of the time constants. To this end deri¬ 
vative action is unconditionally effective for systems of the third order 
(with first derivative action) and for systems up to and including 
the fourth order (for second derivative action). For a higher order 
system the use of derivative action requires great care: excessive 
(or sometimes any) derivative action can only interfere with the 
stabilization of the system and worsen the conditions of its stability. 
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In concluding the analysis of stability, it is necessary to remember 
that the stability of the linear model of the system is verified, but by 
no means that of the actual system. Only experiment and experience 
of operation prove whether the computational linear model was 
reasonably chosen, and whether a linear analysis is generally suitable 
for the investigation of the stability of the system. Only the accumul¬ 
ated experience of calculation of systems of a defined type enables 
us to choose the computational model with confidence, to estimate 
beforehand what we may or may not ignore in its formation. 



CHAPTER IV 


THE CONSTRUCTION AND EVALUATION 
OF THE PROCESSES IN THE LINEAR 
MODEL OF A SYSTEM OF AUTOMATIC 
CONTROL 


1. General Considerations 

Until now we have only considered the conditions of stability 
for the linear model of a control system, and not the character of the 
control process. Obviously, the presence of stability is not a sufficient 
condition for the normal operation of the system since, for example, 
the damping of the oscillations may be too slow or the deviations 
in the controlled coordinate during the control process may exceed 
the allowable limits, and so on. 

In automatic control assemblies great importance is attached 
to the study of the transient process during the transition from one 
set of conditions to another (for example, when the load is altered). It is 
then no longer possible to regard the deviations as small, and the in¬ 
vestigation of the transient process requires an analysis of the initial 
non-linear equations in considerably greater measure than does the 
investigation of stability. The construction of the process in the linear 
model enables us to evaluate the process in the real assembly only 
for small disturbances, and also only if all its elements are linearizable. 

For this reason, we give below only a short account of some 
questions connected with the construction and evaluation of the 
quality of the control process in the linear models of control systems. 

The control process is called into action by external disturbances 
applied to the system. In order to construct the control process or 
to evaluate it, it is first of all necessary to elucidate the character of 
the external actions causing the process. 
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(a) External actions 

There are three forms of external disturbance, depending on what 
external action is stipulated, namely : load, tuning, or noise. 

The load is an external action applied to the controlled object, 
independently of the controller and stipulated by a change in the 
operating conditions of the controlled object. 

The tuning includes those disturbances which are applied de¬ 
liberately to any element of the controller with the purpose of 
changing the value of the controlled coordinate maintained by the 
controller. 

Noise consists of those external actions on the separate elements 
of the controller or controlled object which are not necessary for nor¬ 
mal operation of the assembly but which exist only because they 
cannot be removed from its construction. 

Thus, for example, in the variable speed controller of a trans¬ 
port diesel, assembled in an automobile, the change in tractive 
force transmitted to the engine is the load, the action of the driver’s 
foot on the accelerator transmitted to the controller is the tuning, 
and the action transmitted to the controller as a result of 
shaking, vibrations of the engine, bumps in the road and so on, 
is the noise. 

In an electronic controller, controlling the supply of a steam- 
boiler, the actions arising as a result of a change in the selection of 
steam by the user is the load, the action on the setter of the controller 
made in order to change the maintained level is the tuning, and the 
actions arising as a result of noise in the amplifier valves constitute 
the noise. 

In most cases the external disturbance of any of these three forms 
is a complicated function of time, and in control theory we are very 
rarely given the task of determining the reaction of the system to 
external actions given by functions corresponding exactly to the real 
disturbances acting on the system. If the disturbances were known 
beforehand, the problem of control would be greatly simplified and 
would be replaced by the problem of compensation of the disturbance. 
But usually the external actions cannot be exactly defined beforehand, 
and the problem is simplified by the idealization of the disturbance, 
i.e. by replacing the real disturbance by a simpler, typical, function 
of time. 
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The most commonly used if such typical functions of time are 
the unit function* 2, the product of the unit function and a sinusoid, 
2 A sin cot , and the product of the unit function and the exponential 
2 Ae rt . 

The function f(t) — 1 A sin cot is used when the external action 
on the system is periodic.** The steady oscillations of any coordinate 
(including the controlled coordinate) are completely defined by the 
amplitude-phase characteristic of this closed system. 

The function f{t) = 2 * A is used when the process is caused by 
an increase or decrease in the load on the controlled object, by a rapid 
displacement of the controller setting mechanism, and so on. Control 
processes caused by external actions of this kind are called transient***. 
For linear systems, the processes caused by an action of the form 
f{t) = 2 * A differ from processes caused by the action f(t) — 1 only 
by the scale along the y-axis being increased A times. Hence, in the 
construction and evaluation of transient processes we can restrict 
ourselves to the consideration of unit action f{t) = 2. 

The main content of this chapter consists of methods for the 
construction and evaluation of transient processes. 

The function 

f(t) = l-A( l-e" rt ), (4.1) 

where r is positive and A is any constant quantity, is used when 
the external action builds up smoothly. As an example, we may take 
the slow readjustement of the controller, the gradual removal of the 
load from the object, and so on. 

If we know the transient process, it is easy to construct the pro¬ 
cess caused by the action (4.1). 


* Functions 1 such that 1 = 


(0 for t <L 0, 
11 for t > 0 


are called unit functions. 


The product 1 ' j{t) , used below, is the function which is equal to zero for 
t < 0 and equal to j(t) for t > 0. If the disturbance is expressed as such a pro¬ 
duct, then this means that it does not exist until t = 0, that it first acts on the 
system at the moment t — 0, and that, later, it is expressed by the function 
f(t). In the theory of servomechanisms, in addition to the functions given in 
the text, the products of the unit function with a linear function and with 
various parabolas (i. e. lkt r where r — 1,2, . . .) are also used. 

** For example, several forms of noise, including vibrations transmitted 
to the body of the instrument. 

***If we know the course of the transient process defined in this way, 
we can construct the process in the same system for any other action. 
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In some eases, in particular when calculating the influence of 
noise, the substitution for the true disturbance by some typical function 
is of no use. Noise, and sometimes loads too, change discontinuously 
and in a random manner. It is expedient to evaluate such disturbances 
by using their static characteristics. Of course, as a result of the cal¬ 
culation in these cases we obtain only the static characteristics of 
the process caused by these disturbances, for example, the mean 
square deviation of the controlled parameter (see Section 8 of this 
chapter). 


(b) Parameters characterizing the quality of the transient 

process 

Usually the following restrictions are placed on the transient 
process : 

1. The transient process must be completed in a certain time 
t p , called the settling time. In theory, the transient process in linear 
systems is continued for an unlimited period. In practice, however, 
the transient process is completed as soon as the deviation in the 
controlled parameter does not exceed some defined limit. 

In the case of static systems we often consider that the transient 
process is completed at the instant of time at which the value of the 
deviation of the coordinate differs from the steady value by not more 
than 5 per cent of the static error. 

For astatic systems we regard the transient process as completed 
when the coordinate value does not exceed a definite part of its 
normal value, the fractions indicated often being considerably less 
than 5 per cent. 

2. The greatest deviation in the controlled coordinate of the 
control process from the value which must be set up after the comple¬ 
tion of the transient process must not exceed an allowable quantity. 

In static systems, the greatest deviation of the controlled co¬ 
ordinate during the transient process, of the same sign as the static 
deviation, is sometimes called the overshoot. Usually not only over¬ 
shoot but also the total greatest deviation in the controlled coordinate 
whatever its sign is important. 

Overshoot is often estimated in percentages of the static error 
caused by the same disturbance. 
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For astatic systems the term overshoot formulated in this way 
is inapplicable. In this case we speak of the largest dynamic deviation, 
meaning hy this the greatest deviation of the coordinate from the 
standard value (in percentages) during the transient process. 

Figure 145 shows the boundary of the region inside which the 
transient process can lie when it satisfies the above two requirements. 

Sometimes additional conditions are laid on the course of the 
transient process : for example, we can require that the process be 
monotonic or that the number of oscillations during the process be not 
greater than a given number, and so on. 



If methods existed for the exact estimation of the above basic 
parameters, characterizing the quality of the process from the form 
of the differential equations, then there would be no need to carry out 
completely the integration of these equations. Such methods have not 
yet been devised, and although it is often not important to know the 
shape of all the integral curves, but only some parameters charac¬ 
terizing their shape, the only completely reliable method at present 
for calculating these parameters consists in the construction of the 
integral curves. 

To construct the curve of the control process for some fixed values 
of the parameters, it is necessary to perform labour-consuming cal¬ 
culations. To select the optimal values of the parameters these cal¬ 
culations must be repeated many times. As a result a particular 
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importance is attached to various approximate and indirect methods 
of evaluating the process, which do not require the construction 
of the integral curves. 

In proceeding to an account of the methods for constructing 
and evaluating the transient process, we will assume everywhere in 
this chapter that the given system is stable. 


2. The Construction of the Process from the Transfer Function 

of the System 

(a) Description of the method 

For any automatic control system the Laplace transform of one 
of the system coordinates can be written in the following form * : 

A(P) S(p) __ A (p) 


L[x(t)] = W(p)L[f(t)] = 


(p) R(v) B(p) 


(4.2) 


where W (p) = 


A , (P ) 
Bi ( V ) 


is the transfer function of the system (from 


the given point of application of the external action to the coordinate 


we are considering), andL [/ ( t )] 


Sjp) 

B(p) 


is the Laplace transform 


of the external action (for the typical actions listed above 


S(p) 

B(p) 


is a rational, fractional function of p). 

The change as a function of time of the coordinate x[t) caused 
by an action f(t), from the second theorem of the Heaviside expansion, 
is defined by the function* 


x = y ~S Pk > - e p <*, 

B'(p k ) 


(4.3) 


where p k is a root of the equation B(p) = 0 (we assume that there are 
no repeated roots). 

When f(t) = 1, we have : 

L [f («)] = —, B(p) = pB 1 (p), A (p) = A ± (p), 

P 


* See Appendix 1 (p. 489). 

* See Appendix 1 (p. 489). 
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where B 1 (p) is the denominator of the transfer function W{p). By 
putting B 1 (p) equal to zero, we obtain the characteristic equation 
of the system. In this particular case, instead of (4.3), we obtain 


A(0) 


+ 2 


(p k ) _ e Pk* m 


BA 0) i VkB’AVk) 


(4.4) 


The term 


A(0) 
BA o) 


determines the steady deviation ; each term 


corresponding to the real root of the characteristic equation gives an 
exponential function of the form Xj = Aj e Pjt , and each pair of terms 
corresponding to a pair of complex conjugate roots p^ p k+1 = &k ± i $k 
gives a function of the form 


i e at sin (fit + tpj). 


Formulae for the calculation of Aj and (pj are given in the Appen¬ 
dix.** 

The problem of the construction of the transient process is then 
reduced to the calculation, first, of all the roots of the characteristic 
equation, and then of all the coefficients Aj and 9 oj. It is then necessary 
to construct the exponential functions, the product of the exponential 
and trigonometric functions and to sum the ordinates of the construct¬ 
ed graphs of these functions corresponding to the same values 
of t. The greatest difficulty here is caused by the approximate deter¬ 
mination of the roots of the characteristic equation. 

If the external action is different from/(£) = 1, the process tends 
to equation (4.3) for which it is necessary to know the roots of the 
equation 

B(p) = B x (p) R(p) = 0. 


But for typical actions the roots of R(p) can be determined at 
once, since R(p) is a polynomial of the first or second degree. In this 
case the difficulty consists in the determination of the roots of the 
characteristic equation B 1 (p) = 0. Of the many methods used for 
this purpose, we describe one iterative method. 


** See p. 491. 
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(b) An iterative method for the approximate calculation 
of roots of the characteristic equation 

We consider the characteristic equation 

F(p) =p” + a x p "-i + a 2 p "" 2 + .. . + u n _ x p + a n — 0, (4.5) 

where a v a 2 , a 3 , . . a n are real numbers such that all the roots have 
a negative real part* (the system is stable). 

It is required to find the approximate values of the real and com¬ 
plex roots of this equation. To do this, we divide equation (4.5) by the 
polynomial 

F 1 (P) = P n_1 + K - • a) P n ~ 2 + («2 — P) P n ~ 3 + • • • + K-1 — co) > 

where a, co are as yet unknown constants. 

Having done this division, we obtain a quotient 

P + a 

and a remainder 


[/? — a (a x — a)] p n 2 + .. . + [a n — a (a n _ L — co)]. 

We denote the remainder by F 2 (p). Then 

F(p) = ( p +a) F x (p) + F 2 {p). 

If the division results in no remainder —a is a root of the equation 

F(p) = 0. 

If we make F 2 (p) identically equal to zero, and from this con¬ 
dition find a, /}, y, ... 9 co, then a will be the first root of the equation 
F(p) = 0 . To find it, we equate to zero all the coefficients in F 2 (p) 
separately. As a result we obtain the system of equations 


a n -i - w 

f} = a (a x — a) , 

y = a ( a 2 — P )» 

d — a (a 3 — y) , 
co = a (a n _ 2 — r). , 


(4.6) 


* The method is correct if the multiplicity of the real roots in (4.5) is not 
greater than two, but there can also be several pairs of repeated complex 
roots. In practice, this restriction is unimportant, since by a small change in 
the coefficients (which are all determined equally approximately) we can avoid 
multiple roots. 
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The determination of the root a reduces to a simple iteration. Putting 
co — 0 we obtain from the above formulae : 


/?i = a x (a x — a x ), 

Yi = «i («2 - ft). 

<5i = a x (a 3 — y x ), 

a)j = a x {a n _2 T i) • 

We arrive at co = co 1 =h 0. Hence, the arbitrary hypothesis that 
co = 0 was incorrect. 

Putting now co = a) 1 we obtain 


@2 “ a 2 (®1 a 2) > 
y 2 ~ a 2 ( a 2 ^ 2 ) > 

^2 “ a 2 ( a 3 ^2) > 

(O2 — a 2 ( a ri -2 ^ 2 ) ■ 


(4.7) 


If co 2 = co 1 then a 2 is a root of the given equatio. But if co 2 =f= co v then 
the iteration procedure continues. 

Example. We consider the equation 

a* + 6-32a: 2 + 2 7-5a: + 31-6 = 0. 


Let us put Oj — 6-32, — 27'6, o 3 —* 31'6. 

To determine the first root we make use of the formulae (4.6) and (4.7) 
given above. We rewrite them for an equation of the third degree: 

a = —° 3 - a- , P = a (a, — a) . 
a 2 — P 

Putting = 0 we obtain 

a, = = 1-15, /?, = 1-15 (6-32 - 1-15) = 5-95 . 

If we put fit — 5-95, then 
31-6 

a 2 = 


27-6 - 5-95 


« 1-47, = 1-47 (6-32 - 1-47) = 7-12. 
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If = 7*12 we have 


31.0 


26-5 - 712 


1.55, p 9 = 1*55 (6-32 - 1.55) = 74. 


If & = 7*4 we obtain 

«« = = 1-57, 04 = 1 57 (6-32 - 1-57) = 7-48. 

Noting that ^ we stop the iteration process. Hence a — —1*57 
is the approximate value of the root of the given equation. In this case 

F t (p) = # 2 + (6-32 — 1-57) x + (27*5 — 7*48) , 
i .e. 

F^p) = # 2 + 4*75# + 20*02 = 0. 

The roots of this quadratic equation are the other two roots of the original 
third degree equation. 

If the iteration diverges, this means that the nearest root to the 
imaginary axis is complex, and the iteration must be done in another 
way. We must now divide F(p) by a polynomial of degree two lower 
than itself (since we now determine two roots at once) : 

f 3 (p) = v n ~ % + K — a) p n ~ 3 + (® 2 — P) p n ~* + (« 3 — y) p n ~ B + 

+ • • • + ( a n- 3 — (?) P + ( a „-2 — T ) • 

Then 

F(p) = {p 2 + ap + [{} — a {ay — a)]} F 3 (p) + F i (p), 
where the remainder after the division is 

Fi (p) = {y—a (a 2 — P) — (ffl, — a) IP —a (<q — a)]} p n ~ 3 + ... 

— K -2 — r) IP — a (a, — a)]. 

If F 4 (p) — 0, then we can factorize F(p) into the factors F 3 (p) and 
P 2 + ap + [/? — a (a x — a)]. 

Solving the quadratic equation 

P 2 + a p + [P — a (cq — a)] = 0, 
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we find the two complex roots of the equation F(p) = 0. From the 
condition F 4 (p) = 0, equating all its coefficients to zero, we obtain 
a system of equations determining the quantities a, /J, y, 8, r: 


«„ K-8 — e) 


/J = a (cq — a) 4- 


7 = « (a 2 — P) + 


d a {a 3 — y) — 


r (a n _ 2 - r) 2 

(l 


n 


Cl „_q T 


V t -2 

a 




*n-2 

a 


n 


K — «). 


(aa-iS)- 


* 71-2 


(4.8> 


Now the iteration continues as follows : 

Putting r —- 0 and q == 0 in the first equation, we find a ; putting 
this value of a and r —- 0 in the second equation we find 8 and so on ; 
continuing this process we find the values of q 1 and r v Using these 
values we find the second approximation to the values of a, /?, y, . . . , t. 
This operation is continued until the iteration converges. 

Having determined the values of a, /?, y, . . . , r in this way, and 
having solved the quadratic equation 


P 2 + a p + [/S — a (cq — a)] = 0, 


w r e find the two complex roots of the equation F (p) — 0. 

The remaining roots are found from the equation F 3 (p) — 0 
by a similar iteration process. If the distribution of the roots is not 
know T n, then we begin the process of iteration by applying the for¬ 
mulae for determining real roots.; if the process diverges, then we 
apply the formulae for determining complex roots. 

Table 14 gives ready formulae for the determination by iteration 
of the roots of equations of up to and including the sixth degree. With 
the help of these formulae we can determine the smallest or largest 
(in modulus) root. Having found it we can reduce the degree of the 
equation and use the given formulae again. 

The described iterative method is convenient in that the roots 
are determined in sequence from the smallest to the largest in modulus. 
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Table 

The determination of the roots of 


Form of Equation 

Distribution of Roots 

Third degree 

X 3 + a i + a 2 X + a 3 = 0 

Root smallest in modulus is 

real 

Roots smallest in modulus 
are complex conjugates 


Root smallest in modulus is 

real 

Fourth degree 
a 4 + a x x* + a 2 x 2 + a 3 x + 

+ ®4 = 0 

Roots smallest in modulus 
are complex conjugates 
or both real 


Root largest in modulus is 
real 

Fifth degree 
x 5 x* a 2 a a x 

+ a s = 0 

Root smallest in modulus is 

real 

Roots smallest in modulus 
are complex conjugates 
or both real 
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XIV 

ALGEBRAIC EQUATIONS BY ITERATION 


Working Formulae Expansion in Factors 


1 


1 

a =-; 

a 2 - t> 

P — a(a, — a) 

(® + a) [x 1 + (cq — a) x -j- a 2 —0] 

a 2 a 3 


cq — a (a t — a) 2 

L a i — a J 

a- ; 

a 3 -y 

P = ct(a 1 — a): 

V = a(a» —/?) 

(x + a) [a 3 -f (cq — a) x 2 + 

+ (“s— P) x + a 3— y] 

a _ a 3 a 4 K - «) . 

a 2 — />’ (a 2 — P)- 

/? = a(a 1 «,+ a# °^ 

[# 2 “1" ( a i — a) x -f- a 2 — /?] X 

X [** + “*+ a X/i] 

a 2 a„ 

a = 2 - 3 4- 

cq — a (oq — a) 2 

+ “ 4 

T (a,-a) 3 

(a? -f cq — a) + a F- + 

+ K—(«i— a)a]a:+ _^ a | 

a 5 

a =---; 

a, — o 

P = a(a, —a); 

V = a(a. : —P); 

6 = a(a 3 —y) 

(* + «) W + 

+ (a, — a) x' J + (a 2 — /?) x- + 

+ (« 3 —y)* + °4 — 

Q _ «4 a 5< a 2 — P) . 

a 3 -y (« 3 - y ) 2 

^ = a(a, a)+ aj J_ y ; 

y=a(o 2 /?) + ^ (a, a) 

or other formulae, obtained from 
the system of equations (4.6) 

[x"- + ax-\ -^-1 x 

l a 3 ~V ) 

! X[* 3 +(ai — a)**+(o 2 — p)x + 

! +a 3 — y] 

j 

1 

1 
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Table XIV 

The determination of the roots of 


Form of Equation 

Distribution of Roots 

Fifth degree (contd.) 
a 6 + a l x* + °2 358 + ° 3 a;2 + 

+ a 4 x + o 3 = 0 

Root largest in modulus is 
real 

1 

Roots largest in modulus 
are complex conjugates 
or both real 

Sixth degree 

as 6 + a x X s + a 2 x 4 + a 3 a 3 + 

+ a 4 x- + o 5 x + a 6 = 0 

Root smallest in modulus is 

real 



Roots smallest in modulus 
are complex conjugates 
or both real 
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Working Formulae 

Expansion in Factors 

Ci g flg | 

a a l — a (a 1 — a) 2 

, a 4 a s 

(a, — a) 3 (a, — a) 4 

(x-fa,— a)X 

X jx*-f as 3 -Ha 2 — a(a 2 — a)]x 2 + 

+ { a 3— ( a i— a ) I a 2— a ( a i —°)]} x + 

+ —°- 5 - ■} 

«1 - « J 

o s +a 4 ( a i—°) , 

“ a t -fi K-/S) 2 

(ctj — a) 2 a 5 

+ (a 2 -P) 3 ’ 

P = afa, — a) + 

a 4 (Oj — a) a 5 

a 2 — P (a 2 $) 2 

[® 2 + (a 4 — a) x + a 2 —/S]X 

X |x 3 + a x 2 4- 

+ IP — a(o, — a)]X 

X x+ - 5 — 1 

a 2 — a J 

a R 

a =- 5 -; 

«8 — V 

f} = a(a 4 — a); 
y = a(a 2 — /?); 

6 = a(a 3 ~ y); 

V — a( a i —6) 

(® + a) [a 5 + («! — a) x* -f 

+ ( a 2~P) * 3 + («»—v) 3:2 + 

+ (a 4 — (5)x + a 6 —»?] 

a 5 a 6 (a 3 - y) 

a 4 -<3 K-<5)* ’ 

P = a(a 4 a)+ a ^ <5> . 

y = a(o 2 /S) + 6 . K a); 

tt 4 — ° 

y = a(a 3 y) + 6 (a 2 /5) 

■ V 

or other formulae, obtained from 
the system of equations (4.6) 

(x 2 + ax+ ^jx 

Xt* 4 + (®i — a) * 3 + 

+ (° 2 — P) x 2 + 

+ (a 3 —y)x + a 4 —d] 
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Often the transient process is determined with great accuracy from 
the first two or three roots, and then the iterative method of cal¬ 
culation of the roots proves to be very economical. 


(c) General remarks about the method 

When all the parameters of the system are chosen and the de¬ 
termination of the roots of the equation is only a verification stage 
in the calculation, the method described above, after some practice, 
may be performed quickly. But when a constructed process proves 
to be unsatisfactory, the method described does not give any advice 
as to how the parameters of the system must be changed in order to 
improve the control process. Indeed, the equation of the process, 
(4.4), depends in a complicated way upon the roots of the charac¬ 
teristic equation, the dependence of these roots on the coefficients 
of the equation being unknown, and these coefficients themselves 
depend in a complicated way on the parameters of the given system. 
This makes it necessary to seek ways of constructing the control 
process which do not involve calculating the roots of the charac¬ 
teristic equation. 


3. A Graphical Method of Constructing the Control Process 

The control process can be constructed without a preliminary 
calculation of the roots of the characteristic equation with the help 
of various graphical methods of approximate integration of the control 
process equations. 

The singularity of control systems consists in the peculiar £ 'chain 5 ' 
structure of the system of equations describing the process : each 
element of the system acts on the following element or on an inner 
loop which itself consists of a sequential chain of elements. In order 
to construct the processes in systems having a similar structure, 
it is convenient to use a graphical method based on a known method 
for constructing exponential functions. A description of this method 
is first made in the construction of an exponential curve, and then 
the construction of processes in separate elements of the control chain 
is described, and, finally, in the chain as a whole. 
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(a) The construction of exponential functions 

The method we describe for constructing the exponential curve 
is based on the following properties of this function. 

Property /. The ratios of the ordinates of points equidistant from 
one another are equal . 

Let us assume that we are given the exponential function 

x = C'e~ T , 



Let A x B x — B 1 C 1 (Fig. 146), i.e. if the abscissa of the point A is 
equal to r 0 , then the abscissa of the point B is equal to r 0 + A t, 
and of the point C to r 0 + 2 A t. Let us draw a secant through A and 
B, and also through B and C. We find the ordinates of the points A, 
B and C : 

AA X =•--- <7 e f , 

BB X = C'e T , 

T o-f - 2At 

CC X = V e ~. 
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Calculating the ratios 


AA, 

BB, 


and 


BB, 
CC, 


we obtain 


AA, 

BB, 


BB, 

CC, 


At_ 

e T = const. 


Property II. Secants drawn through points equidistant from one 
another have equal projections. 

On the basis of Property I, we have the equation 


But 


and 


AA, __ BB, 
BB, “ CC, * 


BB, = AA, - AG 


CC,^BB,~ BF. 


From the triangles ABG and BCF we have 


and 


AG ~ A t tan q>, 
BF — A t tan <p 2 , 


where 9 v, is the angle between the first secant and the x-axis, and 
9? 2 is the angle between the second secant and the x-axis. But 


and 


Hence 

AA, 

BB, 


tan (p, = 


AA, 
A, E 


tan q> 2 — 


BB, 
B,D ' 


BB, _ AA, BBj 

CC, - AA, '—AG ~ BB,—BF “ 

^ AA, = _ 

AA 1 - -AL At BB 1 - AA, At 
A X E B X D 
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whence we obtain 


or 


A X E 1 B r D ’ 
A 1 E = B 1 D . 


Property III . The projection drawn through two neighbouring 
points is approximately equal to 



We determine the length of the projection. 

From the similar triangles ABG and AA X E we can write the 
following equation: 

AA t _ AG 
A 1 E At 

which gives 

--- 

AG _ lo _ r 0 + At _ At^ 

C'e ~ T -C'e T l-e f 


The right-hand side of this equation can be expanded in a series of 
ascending powers of At : 

A 1 E = T + — [l + — E~— E 3 £ 5 - ...1, 

1 2 [ 6 6! 7! J 

where 


Restricting ourselves to the first two terms of the expansion, we ob¬ 
tain a final formula which determines approximately the length of the 
projection : 


A,E = 
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The smaller the selected intervals A t , the more accurate the result 
will be. 

In practice it is sufficient to take 

At = {— to— \t. 

15 10 j 

We can now proceed to describe the construction of the exponen¬ 
tial function. 



Let us assume that it is necessary to construct the exponential 


x k = C k e 


t 

T 


We will make the construction in Cartesian coordinates. Along the 
ordinate axis we put x k) and as abscissa we take t. 

Let us divide the Laxis into intervals equal to A t, such that 
A t <g T k and T k = n A t, i.e. so that T k is a multiple of the interval 
A t. We halve each of the resulting intervals. 
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We begin the construction by measuring a segment equal to 
C k along the x^-axis from the origin, and along the £-axis, the segment 
(Fig. 147). 



The two points we obtain are joined by a straight line. From the point 
with abscissa 1 A t we produce a line parallel to the i/-axis, to intersect 
the straight line we have just constructed. 

The point of intersection, J, which we obtain will be a point of 
the required exponential. 

Then, along the £-axis we mark off the segment 


Through this point and the point of the exponential found in the 
previous construction we draw a second straight line. From the point 
with abscissa 2 At we produce a straight line parallel to the a^-axis, 
and so find a second point of the exponential. Repeating the con¬ 
struction, we find all the remaining points. 

An example of this construction is shown in Fig. 147. 


(b) The construction of the transient process for one single¬ 
capacitance stage 

We consider a single-capacitance stage, at whose input a unit 
disturbance A • 1 acts (Fig. 148). 

The differential equation is written in the form : 

T ^L + Xout = jc. A .I. 
at 

Integrating this equation, we obtain the equation of the transient 
process for the output coordinate of a single-capacitance stage 

_ _t_ 

x out = (1 — e T ). 

For t — 0 x out — 0 , and for t = °o x out — JcA — A v 
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Removing the brackets on the right-hand side, and taking the 
quantity A 1 to the left-hand side, we can rewrite the equation of the 
transient process in the following form : 

_ £ 

% 0 ut A x = A x e 



Fig. 148 


t 


Hence, in order to construct the transient process we must 
construct the exponential function 

__ _t_ 

a?out ~ ® 

and then shift the ordinate axis to the point A v 

It is convenient to shift the axis from the very start. To do this 
we cut off a segment equal to A x on the # out -axis (Fig. 148). Through 
its end-point we draw a line parallel to the £-axis and from A x mark off 
_ At 

a segment equal to T -\ -. on it. We join the resulting point 

2 

to the origin of coordinates. From the point with abscissa 1 At we 
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produce a line parallel to the # &ut -axis to meet the earlier constructed 
line. Their point of intersection, 1, will be a point of the required ex¬ 
ponential. On the straight line through A ± we mark off the segment 
At 

T + 3-from A v We join the end-point of the exponential which 

2 

we have just found by a straight line to the previous point on the 
exponential, and then from the point with abscissa 2 A t we produce 
a straight line parallel to the # cut -axis. The point of intersection of 
these two lines will be another point of the exponential. Continuing 
in this way we find its other points. This construction is shown in Fig. 
148. 


(c) The construction of the process for the output coordinate 
of a single-capacitance stage with an arbitrary disturbance 
f(t) at its input 

We assume that an arbitrary disturbance f(t) acts at the input 
of a single-capacitance stage. Let this function be given by a graph. 

We divide the £-axis into segments A t such that A t T and 
T = n At. In addition, these intervals A t must be small enough for 



Fig. 149 







253 


THEOHY OF AUTOMATIC CONTHOL 


f(t) to be represented with a sufficient degree of accuracy by a broken 
line (Fig. 149). We shift the graph of f(t) along the Z-axis by an amount 



We join the first point of the curve by a straight line to the origin 
of coordinates and by the construction given above find on it a point 
belonging to the required transient process. We find the next point 
of f(t) at a distance A t from the first, and joining it to the point found 
previously by the same construction, we find the next point of the 
curve of the transient process. Repeating this construction, we find 
the whole curve. 

An example of this construction is given in Fig. 149. 


(d) The construction of the transient process for an open 

network of single-capacitance stages with a unit disturbance 
A • 1 at its input 

Let us consider an open circuit of single-capacitance stages, at 
whose input the unit disturbance A • 1 is applied (Fig. 150a). 

The construction of the transient process for the first stage 
differs in no way from the earlier construction for a single-capacitance 
stage. 

The construction is as follows : 

1. We construct the transient process for the first stage of the 
circuit in the same way as if it were by itself. 

2. We use the resulting curve of the change in the output co¬ 
ordinate of the first stage as the disturbance for the second stage. 

3. In the same way we repeat the construction for the second 
stage. The deviation of the output coordinate of the first stage at 
the end of the Zth interval becomes the disturbance for the second 
stage for the whole of the (1 + l)th interval. 

A similar construction is made for all the remaining stages. 

This construction can be made at the same time for all the 
stages for any one interval. 

Let the deviations of all the coordinates in the Zth interval be 
known. Then, to find the deviations in the (l + l)th interval, we make 
the construction described above, taking the value of the external 
disturbance at the end of the Zth interval as the action on the first 
stage. 
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The output coordinate of the first stage x 1 at the end of the 
Ith interval acts on the second stage. 

The output coordinate of the second stage at the end of the Zth 
interval acts on the third stage, and so on. 

The construction is given in Fig. 1506 for a circuit consisting of 
three single-capacitance stages. 




At 



Fig. 150 


(e) The construction of the transient process for a closed 
circuit of single-capacitance stages when the unit disturbance 
f(t) = 1 is applied at its input 

Let us now consider a closed circuit of single-capacitance stages, 
at whose input the unit disturbance f(t) = 1 is applied. 

For all the intermediate stages, the construction of the transient 
process will be made according to the rules developed above. 

The only difference is in the construction of the transient process 
for the output coordinate of the first stage. 
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As the disturbance of the first stage for the (l + l)th interval, 
we must take the difference between the magnitude of the external 
disturbance at the end of the Ith interval and the magnitude of the 
output coordinate of the circuit at the end of the (l — l)th interval. 

An example of this construction is given in Fig. 151 for the case 
when f(t) = A • 1. 



Fig. 151 
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Then the astatic stage can be considered as a single-capacitance 
stage, embraced by positive feedback (Fig. 152a). 

The construction of the transient process from the output co¬ 
ordinate of an astatic stage is carried out just as if the stage were 
single-capacitance, but we regard not only the output coordinate 
of the previous stage, but also the output coordinate of the given 



Fig. 152 


astatic stage at the end of the previous interval, as acting at the input 
of this stage. 

Thus, to construct the value of the output coordinate of an 
astatic stage for the (l + l)th interval, it is necessary to sum the value 
of the output coordinate of the preceding stage at the end of the Ith 
interval and the value of the output of the latter stage at the end of 
the same interval. The point found by this construction is joined by 
a straight line to the point determined by the construction for the 
Ith interval and by the usual construction we obtain the value of the 
output coordinate for the (l + l)th interval. 

An example of this construction is given in Fig. 1526. 
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(g) The construction of the process in an oscillatory stage 


We assume that the given circuit contains an oscillatory stage 
(Fig. 153a) : 
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Hence, the oscillatory stage can be replaced by a circuit consisting 
of two stages : one astatic and one single-capacitance, embraced 
by negative feedback (Fig. 1536), or by two single-capacitance stages 

yr/2 T 

with time constants T x = —— and embraced by negative 

In JC 


feedback with a coefficient of amplification —, the stage with time 

Jc 


T 

constant-in its turn being closed with positive feedback with 

Jc 


a coefficient of amplification 1 (Fig. 153c). In the eonstructipn we take 
into account that (because of feebdack) the difference between the 
output coordinate of the preceding stage and the output coordinate 
of the second single-capacitance stage, decreased Jc times, acts at the 
intput of the first single-capacitance stage, and that the sum of the 
output coordinates of the first stage for the Zth interval and the output 
coordinate of the second stage for the (l — l)th interval acts at the 
input of the second single-capacitance stage. 

The construction of the transient process in the case when a 
disturbance A • 1 is applied at the input of the first stage is shown 
in Fig. 153. 


(h) Additional remarJcs 

The construction we have described is widely used in the same 
way in systems containing unstable elements, more complicated in¬ 
ternal loops and derivative action. Any loop and any elements can be 
represented by a corresponding number of single-capacitance stages 
and by supplementary internal positive and negative feedback, and 
the construction of the process in a system containing loops, consisting 
of single-capacitance stages, for any disturbance given by a graph, 
is clear from the above description. 

In conclusion we note that the given graphical method for 
constructing transient processes enables us also to take some non- 
linearities existing in the given system of automatic control into 
account*. 


* A method similar to this is explained in: Popov, Ye.P., The Dynamics 
of Automatic Control Systems (Dinamika sistem Avtomaticheskogo reguliro- 
vaniya), Gostechizdat (1954). 
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4. The Construction of the Control Process from 
the Frequency Characteristics of the System 

(a) General remarks 

In cases when the properties of the system are given by its 
frequency characteristics, the control process for any given distur¬ 
bance can be constructed, starting from the frequency characteristics, 
without calculating the roots of the characteristic equation. For this 
purpose we find, first of all, the Fourier transform of the given co¬ 
ordinate of the system for the given disturbance.** 

Suppose that it is required to construct the change as a function 
of time of any coordinate (we shall call it the coordinate x, omitting 
any suffix) under the action of a disturbance f(t), applied at some point 
of the system. We denote by 0* (i co) the Fourier transform of the 
required function x(t). Then 

0* (to) = 0 (i(o) 0 /(/) (to), (4.9) 

where 0 (i co) is the frequency characteristic of the considered closed 
loop system from the point of application of the action f(t) to the co¬ 
ordinate x, 0^) (i co) is the Fourier transform or spectrum of the 
action f(t) : 

0/(0 (*«>) = J fWe-^dt. (4.10) 

o 

We recall that we obtain 0 (i co) and 0^) (i co) by replacing p 
by i co in the transfer function W{p) of the system, and in the Laplace 

transform of the function f{t)^ respectively. But in contrast to the 

00 

integral defining the Laplace transform, the integral J f(t) e~ l0it dt 

o 

has a meaning only if the function f(t) satisfies the condition lim/(£) = 

t-> 00 

= 0. We assume, moreover, that the function f(t) is bounded and con¬ 
tinuous for all t > 0. Actions which satisfy this condition are called 
vanishing as distinct from non-vanishing actions which, remaining 
continuous and bounded for all t > 0, tend to a non-zero limit as 
t _> oo . As we shall show later, the Fourier transform can also be used 
for some non-vanishing actions, but this requires special consideration. 


**See Appendix I (p. 500). 
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If the Fourier transform &* (i co) for the coordinate x is calcul¬ 
ated, the required function x(t) is then determined by the inverse 
Fourier transform 

+ 00 

x(t) = — f 0*(ico)e lmt dco. (4.11) 

2 n J 


(b) The construction of the process in the case of a vanishing 

disturbance 

If lim/(?) = 0, i.e. if the disturbance is vanishing, then the pro- 

t 

cess can be constructed immediately from equation (4.11). For this 
purpose it is convenient to transform it as follows. 

We separate real and imaginary parts in <Z>* (i co) 

0* (i co) = P* (co) + i Q* (co) , 


and use Euler’s identity 

e lait = cos co t + i sin co t . 

Putting these values in the product &* (i co) e l0Ji we obtain 

&* (i co) e la}t = [P* (o) cos co t — Q* (co) sin co t] + 

+ i[Q* (co) cos co t -j- P* (co) sin co t ] . 

Then 

+ oo 

x (t) = f [P* (co) cos cot — Q* (co) sin cot] dco + 

2 71 J 
— 00 

+ 00 

4 —— f [Q* (co) cos coi + ( w ) sin co?] dco. 

2 71 J 


The function P* (co) is even, and the function Q* (co) is odd. The in¬ 
tegrand of the second integral is therefore odd and this integral is 
equal to zero. 


J [Q* (co) cos co? 4-P* (co) sin co?] = 0. 


(4.12) 
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The real part of the above equation, therefore, defines x(t) : 

+ 00 

x (t) ~ f [P* (co) cos cot — Q* (co) sin cot] dco. (4.13) 
2 71 J 

— oo 

Since we are only considering those functions f(t) which are equal to 
zero for all £ < 0 then x(t) = 0 for t < 0. Taking t to be positive, we 
replace t by —t in (4.13) and equate x(t) to zero. 


to 

— 1 
J 


[P* (co) cos (cot) + Q* (co) sin (cot)] dco = 0. (4.14) 


Adding equations (4.14) and (4.13) we find 


+ 00 


1 f 

(t) = - 

n J 


P* (co) cos cot dco. 


(4.15 


But P* (co) is an even function. Therefore 

+ oo +oo 


j P* (co) cos cot dco — 2 j P* (co) cos cot dco , 


0 


and the integral (4.15) can be written in the following form : 


+ 00 


i x (t) = — j P* (co) cos cot dco 

0 

I 

Subtracting (4.14) from (4.13) we obtain similarly 

2 f 

x(t) — — — Q* (co) sin co^ dco . 

n J 


(4.16) 


(4.17) 


The equation (4.16) defines the function x(t) in terms of the real part 
P* (co) of the Fourier transform of this function, which is equal to the 
product of the frequency characteristic of the system, W (i co ), and 
the Fourier transform of the acting disturbance (i.e. its complex 
spectrum). 



THE CONSTRUCTION AND THE EVALUATION 


265 


We recall that the above reasoning is true only if the given 
system is stable, if f(t) and x(t) are zero for t < 0 and if the disturbance 
is vanishing. 

The problem is now reduced to the calculation of the integral 
(4.16) with the help of some approximate methods. We restrict our¬ 
selves to the description of two methods suitable for this purpose. 



1st Method. We divide the co-axis into intervals A co (they can be 
unequal) and for each point of division we find the ordinate P* (co). 
We note that P* (coy) usually tends to zero as co -> °° . It is not usually 
necessary to take the whole range of the change in co. We take the 
point co 0 after which all P* < 0-1 P* , as the boundary point (Fig. 
154). The integration will be made from zero to co 0 for all the inter¬ 
vals A coj : 


ft ), ft) 2 

x (t) — — f P f cos cot dco + — f Pf cos cotdco + ... 

n J 7i J 

0 to. 



cos cotdco. 
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Therefore 

9 

x (t ) =--- — [P* (sin co 1 1 — sin 0 • t) + P| (sin co 2 t — sin co 1 1) + 
nt 

4- (sin to 3 1 — sin a> 2 t) + Pf (sin aq 1 — sin co 3 £) + ... 

+ P* (sin co n £ — sin £)]. 

Collecting similar terms, we obtain : 

x(t) = — [(P* - Pf) sin 0 ) 1 1 + (P* - P*) sin o > 2 1 + 
nt 

(^3 — ^4 ) S1Jl W 3 ^ 4" {P* — P&) S ^ n W 4 ^ 4" • • • 

+ (P *-1 — Pt) sin o> n _i t + P* sin a> n t ]. 

In using this method to construct the process we need only use 
tables of trigonometric functions, but on the other hand, to construct 
one point we have to calculate a large number of terms (sometimes 
from 30 to 40) in order to represent the function P* (co), by a series of 
discrete steps, with the required accuracy. We can considerably re¬ 
duce the number of terms if we replace the curve P* (co) not by a step- 
function, but by a broken straight line with sloping sections. 

2nd Method. We replace the curve P* (co) by a broken straight 
line, describing the curve sufficiently well (for example, the line 
chbfe in Fig. 155a). We project the joins c, h , b, /, e etc. on to the 
y-axis. The links of the line and the projecting straight lines parallel 
to the #-axis then form trapezia and triangles, one of whose sides 
lies on the ^/-axis. The area between the broken straight lines and the 
x-axis can be obtained by summing the areas of these trapezia and 
triangles, taking the sign into account. Thus, the area bounded by 
the broken line chbfe for example, shown in Fig. 155a, can be obtained 
by subtracting the area of the trapezium dgfe and that of the triangle 
ahc from the area of the trapezium abfg. Of course, these areas are not 
altered if we displace the trapezia and triangles so that one of their 
vertices lies at the origin of coordinates, one of their sides lies along 
the #-axis and another side along the y -axis (Fig. 1556). 

As a result, the integral of P* (w) can be approximated by the 
integral of the broken straight line constructed to describe the curve 
P* (co) sufficiently well, and this integral in its turn can be replaced 



THE CONSTRUCTION AND THE EVALUATION 


267 


by the sum or difference of the integrals of the curves bounding 
trapezia or triangles with one vertex at the origin of coordinates and 
with sides such that one lies along the #-axis and another along the 
*/-axis. 



Fig. 155 


Thus, in the case of Fig. 1556 

oo 

\ JP* (co) cos cof do ^ \ (chbfe) cos cot deo = j ( /~\ gabf) cos cot dco — 
— | ( \dgfe) cos cot dcu — | (Aach) cos cot dco. 
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Here, in the brackets under the integral signs we use the conventional 
notation for the broken straight line (Fig. 155a) whose equation and 
corresponding limits of integration must be substituted in the integral. 

The triangles with one vertex at the origin of coordinates and 
with two sides lying on the co-ordinate axes can be considered as a 
particular case of a trapezium whose base is equal to zero. 

The problem reduces to the calculation of the integrals for the 
trapezia. We denote by X (co) the equation of the curve bounding one 
of these trapezia. 



Then, on the strength of this reasoning we have 

oo 

V ( Xj (co) cos cot dco , (4.18) 

n j=i J 

o 

where the summation is made over all the trapezia. Let us calculate 
the integral 

J Xj (co) cos cot dco 
o 

for one of the trapezia. 

Consider the trapezium BCDE (Fig. 156). 

The required integration will be performed along two straight 
lines : along CD for co going from zero to co a , and along DE for co 
from co a to co b . 
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The equation of the first straight line is X (co) = r = const. 
We find the equation of the second line BE . 

From the triangles ABE and BEE we have : 


whence 


wdiere 


2A X 


r(o>i +/Ji) 


oj b 4 - w a 


~ D ^ Q D ! 

Ai — - , oj x — - 

2 2 


Thus, the equation of BE is 


2J X 2/1 x 


A (to) —— (coj + 4 1 — t») , 
2/1 x 


for values of co such that 


a> x — A x ^ a> ^ ctq -|“ Aj. 


We calculate the integral : 


j X (co) cos ojt dco — r J coscoidco 


-]-•—-— ( (co, + A, — a>) cos cot dco = r j coscoida)+ 

2/1 x J J 

(o l ~A l 0 

(o l -\-A l o? l *|-/l l 

r (' T {* 

A -(co 1 +^i) cos cot dco—-- qj cos cot dco — 

2/1 x J 2/1 j J 


-- — sin a>t d-(a>i + /Id sin cot \ 

t 0 2A l t U-J, 
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—(_1_ cos w t _L. gif: cot 

2 A ± \t 2 t 


to 1 — A x 


2 A x t 2 
roo 


[cos (co 1 + A x ) t — cos (a> 1 — ZlJ /] = 


=--— sin Wi £ sin zl, £. 

A 1 t 2 oo 1 

But rco 1 = A, the area of the trapezium. 
Therefore 


J *(«°) 


. .sin an £ sin Zb t 

cos co£ dco — A ---— . 

co 1 t A x t 


We recall (see Fig. 156) that in (4.19) 


(JO 


and A 

2 2 


Putting (4.19) in (4.18) we obtain finally : 

i *;(*) = —5 


( sincoj t \ 

/ sin Zl, t 


1 (0,1 J 

1 Ait ' 



(4.19) 


(4.20) 


The summation in (4.20) is made over all the trapezia. 

For convenience in calculating processes with the use of this 

sin x 

formula, a table of the values of the function- is given at the end 

x 

of this book*. 

Let us now summarize what has been said in this section, listing 
the operations which we have to perform in determining the co¬ 
ordinate x as a function of time for a system under the action of va¬ 
nishing action f(t) (i.e. which has the property lim/(£) = 0. In order 

t -->■ CO 

to construct the process it is necessary : 

1. To compute the frequency characteristic of the closed system 
from the point of application of the disturbance f(t) to the coordinate 

Xj = x. 


* See Appendix 2 (p. 505). 
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2. To compute the complex spectrum (i. e. the Fourier transform) 
of the acting disturbance f(t). 

3. To form the product of the complex functions found in 1 and 2 
and to find its real part P* (co). 

4. To draw the graph of the scalar function P* (o>) and to replace 
it by a broken straight line. 

5. To project the joins of this broken line on to the y-axis and 
to construct trapezia (or, in special cases, triangles) with one vertex 
at the origin of coordinates, and two sides lying along the co-ordinate 
axes, the sum or difference of their areas being equal to the area bound¬ 
ed by the broken line, taking sign into account. 

6. To calculate from formula (4.20) with the aid of the tables 
given in Appendix 2 points of the process for various values of t. 


(c) The construction of the process for a non-vanishing 
disturbance 

We consider now the case when a non-vanishing disturbance 

lf(t) acts on the system, i.e. one such that lim lf(t) = A 0. 

/-► 00 

We form the function cp (t) = lf(t) — A • 1 . This function is 
now vanishing, since lim cp (t) = 0 and lf(t) = cp (t) + A • 1 . 

t -*■ CO 

Any non-vanishing disturbance can therefore be represented 
as the sum of a vanishing disturbance cp (t) and the function A * 1 . 
Because of the property of superposition* the process caused by the 
disturbance 1 * f(t) can be constructed by adding the ordinates of the 
process caused by the vanishing disturbance cp (t) and the ordinates 
of the process caused by the unit function 1 first increased A times. 
The construction of the process caused by a vanishing disturbance 
was described above. To construct the process caused by any non¬ 
vanishing disturbance therefore it remains only to explain a method 
for constructing the process caused by a unit disturbance. 

When there is a unit disturbance, on the basis of (4.9) we may 
write 

0* (ico) = 0 (io>) 0 m (ia>) = —, 

10 ) 


* Since only linear systems are being considered. 
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since in this case 

Let 

Then 


0 m (ico) = T- . 


ICO 


0 (i co) — P (co) + i Q (co) 


-. . Q (co) . P (co) 

0* (fe) = ^^ 


It is not possible to use these relations directly in equations 
(4.16) and (4.17), since the function &* (i oj) obtained for the unit 
disturbance tends to 00 as co tends to 0. We therefore consider the 
function 


0(ico) = 


0 (/co) -P(0) 
ico 


(4.21) 


where P(0) is the value of P(co) for co = 0, and is, of course, constant. 

If we could have used formula (4.16) in the given case, then as a 
result of substituting in it 

P* (co) = Re 0* (i co) 

we would have obtained the required function x(t). If, therefore, we 
now substitute in (4.16) the real part of the function 0 (i co) (and 
this can now be done, since this function is bounded), we obtain 
not x(t ), but another function x(t) which differs from x(t) by the func¬ 
tion P(0) * 1 : 

x(t) = x (/) - P (0) • 1 : 


since the spectrum of the constant P(0) is equal to 


m 

ia> 


p (co) = R e 0 (i(o) = 

CO 


Q (co) = Im 0 (7co) — 


P(0)-P(q>) 

CO 


We put 
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Putting this in equations (4.17) and (4.18) in place of P* (co) 
and using Q* (co) 


and 


for t > 0 we obtain 


f sin too ^ __ 71 

J co 2 

o 


X (t) =x(t) + P (0) , 


and 


71 J 


2 f P (co) . 

1 —— sin on da> 


(4.22) 


x(t)=P( 0)+ — 

71 


2 C Q(co) 


cos cot dco. 


CO 


(4.23) 


Thus, when the action on the system is a unit disturbance, the 
transient process can be expressed as the integral (4.22) or (4.23), 
where P (co) is the real and Q (co) is the imaginary part of the frequency 
characteristic of the given closed system from the point of application 
of the unit action to the coordinate x. In contrast to the functions 
P (co) and Q (co), used in the construction of the process caused by a 
vanishing disturbance, the functions P* (co) and Q* (co) are determined 
only by the properties of the system, and do not include the spectrum 
of the action. 

In order to compute this integral we construct the graph of the 
real frequency characteristic P (co) and replace P (co) by the algebraic 
sum of several trapezia with one vertex at the origin of coordinates 
and two sides coincident with the coordinate axes : 

P (co) ^ (co), (4.24) 

J-i 

exactly as we did above in applying the second method for constructing 
the process for a vanishing disturbance. 
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Putting (4.24) in (4.22) we obtain : 


x(t) = —y C A (co) Sm — dco , (4.25) 

^ J CO 

0 

where the summation is made over all the trapezia. 

Let us now consider in more detail one of the trapezia (Fig. 157) 
and the integral in the sum (4.25) which corresponds to it namely, 

oo 

x(t) = — fZ^sinoitdo, (4.26) 

71 J co 
o 



The trapezium is completely defined by the three numbers r 0 , co 0 
and x = —- (Fig. 157). 

The value of the integrals (4.26) can be tabulated and from this 
table we can determine at once the values of the integral (4.25) for 
any t. 

Such tables would not be very convenient, since for each t they 
would depend on the three parameters x 0 , co 0 and x. 

Because of this, we consider the unit trapezium, which has 
t 0 — 1 and g)q = 1 (Fig. 158). We denote this unit trapezium by 




THE CONSTRUCTION AND THE EVALUATION 


275 


and introduce the relation 


h(t) 



sin ot 

-da>. 

co 


(4.27) 


The integral (4.27) depends for each t on the one parameter k 
and it is easy to tabulate its values. 

Carrying out the operation of integration in equation (4.27) we 
obtain : 


h{t)=— Si(K*) + 

71 


-L-\* 

1 — x 


(t)-S(xt) + 


cos t — cos xt 
t 


where 


Siz = 


-j. 


sin 2 


d z. 


The values of h(t) for x from 0-00 to 1-00 and for t from 0-00 to 26-0 
are set out in Table 15*. 

We denote by h(t) the value of the integral (4.26) for the given 
trapezia (for which the conditions r 0 = 1 co 0 = 1 do not hold). 



* There is a much fuller table of the function h(t) in: V. V. Solodovnikov, 
Yu. I. Topcheyev, G. V. Krutikova, The Frequency Method for the Construc¬ 
tion of Transient Processes with the Application of Tables and Nomograms 
(Chastotnyi metod postroyeniya perekyhodnkh protsessov s prilozheniyem 
tablits i nomogramm) Gostechizdat (1955). 
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Table 
Table of the 


X 

t \ 

j 0-0 

0-05 

0-10 

0-15 

0-20 

0-25 

0-30 

0-35 

0-40 

0-45 

0-0 

o-ooc 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-5 

0-158 

0-166 

0-175 

0-182 

0-190 

0-197 

0-205 

0-213 

0-221 

0-228 

1-0 

0-310 

0-325 

0-341 

0-356 

0-371 

0-386 

0-402 

0-417 

0-432 

0-447 

1-5 

0-449 

0-471 

0-493 

0-515 

0-537 

0-559 

0-580 

0-601 

0-622 

0-642 

2-0 

0-571 

0-600 

0-628 

0-655 

0-682 

0-709 

0-733 

0-761 

0-785 

0-810 

2-5 

0-673 

0-706 

0-739 

0-771 

0-802 

0-832 

0-861 

0-889 

0-916 

0-941 

3-0 

0-755 

0-792 

0-828 

0-863 

0-895 

0-928 

0-958 

0-986 

0-013 

1-038 

3-5 

0-814 

0-854 

0-892 

0-929 

0-963 

0-995 

1-024 

1-051 

1-076 

1-097 

4-0 

0-856 

0-898 

0-937 

0-974 

1-008 

1-038 

1-066 

1-090 

1-110 

1-127 

4-5 

0-882 

0-924 

0-964 

1-000 

1-032 

1,060 

1-084 

1-104 

1-120 | 

1-131 

5-0 

0-895 

0-939 

0-977 

1-012 

1 1-042 

1-067 

1-087 

1-102 

1-112 ' 

1-117 

5-5 

0-901 

0-944 

0-982 

1-015 

1 1-042 

1-063 

1-079 

1-093 

1-092 

1-091 

6-0 

0-903 

0-945 

0-981 

1-013 

1-037 

1-054 

1-065 

1-069 

1-068 

1-062 

6-5 

0-903 

0-945 

0-979 

1-009 

1-030 

1-044 

1-050 

1-050 

1-044 

1-030 

7-0 

0-904 

0-945 

0-078 

1-006 

1-024 

1-034 

1-037 

1-033 

1-023 

1-009 

7-5 

0-906 

0-948 

0-979 

1-005 

1-021 

1-027 

1-027 

1-020 

1-007 

0-991 

8-0 

0-911 

0-951 

0-983 

1-007 

1-020 

1-024 

1-021 

1-011 

0-998 

0-982 

8-5 

0-917 

, 0-959 

0-989 

1 1-011 

1-022 

1-024 

1-018 

1-007 

0-993 

0-978 

9-0 

0-925 

0-966 

0-996 

1-016 

1-025 

1-025 

1-017 

1-006 

0-992 

0-978 

9-5 

0-932 

0-973 

1-003 

1-021 

1-028 

1-026 

1-018 

1-005 

0-993 

0-982 

10-0 

0-939 

! 0-980 

1-009 

1-025 

1-030 

1-027 

1-018 

1-005 

0-994 

0-985 

10-5 

0-944 

0-985 

1-013 

1-028 

1-031 

1-026 

1-016 

1-004 

0-994 

0-988 

11-0 

0-947 

i 0-988 

1-015 

1-028 

1-030 

1-024 

1-013 

1-002 

0-993 

0-990 

11-5 

0-949 

0-989 

1-015 

1-027 

1-028 

1-020 

1-009 

0-998 

0-992 

0-991 

12-0 

0-950 

0-990 

1-015 

1-025 

1-024 

1-015 

1-004 

0-994 

0-989 

0-990 

12*5 

0-950 

' 0-990 

1-013 

1-022 

1-019 

1-009 

0-998 

0-988 

0-986 

0-989 

13-0 

0-950 

0-989 

1-012 

1-019 

1-015 

1-004 

0-993 

0-986 

0-984 

0-989 

13-5 

0-950 

! 0-989 

! 1-011 

1-016 

1-011 

1-000 

0-990 

0-983 

0-984 

0-989 

14,0 

0-951 

1 0-990 

' 1-010 

1-015 

1-008 

0,997 

0-987 

0-983 

0-985 

0-991 

14-5 

0-953 

0-991 

1-011 

1-014 

1-006 

0-995 

0-986 

0-984 

0-987 

0-994 

15-0 

0-956 

0-993 

1-012 

1-014 

1-006 

0-995 

0-987 

0-986 

0-991 

0-998 

15-5 

0 - 958 : 

0-996 

1-013 

1-014 

1-006 

0-995 

0-989 

0-989 

0-995 

1-003 

16-0 

0-961 

0-998 

1-015 

1-014 

1-006 

0-995 

0-990 

0-992 

0-999 

1-007 

16-5 

0-963 

1-000 

1-016 

1-015 

1-005 

0-996 

0-992 

0-995 

1-003 

1-010 

17-0 

0-965 

1-001 

1-016 

1-014 

1-005 

0-996 

0*993 

0-998 

1-006 

1-011 

17-5 

0-966 

1-002 

1-016 

1-013 

1-003 

0-995 

0-994 

0-998 

1-007 

1-011 

18-0 

0-966 

1-002 

1-015 

1-012 

1-002 

0-994 

0-994 

1-000 

1-007 

1-010 

18-5 

0-966 

1-002 

1-014 

1-010 

1-000 

0-993 

0-994 

1-001 

1-007 

; l-oos 

19-0 

0-966 

1-002 

1-013 

1-008 

0-998 

0-992 

0-994 

1-001 

1-006 

1-006 

19-5 

0-967 

1-001 

1-012 

1-006 

0-996 

0-991 

0-994 

1-001 

1-005 

1-003 

20-0 

0-967 

1-001 

1-011 

1*004 

0-995 

0-991 

0-994 

1-001 

1-004 

1-001 
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XV 

^-FUNCTION 


0-50 

0-55 

0-60 

0-65 

0-70 

0-75 

0-80 

0-85 

0-90 

0-95 

1-00 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-236 

0-244 

0-252 

0-256 

0-265 

0-275 

0-283 

0-294 

0-299 

0-305 

0-313 

0-461 

0-476 

0-491 

0-505 

0-519 

0-534 

0-548 

0-561 

0-575 

0-590 

0-602 

0-662 

0-682 

0-701 

0-720 

0-741 

0-757 

0-775 

0-792 

0-810 

0-827 

0-842 

0-831 

0-856 

0-878 

0-899 

0-919 

0-938 

0-957 

0-974 

0-991 

1-008 

1-022 

0-963 

0-988 

1-010 

1-030 

1-048 

1-066 

1-082 

1-096 

1-109 

1-121 

1*131 

1-061 

1-081 

1-100 

1-116 

1-131 

1-143 

1154 

1-162 

1-169 

1-174 

1-177 

1-116 

1-133 

1-147 

1-157 

1-165 

1-171 

1174 

1-175 

1-174 

1-175 

1-166 

1-141 

1-151 

1-158 

1-162 

1-163 

1-161 

1156 

1-150 

1-141 

1-132 

1-119 

1-138 

1-141 

1-141 

1-138 

1-131 

1-122 

Mil 

1-098 

1-083 

1-069 

1-053 

1-117 

1-114 

1-107 

1-097 

1-084 

1-069 

1-053 

1-036 

1-019 

1-003 

| 0-987 

1-086 

1-076 

1-064 

1-048 

1-031 

1-014 

0-996 

0-978 

0-963 

0-948 

0-936 

1-051 

1-036 

1-020 

1-001 

0-984 

0-966 

0-949 

0-934 

0-922 

0-914 

0-907 

1-018 

1-001 

•0983 

0-965 

0-948 

0-933 

0-920 

0-911 

0-906 

0-904 

0-906 

0-922 

0-975 

0-957 

0-941 

0-927 

0-917 

0-911 

0-909 

0-911 

0-917 

0-926 

0-975 

0-958 

0-943 

0-931 

0-923 

0-919 

0-920 

0-926 

0-935 

0-946 

0-962 

0-966 

0-952 

0-941 

0-934 

0-932 

0-936 

0-944 

0-955 

0-970 

0-987 

1-002 

0-964 

0-954 

0-948 

0-947 

0-952 

0-961 

0-975 

0-991 

1-008 

1-024 

1-037 

0-968 

0-962 

0-961 

0-967 

0-976 

0-990 

1-006 

1-023 

1-038 

1-051 

1-060 

0-975 

0-973 

0-977 

0-987 

1-000 

1-016 

1-032 

1-047 

1-058 

1-065 

1-066 

0-982 

0-984 

0-993 

1-006 

1-020 

1-036 

1-049 

1-059 

1-063 

1-062 

1-056 

0-988 

0-994 

1*005 

1-019 

1-033 

1-046 

1-054 

1-057 

1-054 

1-046 

1-033 

0-993 

1-001 

1-014 

1-027 

1-039 

1-047 

1-048 

1-044 

1-034 

1-021 

1-005 

0-996 

1-006 

1-018 

1-029 

1-036 

1-038 

1-034 

1-024 

1-010 

0-994 

0-978 

0-997 

1-007 

1-018 

1-026 

1-029 

1-025 

1-015 

1-000 

0-985 

0-970 

0-958 

0-997 

1-007 

1-015 

1-020 

1-017 

1-009 

0-996 

0-979 

0-965 

0-955 

0-950 

0-997 

1-006 

1-012 

1-012 

1-005 

0-993 

0-979 

0-965 

0-955 

0-952 

0-955 

0-998 

1-005 

1-008 

1-004 

0-994 

0-982 

0-968 

0-958 

0-955 

0-960 

0-970 

0-999 

1-005 

1-005 

0-998 

0-987 

0-975 

0-965 

0-961 

0-965 

0-976 

0-991 

1-002 

1-005 

1-002 

0-994 

0-983 

0-974 

0-969 

0-972 

0-982 

0-997 

1-013 

1-005 

1-006 

1-002 

0-993 

0-983 

0-977 

0-978 

0-987 

1-001 

1-018 

1-032 

1-008 

1-007 

1-001 

0-992 

0-985 

0-984 

0-990 

1-003 

1-019 

1-032 

1-039 

1-010 

1-008 

1-001 

0-994 

0-990 

0-993 

1-003 

1-018 

1-031 

1-040 

1-039 

1-012 

1-008 

1-001 

0-995 

0-995 

1-001 

1-014 

1-027 

1-035 

1-037 

1-028 

1-012 

1-007 

1-000 

0-996 

0-999 

1-008 

1-021 

1-030 

1-032 

1-026 

1-012 

1-010 

1-004 

0-998 

0-997 

1-002 

1-012 

1-022 

1-027 

1-022 

1-011 

0-994 

1-008 

1-001 

0-997 

0-997 

1-004 

1-014 

1-020 

1-019 

1-008 

0-993 

0-978 

1-004 

0-998 

0-994 

0-997 

1-005 

1-012 

1-014 

1-007 

0-994 

0-979 

0-969 

1-001 

0-995 

0-993 

0-997 

1-004 

1-009 

1-006 

0-995 

0-981 

0-970 

0-967 

0-997 

0-992 

0-992 

0-997 

1-003 

1-005 

0-998 

0-985 

0-974 

0-969 

0-973 

0-995 

0-991 

0-992 

0-998 

1-003 

1-001 

0-991 

0-980 

0-972 

0-975 

0-986 
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Table XV 
Table of the 


X 

t 

0-0 

0-05 

0-10 

0-15 

0-20 

0-25 

0-30 

0-35 

0-40 

0-45 

20-5 

0-967 

1-002 

1-010 

1-003 

0-994 

0-991 

0-995 

1-001 

1-003 

1-000 

21-0 

0-968 

1-002 

1-010 

1-003 

0-994 

0-991 

0-996 

1-002 

1-003 

0-999 

21-5 

0-970 

1-003 

1-010 

1-002 

0-994 

0-993 

0-998 

1-003 

1-003 

0-998 

22-0 

0-971 

1-004 

1-011 

1-002 

0-994 

0-994 

1-000 

1-004 

1-004 

0-998 

22-5 

0-972 

1-005 

1-011 

1-002 

0-995 1 

0-996 

1-002 

1-006 

1-004 

0-998 

23-0 

0-973 

1-006 

1-011 

1-002 

0-995 

0-997 

1-003 

1-006 

1-004 

0-998 

23-5 

0-974 

1-006 

1-011 

1-002 

0-995 

0-998 

1-004 

1-006 

1-003 

0-998 

24-0 

0-975 

1-006 

1-010 

1-001 

0-995 

0-998 

1-005 

1-006 

1-002 

0-998 

24-5 

0-975 

1-006 

1-009 

1-000 

0-995 

0-999 

1-004 

1-005 i 

1-000 

0-997 

25-0 

0-975 

1-006 

1-008 

0-999 

0-995 

0-999 

1-004 

1-004 

0-999 

0-996 

25-5 i 

0-975 

1-006 

1-007 ' 

0-998 

0-994 

0-999 

1-004 

1-002 

0-997 

0-996 

26-0 : 

0-975 

1-005 

1-006 

j 

0-997 

0-994 

0-999 

1-003 

1-001 

0-996 

0-996 


If we consider the unit trapezium with the same value of x as the 
given trapezium r (co), then h(t) and h(t) are connected by the relation.* 

h (T) = r 0 A (co 0 1) . (4.28) 

The product co 0 t is dimensionless. In Table 15 the corresponding 
term is shown as dimensionless time. For co Q = 1 it coincides numeri¬ 
cally with t in seconds. 

The relation (4.28) enables us to determine the value of h(t) for 
any moment t from the table constructed for the unit trapezium. 

From (4.25) the required transient process can be found from the 
formula x(t) — Z h(t) , where the summation is made over all the 
trapezia. 


(d) The construction of the real frequency characteristic P(co) 

When these methods for constructing the control process are 
used in practice, the greatest time is spent in constructing the real 
frequency characteristic P (co) for the given system. If, during the 
analysis of stability, the D-partition was constructed for the total 

* See Section 7, Criterion 10 (p. 323). 
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(coi'jtd.) 

/^-FUNCTION 


0-50 

0-55 j 

0*60 

0*65 

0*70 

0*75 

0-80 

0*85 

0*90 

0*85 

1*00 

0*994 

0*991 

0*994 

1*000 

1*002 

0*998 

! 

0*987 

0*978 | 

0*977 

0-987 

1*001 

0*993 

0*992 

0*996 

1*001 

1*002 

0*996 

0*986 

0*982 

0*987 

1*001 

1*015 

0*994 

0-994 

0*999 

1*004 

1*002 

0*995 

0*988 

0*988 

0*998 

1*014 

1*025 

0*995 

0*997 

1*002 

1*005 

1*002 

0*995 

0*992 

0*997 

1*010 

1*024 

1*029 

0*996 

1*000 

1*005 

1*007 

1*002 

0*996 

0*996 

1*005 

1*019 

1*028 

1*028 

0*997 

1*002 

1*007 

1*007 

1*002 

0*997 

1*001 

1*011 

1*022 

1*025 

1*016 

0*999 

1*003 

1*008 

1*006 

1*001 

0*999 

1*004 

*•015 

1*021 

1*016 

1*003 

0*999 

1*004 

1*007 

1*004 

0*999 

0*999 

1*007 

1*015 

1*016 

1*006 

0*990 

0*999 

1*004 

1*006 

1*002 

0*997 

0*999 

1*007 

1*012 

1*007 

0*993 

0*980 

1*000 

1*004 

1*004 

0*999 

0*996 

1*000 

1*007 

1*008 

0*998 

0*984 

0*975 

1*000 

1*003 

1*001 

0*996 

0*995 

1*000 

1*005 

1*001 

0*989 

0*978 

0*977 

1*000 

1*002 

1 

0*999 

0*995 

0*995 

1*000 

1*002 

0*996 

0*984 

0*978 

0*984 


coefficient of amplification of the open system, then this construction 
can be used to simplify considerably the construction of the real 
characteristic P (co). 

Let the transfer function from the point of application of the 
disturbance to the given coordinate be of the form 


0 (p) =■■ 


_ L (p) _ 

D(p) + KB(p)’ 


(4.29) 


where K is the total coefficient of amplification of the open circuit. 
Dividing the numerator and denominator of 0 (i co) by R (i co) we 
obtain : 


L (ico) 


0 (ico) = 


R (ico) 


D (ico) 
R (ico) 


+ K 


The denominator of 0(p) is the same as the left-hand side of the char¬ 
acteristic equation of the system. Hence, the boundary of the D-par- 
tition for K is : 


K = S (ico) 


D (ico) 
R (ico) 
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Putting this value in 0 (i co), we find : 

L (ico) 

0 (ico) — 


R (ico) 


S (ico) — K 


We now add the hodograph of the vector 


L(ico) 

-— to the graph 


R (ico) 

on which the Z)-partition boundary for K (i. e. the hodograph of the 
vector S (i co) was drawn. Then 0 (i co) is defined as the ratio of the 
L(ico) 

vectors-and S (i co) — K, taken for the same value of co , 

R(ico) 

and the real characteristic P (co) is equal to 


P(oj) = cos (cp x — <p 2 ) , 

JD 


where A and B are the moduli and <p x and <p 2 are the arguments of the 
L (ico) 

vectors —- and S (i co) — K for the same value of co. One 

R (ico) 

end of the vector S (i co ) — K lies at the point u = K and the others 
at the point on the hodograph of S (i co) corresponding to this value 
of co. When S (i co) has already been constructed for the analysis of 
stability, the calculation of P (co) reduces to the additional construction 


of the points of the hodograph of — 


L (ico) 
R (ico) 


, which is usually not very 


complicated since the degree of L(p) and of R(p) is not high. In servo¬ 
mechanism theory and in some problems in the theory of automatic 
control the disturbances which are applied are such that the transfer 
function of the closed system is , 


0(p) 


W (p) 


1 + W(p) 


where W (p) is the transfer function of the open system. In this case 


0 (ia>) = 


K 


- S (ico) + K 


If from any point coj of the hodograph S (i co) a vector is drawn to the 
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point a where u — K (Fig. 159), then this vector determines the de¬ 
nominator in (4.29). 

Therefore 

Oa ac 

P (m ) = .LZT" COS (p — . 

' J ab ab 

In this particular case, the real frequency characteristic P (go) 
can be constructed immediately if we know the boundary of the 
D-partition for K. In order to do this a perpendicular is dropped from 



Fig. 159 


the origin of coordinates to the vector ab , corresponding to any 


frequency coj, and we take the ratio of the segment ac cut off on ab 
to the magnitude of this vector (Fig. 159). 

Doing this for various frequencies, we can construct the points 
of the whole real frequency characteristic. 

In just the same way it is easy to find a method for calculating 
P (go) from the amplitude-phase characteristic of the open system 


of the first kind 


D (io) 
K (id>) 


or of the second kind 


K (io) 
D (id)) 


* Another method for constructing P(co) from the amplitude-phase charac¬ 
teristic of the open system is described in the book mentioned in the footnote 
on p. 283. 
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5. General Considerations of Indirect Estimates of the 
Control Process. The Degree of Stability 

Each of the methods described above enables us, with greater 
or less difficulty and expenditure of time, to construct the control pro¬ 
cess for a given disturbance and for fixed values of all the parameters. 
Methods of constructing the process which do not involve the calcul¬ 
ation of the roots of the characteristic equation make it somewhat 
easier to determine how the assembly parameters influence the course 
of the process than do methods which require the calculation of these 
roots, but in either case it is a complex and laborious problem to find 
the dependence of the processes on the change in the parameters. 
Also, the technical conditions laid on the design of controllers usually 
place strict requirements on the character of the process, and the 
problem of designing the load and the tuning of these devices consists 
of satisfying these requirements. In such cases the construction of 
the process is used only as a check, and the choice of parameters is 
made according to these or other indirect estimates. We shall restrict 
ourselves henceforth to the consideration of estimates of transient 
processes, i.e. we shall consider the disturbance to be the unit function. 
In the theory of automatic control three types of indirect estimate of 
the transient process are used : estimates concerning the distribution 
of zeroes (or zeroes and poles) of the transfer function <P(p), the integrals 
of the estimate, and estimates of the process from the graphs of the 
frequency characteristics of the given system. 

Among the estimates concerning the distribution of the zeroes and 
poles of the transfer function, the simplest and most widely used is 
that which finds the distance in the root-plane between the imaginary 
axis and the root nearest to it. This distance is called the “degree of 
stability ”. 

(a) The concept of the degree of stability 

We return to the formula which defined the control process in 
terms of the roots of the characteristic equation 

x (if = y - ^ e p * ( = y c k e p * f , 

B'{p k ) & 

where p k is a root of the characteristic equation. 
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Those terms for which the real part of the root p^ — — a k ± 
i i j3 k is small in modulus, i.e. for which the root lies near the imagi¬ 
nary axis, dominate this sum. In such cases we sometimes estimate the 
transient process by finding the distance between the imaginary 
axis and the root nearest to it, i.e. by finding the degree of stability. 
Of course, the system is here assumed to be stable. 

Let us denote the degree of stability by d. 

The degree of stability is said to be aperiodic if the root nearest 
the imaginary axis is entirely real. It is said to be oscillatory if the root 
nearest the imaginary axis is complex. If the degree of stability is 
aperiodic, then the exponential determined by this root will dominate 
the sum. The damping of the transient process is determined roughly 
by this exponential. , 

If the degree of stability is oscillatory, then the process is charac¬ 
terized roughly by the damped sinusoid, whose envelope has the 
equation 

x = Ce ~ 6t . 

Therefore the value of 8 is sometimes indirectly measured by 
the damping of the process. 


(b) The determination of the magnitude of the degree of 
stability from the Ilouth-Hurwitz criterion 

Let the characteristic equation of the system be given: 
V n + % p n ~ l + a 2 p + . . . + a n .p+a n = 0. 


We reduce this equation to a simpler one, by making the substitution 


Then 


V 


\a n X. 


f (A) — A” -j- A' 1 1 A 2 X n 2 + • • • + A n _ 1 A —j— 1 =— 0, 


A k = 


a k 



where 
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We shift the imaginary axis to the left so that it passes through 
the root nearest to it. In order to do this we make the substitution 
A = z — <5 : 

f(z — S) = (z — d) n + A 1 (z — 6 J""* 1 + 

+ A 2 (z - d)"-*+ ...+A n _ 1 (z-d) + 1 = 0. 




Fig. 160 


Opening the brackets and collecting like terms, we obtain : 
/ (z) = z n + B x z"- 1 + B 2 z"~ 2 + . .. + z + B n = 0 , 

where 


B k 


1 


(n — 1c)\ 


d n ~ f (z) 


d z n ~ k 


\z=—6 
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For 5 = 0 all roots of the equation f(z) = 0 lie to the left of the ima¬ 
ginary axis, since f(z) is then equal to /(A), but we have assumed the 
system to be stable. All the Hurwitz determinants A v A 2 , ... ,A n , 
therefore, formed from the coefficients of the equation f(z) for 5 = 0, 
are positive. We now increase 5 until one of the Hurwitz determinants 
first becomes zero. The corresponding value of 5 will be the required 
degree of stability. As 5 increases the highest determinant A n is al¬ 
ways the first to become zero. But A n — B n A n - X and A n can only 



Fig. 161 


become zero either because B n — 0 or because A n ^ = 0. The degree 
of stability is aperiodic if in this case B n — 0, and is oscillatory if 
— 0. This leads to the following simple method for determining 
the degree of stability. We construct the curves B n (5) and A n - l (5) 
and find the point corresponding to the intersection of one of these 
curves with the 5-axis which is nearest the origin of co-ordinates 
(Fig. 160). This point determines 5, the degree of stability. It is aperio¬ 
dic when (Fig. 160a) this point belongs to the curve B n (5) and it is 
oscillatory when (Fig. 1605) it belongs to the curve A n - X (5). 

(c) The determination of the degree of stability from the 
Mikhailov criterion 

In order to determine the degree of stability we can use any of the 
stability criteria. We have just considered a method based on the use 
of the Routh-Hurwitz criterion. We now determine the degree of 
stability using the Mikhailov criterion. 
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Let the characteristic equation of the given system be reduced to 
z n 4- 5 1 2 n_1 + B 2 z n ~ 2 + ... + B n _ t z + B n =0. 

We draw its Mikhailov hodograph, first taking d = 0. In this case, 




Fig. 162 


by hypothesis, the system is stable. We vary the parameter <5, giving 
to it various values, and for each of them we shall construct its cor¬ 
responding Mikhailov hodograph (Fig. 161). We continue this operation 



Fig. 163 


until for some d the hodograph first passes through the origin of co¬ 
ordinates. This value of d is equal to the required degree of stability. 
The Mikhailov hodograph can pass through the origin in different 
ways. Two cases are possible (Fig. 162a and b). 

In the first case, the degree of stability will be oscillatory, and 
the imaginary part of the root occurring on the imaginary axis is 
found at once to be the point corresponding to a> 01 . In the second case 
the degree of stability will be aperiodic, since in this case the free 
term beomes zero : B n = 0. 
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. To determine the degree of stability we need only construct 
the small part of the Mikhailov curve near the origin of coordinates 
The convenience of using the degree of stability as an indirect 
estimate of the process arises from the fact that in the plane of any 
one or two parameters which enter linearly into the characteristic 
equation it is easy to construct the curves determining the lines 
corresponding to the degree of stability. To do this it is only necessary 
to know the value of d and then to construct the boundary of the 
region of stability, for example, by the usual construction of the D- 
partition for the equation f(z) = 0. In this way, by constructing the 



D-partition for the equation f(z) = 0 several times, we can not only 
determine the region of stability (putting (3 = 0) but also partition 
it by lines equal to <3. 

(d) The connexion between the degree of stability and the values 
of the time constants of the stages of a single-loop circuit 

When considering questions concerning the stability of single¬ 
loop systems (without derivative action) we established that these 
systems can be made stable only by choosing the parameters of the 
stages to fulfil definite conditions, concerning the structure of the 
network itself : the system cannot be made stable if it contains more 
than one stage which is astatic or unstable, or if it contains so many 
conservative stages that the inequality n > 4r is not satisfied, 
where n is the degree of the characteristic equation, and r is the 
number of conservative stages. 
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Let us first consider a system containing one astatic stage and 
any number of single-capacitance stages. 

The structural scheme is similar to the system shown in Fig. 163. 
The characteristic equation of the system is 

p(T lP + 1 )(T 2 p + 1 )...(T n p+ 1)+K = 0. 

We make the substitution p = z — b 9 obtaining 
(z — b) (T x z + 1 — b T x ) (T 2 z + 1 — b T 2 ) . . . 

. . . (T n z + 1 - b T n ) + K = 0. 


The degree of stability of the given system is greater than any value 
<5 = <5 0 , if, after putting b — d 0 in this equation, all its roots lie to 
the left of the imaginary axis. To be precise let us suppose that the 
stages of the system are so numbered that the values of the time 
constants decrease, i.e. 

T ± > T 2 > > . . . > T n . 

Depending on the increase in 6, the value Q = — will be reached 

at some point. For large b at least two brackets will have negative 
free terms, and this corresponds to a system containing more than one 
unstable stage. Such a system is structurally unstable, i.e. for any 
choice of the parameters T t (i = 1 , 2, . . . , n) and K not all the roots 
of the given equation can lie to the left of the imaginary axis. Hence, 
the degree of stability of the given system cannot be greater than 

— , i.e. the degree of stability does not exceed the reciprocal of the 
* 1 

greatest time constant of the single-capacitance stages. 

We now consider a single-loop system consisting only of single¬ 
capacitance stages. The characteristic equation of this system can be 
written in the following form : 

U {T jP +l)+K = 0. 

J= 1 

We make the substitution p — z — b : 

11 [: T j z + (l-T j d)] + K=0 . 

J -1 
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For d = 0 we obtain the initial equation. As d increases, the stage 
with the greatest time constant will become unstable, but its presence 
can still not destroy the structural stability of the system. As 8 in¬ 
creases further, the stage with the second largest time constant be¬ 
comes unstable, and from this value of 8 the structural stability will 
be lost. 

Thus, in this case the degree of stability , 8 , cannot be made greater 

than where T 2 is the second largest time constant in the circuit of 

single-capacitance stages. In real systems the second largest time 
constant is usually considerably smaller than the first, and therefore 
when there is no astatic stage a considerably larger value of 8 can be 
obtained. 

In exactly the same way, by using the theorems of structural 
stability, we can find the maximum degree of stability attainable in 
systems containing stages of other types (oscillatory, unstable, con¬ 
servative). 

(e) Remarks 

The exceptional simplicity of estimating the 4 ‘degree of stability’’ 
and the relative ease with which one may determine the parameters 
which minimize it often lead to excessive optimization and careless 
use of this estimate in the design of the control system. 

In fact, the use of the degree of stability in the calculation de¬ 
mands great care. Only for very special initial conditions can we 
succeed in finding a direct connexion between the magnitude of the 
degree of stability and the quality of the process. Even in these cases 
the degree of stability is related to only one indicator characterizing 
the quality of the process, the control time. Usually, if we construct 
a line representing the degree of stability in the plane of any two of 
the parameters and compare the processes caused by the same dis¬ 
turbance in systems corresponding to the various points of this line, 
then these processes are seen to differ very much. Not only the over¬ 
shoot, but also the control time, can change by several times when 
the same degree of stability exists for various ratios of the parameters. 

Moreover, this estimate is often not generally applicable to a 
proportional rate floating controller, for the following reason. 

The processes in this controller can be divided into two sections 
A and B (Fig. 164). The section A corresponds to the steady value 
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of x with an accuracy depending on the static error, determined by 
the static part of the controller, and the section B to the removal of 
this static error by the float. Usually the length of the section B is 
considerably greater than the length of A . But we are interested mostly 
not in the total time corresponding to the sections A and B but in 
the time corresponding to the section A. Even when the degree of 
stability is related to the control time, it determines the total time of 
the process. The length of A is related in such systems to the distance 
between the imaginary axis and the root nearest but one to it. 



Fig. 165 


The question of when we can and when we cannot determine 
the optimal parameters minimizing the degree of stability can be 
solved only by experimental investigation and adjustment of real 
systems. For this reason in control theory we do not limit ourselves 
to this more simply calculated, and also very primitive, estimate, 
but we consider more complex indirect estimates. 


6. Integral Estimates 

(a) General considerations 

Until now we have everywhere taken the value of the coordinates 
in the given steady state as the zero of the increments in the co¬ 
ordinates, i.e. we have taken the “old equilibrium ,, which existed 
in the system up to the beginning of the disturbing action causing the 
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control process as the origin. In this section we shall measure the 
increments of the coordinates from their new equilibrium value, 
which is set up in the system as a result of the disturbance 1. This 
restriction is not essential when integral estimates are used. For, by 



making the computations more complicated, we can easily extend 
them to the case when the given disturbances are other functions. 
Limited here to an estimate of the transient processes we will replace 
the unit disturbance 1 by the equivalent initial conditions. 

The transient process would be ideal if at the moment the unit 
disturbance appeared, the considered coordinate instaneously 



292 


THEORY OF AUTOMATIC CONTROL 


acquired its new steady value and did not change it again until the 
appearance of a new disturbance (Fig. 165). In real systems such a 
process is not possible, but the smaller the area between the curves 
of the real and ideal processes (shaded in Fig. 166), the less the process 
will differ from the ideal. In the case when there is no overshoot 
(if the system is static, see Fig. 167) or when the curve x(t) does not 
intersect the £-axis a second time (if the system is astatic) the given 


*m 



Fig. 168 


area is defined by the integral 

oo 

[ x (t) dt . (4.30) 

o 

In other cases this integral does not define the given area, since 
in computing the integral the separate areas must be summed taking 
the sign of the ordinates into account (Fig. 168) ; thus, for example, 
in the case of weakly-damped oscillations independent of the ampli¬ 
tude, the integral would be small, although the area, characterizing 
the deviation of the real process from the ideal, can here be as large 
as we please. 

In the cases given above, when the integral (4.30) does define 
the given area, it provides a convenient means of choosing the system 
parameters : the parameters are chosen so that the value of the 
integral will be a minimum. Of course, such an estimate is indirect, 



THE CONSTRUCTION AND THE EVALUATION 


293 


and the selection of the parameters must be made as a preliminary, 
since very different processes can occur even for monotonic processes 
with equal areas. Despite this, the use of such estimates often enables 
us to select the initial parameters quickly, verification that the choice 
is correct follows by constructing the process. 

To calculate the integral (4.30) we note that the Laplace transform 
for the expression xj (£) is, by definition, equal to 

oo 

L[xj(t)] = J xj(t)e-r*dt 

0 

and hence 

oo 

J Xj ( t ) d t — lim L [x (f)]. 
o o 

The practical application of such a simple estimate is compli¬ 
cated by the fact that only in rare cases is it known beforehand that 
the process does not possess overshoot or that, in the astatic case, 
during the process a zero value of the deviation of the controlled co¬ 
ordinate is not attained several times. 

If the process is oscillatory, then an estimate of how close the 
transient process is to the ideal can be made from the values of the 

• oo 

integral J \x(t)\dt, but the value of an integral such as this is usually 
o 

difficult to compute. It is more convenient to estimate the process 
from the value of the integral 


J x 2 ( t ) dt. (4-31) 

o 

If we select the system parameters to make this integral a minimum, 
then the transient process obtained is usually excessively oscillatory. 

In order to avoid obtaining strongly oscillating processes, we 
assume that the parameters have been chosen so that the integral 

oo 

§ [x*(t) + r 2 x 2 (t)]dt, (4.32) 

0 

shall be a minimum, where r is any given number. 

The selection of the system parameters made so that we obtain 
the minimum of this integral (provided we have chosen the right 
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value of t) enables us to obtain a sufficiently good transient process 
with small overshoot and it is often monotonic. Sometimes we use even 
more complicated estimates 

00 

f [x 2 (t) + r 2 x 2 (t) + *s®*(0]<u 

0 

or, more generally : 

oo 


0 

We will restrict ourselves to the basic estimate (4.32). To use this 
integral estimate to calculate the system, we must answer the following 
questions : 

1. How must the value of x, entering in (4.32), be chosen for the 
investigation of the real automatic control system? 

2. How do we find the system parameters for which the chosen 
estimate is a minimum? 

3. How near to the process required by the technical conditions 
will be the transient process with parameters chosen in this way? 


(*) + 1\ 


dx (f) 
d t 


d 2 x ( t ) 
dt 2 


+ 




d n x(t) 


d i n 


d t. 


(b) The choice of the integral estimate 
We write the integral 

00 

[x 2 (<■) + r 2 x 2 (t)]dt 

0 

as the difference of two integrals : 


f [ x 2 (t) + r 2 x 2 (t)]dt = 

0 

oc oo 

= j [x (t ) + XX (t) 2 dt — 2r \ X (t ) X (t) dt = 
0 0 



0 


+ xx (/)] 2 d^ — 2r 



o 



—* j [x (t) 4- xx ( t )] 2 d^ — 2r j x (t) dx . 
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We compute the last integral: 


r rr2 (f\ \<x> 

2 T X (t) dx — 2r — —— I = r [x 2 (oo) — x 2 (0)]. 

J 2 jo 

o 

If the system is stable, then x(°°) = 0, since in this section we 

take the origin of x as the value Steady which is set up as t —v °°. 

Then 

f [x 2 ( t) + t 2 X 2 (; t )] dt = J l> (0 + TX (<)] 2 dt 4- rx 2 (0). 

o o 

The last term on the right hand side is a constant, defined by the 
initial deviation of the system. The first integral 

oo 

j [x 2 (t) 4“ T 2 x 2 (/)] d^ 
o 

will have its least value when the integral on the right hand side of 
the equation written above is zero, 


f [x(t) +rx(t)] 2 dt= 0. 
o 

Due to the fact that the integrand is always positive, this can 
happen only when the integrand is equal to zero, i.e. 

[x (t) rx (t)] 2 — 0 
or 

x (t)rx (t) = 0. (4.33) 

Thus, the first integral attains its minimum when x(t) satisfies 
the differential equation (4.33). The least value is equal to 

Aninmin = (^)* 

The differential equation (4.33) determines the transient process to 
which we can approximate in the limit, if the parameters can be 
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chosen so that I ~ I minmin* This limit process will be defined by 
the exponential x(t) = #(0)e — r. 

The value of t is chosen so that the exponential x(t) = x(f))e~x will 
with a known tolerance satisfy the conditions which must be satisfied by 
the transient process . Once r has been chosen the integral estimate is 
fixed. After this the system parameters are selected so that the 
chosen integral estimate takes its least value, I min . Of course, the 



value of 7 min in this real case will be greater than / m inmin ? and the 
process in the system will differ from the given exponential. But of 
all the possible parameters those chosen will ensure the process which 
is nearest to this exponential. 

It has been shown that when the simplest quadratic integral 

oo 

estimate j' x 2 ( t ) dt is minimized, the process nearest to 
o 

sin co t 

x (t) = x (0) ~— - -- . 

co c t 

is ensured. The graph of this function is shown in Fig. 169. It is natural, 
therefore, that from the point of view of the minimization of the in¬ 
tegral, the choice of parameters leads to a system with an excessively 
oscillatory process. 
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By using more complicated estimates we can, by minimizing 
them, approximate to processes of a more complicated form, for example 
to processes consisting of several summed exponentials. 

do 

We pass now to the computation of J (z 2 + r 2 x 2 ) dt via the 

o 

system parameters and to the choice of the parameters which mini¬ 
mize this integral. 


(c) The determination of the system 'parameters which minimize 
the integral estimate 

We consider a system of linear differential equations of the general 
form* 

n 

Xi= ^a u Xj 

j=i 

and the most general form of the integral quadratic estimate 

/ = f Fd t, 


where 


V = A l x\ + A 2 xl + ...4- A n x% = J? A,xf. 

i=l 


The integral (4.32) which interests us is obtained from this if we put 
x x — x, x 2 = x, A 1 = 1 , A 2 = r 2 and A^ = A 4 — ... = A n = 0. 
We choose another quadratic function U such that 

~~ = — V. (4.34) 

dt 

co 

Then the integral I = J Fd£ is easily calculated. 


* If the system contains equations whose orders are higher than the first, 
then it is easy to reduce to this form, by denoting the second and higher deriv¬ 
atives by new letters. Thus, for example, the equation 


reduces to the system 


ax j + bx x + cx ± = 0 


x, = x 2J 


X 9 — Xn X*. 



298 


THEORY OF AUTOMATIC CONTROL 


In fact 


i. e. 


V dt = -dU , 


I = 




= — [U (oo), — U (0)]. 


In a stable system when t — °° x x — x 2 . . . — = 0, and therefore 

Z7(oo) — 0. 

Therefore 

oo 

I = J V dt = U (0), 

0 

i.e. in order to determine I we put the initial values of x v x 2 , . .. , x n 
in U. 

In order to determine U, we will look for it in the form 


n 

jj — jy Bjj X{ Xj , 

i,j= l 

where all the 
the equation 


or 

is satisfied. 

Putting in this the above expressions for V and V we obtain: 



We replace X( at once by the right hand side of the initial system 
of first order linear equations 

Ms 

1=1ly=l Jlj=1 


V A t x\. 

r 


By are numbers which have to be determined so that 
d U 


dt 


= -V 


”, dU . 

> —— Xj = — V . 

r~\ QXj 
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The left and right-hand sides of this equation consist of quadratic 
forms. Equating coefficients of x\, x\, . on the left and right 

and equating the coefficients of the products x { Xj (i =h j) to zero 
(since there are no similar terms on the right-hand side) we obtain a 
system of linear algebraic equations for all the By. Solving these 
equations, substituting the values of By in JJ and using the given 
initial conditions, we find JJ as a function, which we can minimize 
further, of the system parameters (the coefficients ay). 


Example 1. We demonstrate the method for finding U by taking as 
an example the equation 

a 0 x x -j- a x x y + a 2 x x — 0 , 
which we replace by the system 


Let us put 


x x = x 2 , 



V = X J + T 2 x\ . 


We seek U in the form 


U = B Xl x\ + B X| Xt x l x 2 + B X2 xl . 


From the condition 


we find 


d U 
d t 


= - V 


dU . dU . ~ r 

- dx ~ + -g— = (2 B xi x l + B XI X2 x 2 ) x, + 


+ (2 B Xa x t + B XiX2 x x ) (— Xj j = 

Equating coefficients on the left and right, we obtain the system of equation 


_ b = - l 

XlXz ’ 


B xlXl -i-hB x =-r\ 


% B Xl ~ B XlXi — 2 “■ = 0 • 

a 2 a 0 



300 


THEORY OF AUTOMATIC CONTROL 


system , 

we 

find 

= 

a o 

a 2 


R — 

a 2 0 


73 XI — 

2®! L a ( 

R „ 

a 0 

r 

73 X2 ~ 

2 cq 

L a 2 


whence 


I = J (x\ + T 2 x\) dl = U (0) = 

0 

—— t2 + (~r + —yi (°) + 

L a 0 V a 0 ' j 


+[-sr+<°)+^-, ( °>-.«»- 


The parameters a 03 cq and a 2 which minimize I are now easy to find by 
the usual rules for finding the absolute minimum of a function of several 
variables. 

Example 2. Let the given system be described by the second order 
equation 


d 2 x dx 

“d V +h ~At + * X = Q - 


Let us suppose that for 


t = 0 x — 1, = 0. 

at 


The integral estimate is I = j* (x 2 + 2x 2 ) dL In the given case 

o 


x l — x t x 2 — , x x (0) = 1, x 2 (0) = 0, = hy = 3, r = 2 . 


Therefore 




With the given conditions we must find the value of h — /t min for which I = 7 min , 
To do this we equate the derivative-^* to zero: 


dl _ 1 
dh 6 
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from this condition we determine the quantity 7fc min : 

and, therefore, 


In this case 

Therefore, for h = f21 the process is closest to the exponential exponent 
— H ^ * s different from it. 


A mi n=K21 


t _ d* _ 1^21 7 

I„, 1 n-fix--g-+y^ r = 1.53 


Iminmin — ^ 2 ^ 1.41 . 


(d) The estimate of how far the process deviates from the extremal 

process 

In solving practical problems it is often necessary to evaluate 
the deviation of the real process in the system from that to which it 
tends, by minimizing the integral estimate. 

Let the value of the integral I m]n be computed for the selected 
values of the system parameters. 

In addition, let / min mjn5 the value of this integral estimate for 

_ JL 

which the transient process coincides with the exponential x * = Ce T , 
be known. 

It was shown above that the quantity / = / min min is determined 
by the product of the square of the initial deviation x 2 (0) and r: 

^ mi nmin = Ta;2 (0). 

We consider the difference between these two integral estimates 

p — j _ j 

u min L min min * 


Let A x — x — x*, where x is the change of the given coordinate for 
the chosen values of the parameters, and x* is the change in this co¬ 


ordinate when 1 = 1 . 


min min* 
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We put the obtained value of x in the general expression for 7 min : 


or 


^min 


j 


-^min 


X * 2 -(- T 2 


(x* -j- Ax) 2 + T 2 


( da:* dAx 


d* d t 


dt, 


da:* 


dt 


+ 


Ax 2 4' t 2 


d Ax 


dt 


+ 


+ 2 


+ 


X* Ax + T 2 


Ax 2 + T 2 


da:* d Ax 


dt dt 
d Ax \2 


) , r 

/ da:* 

2 


X *2 I t 2 


( J 

l d t J 



dt + 


dt 


dt 4- 2 


x*Ax + t 2 


da:* d Ax 


d* dt 


dt. 


In the last integral we put 


x* = Ce T 


and, integrating by parts, we can show that the last integral is equal 
to zero. 

The first integral is equal to 7 minmin . Hence 


^min I 


min min 


+ 


Ax 2 4- T 2 


d Ax 


dt 


dt. 


Taking 7 min min to the left hand side, we obtain 


e = I 


min 


1 min min 


Ax 2 4” 


dzla: l 2 

~~dT 


dt. 


Therefore the difference between the two integral estimates is 

determined by the same integral, except that instead of the variables 

da: . dzla: 

x and —— it will be necessary to put their increments A x and - 


dt 


dt 
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For the subsequent calculation we use the well-known inequality of 
Bunyakovskii: 

J/i(0/a(0d* 

a 

We use it to estimate the quantity e. We put A x 2 in the following form: 



Multiplying and dividing the right hand side of the equation by r, we 
obtain 

T “ T 

Ax 2 At | t 2 
o 

Since the integrand is positive, the inequality will only be strengthened 
if we increase the upper limit of integration to infinity: 
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Example 3. In the previous numerical example it was shown that 


Then 


•^minmin—• |/2*=*at 1*41 and I m \ n ^ T53. 

i a . ^ 1A 1*53 — 1-41 1/0-12 n£>Q£> 

\ Ax \ < I —Fil— = I FIT ** 0-292. 


In other words, when the system parameters have been chosen so that 
the integral estimate 

oo 

I = j' (a: 2 -f T 2 X 2 ) d t 

o 



Fig. 170 


is minimized, it is ensured that the transient process in the system for these 
parameters will not go outside the limits of the area lying between the curves 
(Fig. 170) 

X = X (0) 6 

x = x (0) e 

If any curve lying inside this area, and not only the initial exponential 

x — x(0) e T , satisfies the technical conditions laid on the transient process, 
then the selection of the parameters is finished. 

The deviation of the resulting process from the exponential process to 
which it had to approximate by the choice of parameters, proves to be smaller 
the bigger r is. Therefore in choosing the exponential to which we want the 
transient process to approximate, it is not possible to fix T exceedingly small. 
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Let it be required by the technical conditions that the transient process 
does not go outside the limits of the curve shaded in Fig. 171. Of course it can 
happen that while the initial exponential 

_ t 

x = x (0) e T 

was chosen so that it does not go outside these limits one of the curves 

x = x(0)e T + j^— or x^x(Q) e T — j/— may do so. Then we must change 

*the value of r (choose another exponential lying inside the shaded contour) 
and repeat the calculation. 

It is convenient, however, not to fix the value of r from the very start 
but to determine all the required quantities in the form of functions of r. We 
demonstrate this method by an example. 

Example 4. We return again to Example 2, but now do not determine 
h and r until the end of the calculations, and find them so that they satisfy 
the given technical conditions in the best way. To do this we express 
and Ax as functions of r. 

We return to the differential equation 


d 2 x 
~d^“ 


+ h 


d h 

at 


+ 3x = 


0 


with the previous initial conditions: 

x (0) = 1, £(0)«0. 

We select the integral estimate 


I 


where F = x 2 + t 2 £ 2 . 
In this case 


A. ! = 1, A 2 = t 2 , x x (0) = 1, x 2 (0) — 0. 

Putting these values in the relations found above, we obtain 


1 T 2 1 

= B xz = ~2h+-§k> = + 


h_ M 3t 2 + 1 
6 


2 h 


and, consequently. 


I^B x x\ ( 0 ) = ~ + 


h , 3t* + 1 


2 h 
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Taking the' derivative and equating it to zero, we find h as a function of r 2 : 

Kin = K(9t* + 3) . 

Putting fr mln in the expression for I obtained above, we find: 



But J min min — ra^(0) = r, since tfJO) — 1; whence we obtain: 




Now, changing t, we find r — r* for which both curves 

_ _L 

x~x(0)e T + 


1 




and 


x — x (0) e T — 


3 r 2 


stay within the region shaded in Fig. 171. 

Then h — |/(9t* 2 + 3) is the required value of h. 


(e) The sequence of calculations 

There are two possible sequences of calculations for selecting the 
system parameters, starting from the integral estimate 

/ = J (a? 2 r 2 x 2 ) d t . 

o 
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The first sequence is: 

1. Choose r so that the exponential 


_ j 

x* = x (0) e 


satisfies the technical conditions laid on the transient process for the 
given initial condition £(0) (which is determined by the given dis¬ 
turbance) . 

2. Find (7(0) as a function to the unknown parameters of the 
system, i.e. those parameters which it is required to select. 

3. Minimize this function, i.e. determine the values of the un¬ 
known parameters for which the function f7(0) attains its absolute 
minimum 17 min (0). 

4. Find 


and compute 



6 = U mm (0) ~ (0) 


5. Construct the region bounded by the curves x = x* + 


y 


— and 
r 



r * 

If all curves lying in this region satisfy the technical conditions, 
then the parameters of the system are found. If not, repeat the com¬ 
putation, varying the values of r. When it proves to be impossible to 
select r so that there is any curve in the resulting region which satis¬ 
fies the technical conditions it is necessary to change other, known, 
paramters of the system and to repeat the computation. 

The second sequence of operations is: 

1. Taking r to be one of the unknown parameters, find 17(0) as 
a function of r and the other unknown parameters. 

2. Minimize this function with respect to the other unknown para¬ 
meters, i.e. determine for what values of these parameters 17(0) 
attains its minimum, this minimum value of 17(0) itself being a function 
of r. 


3. Find £ as a function of r. 

4. In the x, £-plane, construct the region bounded by the curves 


x ~ x (0) e 
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and 



for various values of r. 

If we can find r = r* giving a region for which all curves lying 
in it satisfy the technical conditions laid on the transient process, 
then the values of the unknown parameters for r = r* are taken as 
the optimal values. 

Selecting the parameters on the basis of integral estimates is con¬ 
siderably more worthwhile than selecting them from the degree of 
stability, although the computations involved in the use of the in¬ 
tegral estimates are more tedious. 

Despite this, often, particularly in cases when the properties of 
the system are given by the equations of the process (by the transfer 
functions), the integral estimates are a much simpler method for the 
guided selection of the optimal parameters. 


7. Estimates of the Process on the Basis of the Form 
of the Frequency Characteristic 

In Section 4 of this chapter it was established that the transient 
process can be expressed as a function of the real frequency characte¬ 
ristic of the closed system P(co) with the help of the integral 

00 

x{t)~— j — sin cot dco . (4.35) 

' 71 J CO 

0 

From expression (4.35) it follows that very different systems have 
only slightly differing transient process when their real characteristics 
are similar. A more detailed consideration of (4.35) enables us to make 
some preliminary statements concerning the character and peculiarities 
of the transient process x(t) on the basis of the form of the real charac¬ 
teristic P(co) without having to construct the process itself. Several 
criteria of this sort are given below. Only some of them can be proved 
rigorously, the others are obtained from the consideration of a large 
number of typical examples or deduced for special but very common 
forms of the characteristics P(co). The use of the thirteen criteria 
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given below therefore requires care, and the results of the investi¬ 
gation must be checked by a construction of the transient process. 

We consider the real frequency characteristic of a closed system. 
Its rough shape is given in Fig. 172. Let 

Po = P( 0 ). 

A frequency interval over which P{co) is positive is called a 
positive interval , and the end-point of this interval will be denoted by co P . 



Parallel to the co -a#is we draw the two straight lines P = ±0-1P 0 
(see Fig. 172). The value of the frequency co 0 , after which the curve 
P{co) does not go outside the strip bounded by these lines, determines 
roughly the boundary of admissible frequencies of the given system, 
if it is static. The interval of frequencies bounded by the frequency 
co 0 is called the allowable strip of the automatic control system. The 
system will practically not react at all to frequencies lying outside 
the allowable strip. 

Criterion 1. The value of the real frequency characteristic at the 
point co = 0 is equal to the value of the coordinate at the end of the 
transient process, i. e. P 0 = x(°o). 

This property of the real frequency characteristic is easy to prove. 
From the theory of the Laplace transform it is known that 


lim pL [x (£)] = lim x (t ). 

p~> o t—> °o 


(4.36) 
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Moreover, for a unit action on the system 


or 


L[x(t)] = 0(p)L[ll 


L[x (t)] 


<Hp) 

V 


or 


Putting this value oipL \x(t)] in (4.36) we obtain: 

lim pL [x ( t )] — lim 0 ( p ) = lim x ( t ), 

p-*- 0 p-> 0 t —^ co 


lim0(p) = x(oo). 

p -*0 


But Im 0 (0) = 0 and, therefore, Re 0 (0) = P(0) = z(co). There¬ 
fore, from the above, in an astatic system 

#(oo) = P(0) = 0. 


Criterion 2. In a static system, in order that the size of the over¬ 
shoot expressed in percentages of the static error does not exceed 
18 per cent, i.e. 

■f nwx - f” . x 100 < lg o/ o > 

X oo 


it is sufficient (but not necessary!) that the real frequency character¬ 
istic shall be a non-increasing function of the frequency. 

We represent the integral (4.35) in the form of a sum 


:(t) = — f 

n J O) 


sin cot dco + 


2tz ft 

2_ Cl 

n J 

nft 


P(a>) 


co 


sin cot dco + ... 


If the function P(co) is always positive and non-increasing, the 
terms of the series will decrease in magnitude and their sign will be 
determined by the sign of sin co t in the given interval of integration. 

From the theory of series it is known that the sum of an alter¬ 
nating decreasing series cannot exceed its first term in magnitude, i. e. 
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The inequality is only strengthened by putting P(0) instead of P(co). 
Then P(0) can be brought out from the integral sign 




-P( 0) f- 
w J 


sin cot 


dco. 


co 


The last integral is transformed by the substitution 


We obtain: 


But 


Therefore 


cot — y , dco = 

t 


*(„< f “lldj, 

Jr J y 


J y 


= 1-85. 


x ( t ) < 2JP (0) X 1-85 = — X 1-85*.. 

TC 7T 


Subtracting x m from both sides of the equation we obtain: 

X 1*85 — ljz„ , 

giving 

X(t) — X (co) x 100 < (i x 1-85 _i) x 10 o ^ 18%. 

#(oo) 7i J 

In practice the real frequency characteristic usually intersects 
the w-axis. But by using the given criterion we can often ignore that 
part of the characteristic which corresponds to frequencies lying out¬ 
side the allowable strip. 

Criterion 3. In order that the transient process shall be monotonic 
it is sufficient that the real frequency characteristic be a positive 
function of w with a negative derivative decreasing absolutely in 
magnitude. 


x (t) — X (oo) < 


~ 2 _ 
_ 71 
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Criterion 4. The process is known to be non monotonic and to 
possess overshoot if the condition | P{co) | < P(0) is not satisfied for all w 
Parallel to the 2 ^-axis we draw the two straight lines P = = b^(°°). 
On the basis of this property of the real frequency characteristic we 
can assert that if the given characteristic goes outside the limits of the 
strip bounded by the two lines P = ±#00 > then the transient process 
in the system of automatic control will not be monotonic. We note 
that this criterion is only sufficient, for the real frequency character¬ 
istic can remain inside the limits of the indicated region, even when 
overshoot takes place in the system. 

Criterion 5. Overshoot in the system is known to exist, i.e. the 
process is known to be non-monotonic, if the inequality 

| P(co) | < P(0) C((o) 

is not satisfied, where 


C (co) = cos 


n 



O) 


Criterion 6. If the condition of monotonicity (Criterion 5) is satis¬ 
fied, then the control time t 0 , i.e. the time required for the coordinate 

4;r 

x to reach 95 per cent ^(°°), is known to be greater than-, i.e. to 


h> 


4 71 


CO 


p 


From this criterion it follows that the steeper the curve P(co) is, 
the larger the control time t 0 will be. 

Criterion 7. In the general case the control time is known to be 

71 

greater than -. 

Up 

Criterion 8. If P(co) can be represented as the difference between 
two non-increasing functions, each of which satisfies Criterion 3, then 
the overshoot, expressed in percentages, is known to be less than 



max j 


i. e. 


•^max 


X (c 


• 100 < 1 - 


P(0) 


100 . 
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Criterion 9. Let the transient process x(t) correspond to the real 
frequency characteristic P(co), and the transient process x(t) to the 
real frequency characteristic S (co). 

Then if P(no) = S(co ), i.e. if the characteristics differ only in 
their scale along the w-axis, then the transient processes corresponding 
to them x(t) and x(t) will be connected by the following equation: 

= S((o). 

In other words, if the curves of the real frequency characteristics 
P(co) and S (co) only differ in having different scales along the fre¬ 
quency axis, then the transient processes x(t) and x(t ), corresponding 
to them, will differ by the same amount in the scale along the time 
axis. From this criterion follows the criterion: the more hollow the shape 
of the real frequency characteristic , the faster will the transient process 
be concluded. 

To prove this criterion, in (4.35) we put P(no) instead of P(co) and 
find x(t): 

2 f P(no) . 

x (t) = — -sin cot d co . 

71 J co 

We introduce the new variable 


Then 


Q = no 


or 


x(t) 


2_ r P{Q) 

71 J ®l n 
0 


sini3 — 
n 



x(t) 


oo 


2_ r P{Q) 
71 J Q 


sin Q —- dQ. 

n 


Equating this to (4.35) we obtain at once: 


x(t) — x 
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Criterion 10. If, in the positive interval 0 < co < co n one real 
frequency characteristic passes above the other, i.e. 

Pi (co) < P x (co) , 


then the transient processes x 2 (t) and x x (t) corresponding to them will, 

71 

in the interval of time 0 < t <-, be such that they satisfy the 

CO n 

inequality 


^2 (0 < X 1 (0 ■ 


Criterion 11. If —<1-3 and ——- ^ 1 in the frequency 
P 0 P( 0) 

interval co < 01a) p , then the overshoot does not exceed a = 30 per 
cent and the control time is determined by the inequality 


71 



<T 0 < 



As well as estimating the process on the basis of the real frequency 
characteristic P(co) we sometimes also use the amplitude character¬ 
istic A(co) = | W(ico) | . 

Criterion 12. If the amplitude characteristic has a high and sharp 
peak for the frequency co = co, then the transient process contains a 
lightly damped oscillation with frequency co. The steeper and higher 
the peak the smaller is the damping of this oscillation. The damping 


is taken to be sufficient if 


•4(0) 


< For the values of x the numbers 


1-3, 1-5 and in some cases 2 also, are recommended. 

We note that when the characteristic equation of the system has 
purely imaginary roots ±ico, i.e. the degree of stability is equal to 
zero, the amplitude characteristic A{co) has, for co — co, an infinitely 
high peak. The estimate of the process made from the height of the 
peak of A(co) is, therefore, closely connected with the estimate of the 
process made from the degree of stability. 

Just as there are no general basic recommendations for the choice 
of the optimal value of the degree of stability, so there are none for 
the choice of x. The values given above have been obtained by experi¬ 
ment for systems of concrete types. Criterion 12 can successfully be 
applied only when the optimal value of x is known from experience 
of the design and testing of similar controllers. 
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Of all these criteria, the greatest value is attached to 
Criterion 13. If two systems of automatic control have real 
frequency characteristics which do not differ significantly, then the 
transient process in these systems will differ only slightly. The differ¬ 
ence in the transient processes will be smaller, the smaller the differ¬ 
ence, for low frequencies, between the frequency characteristics. 
In fact 




sin cot d co 


contains under the integral sign the factor— . The difference in P(co) 

co 

will, therefore, affect the magnitude of the integral more for small 
frequencies than for large. Large differences for large frequencies give 
small differences in the initial strips of the graphs of the transient 
processes. 

The special feature of this rule consists in the fact that it estab¬ 
lishes a criterion for the equivalence of completely different systems 
from the point of view of the identity of the transient processes taking 
place in them. Guided by Criterion 13 we can, by investigating simple 
systems (for example, single-loop systems, consisting of two or three 
stages) form an index of real characteristics and their corresponding 
transient processes. Then, when planning a new system, we can select 
from this index a process which satisfies the given technical conditions 
and find the typical real frequency characteristic corresponding to it. 
The problem is then reduced to fitting the real characteristic of the 
proposed system to this typical characteristic. In many cases the 
solution of this problem is helped by the use of the other criteria listed 
in this section and by using logarithmic characteristics. 

In those cases when the design office systematically plans con¬ 
trollers of one type, it compiles indexes of its previous designs, using 
experimental data, and includes in them the characteristics of both 
those designs which have been completed, and those which have not 
yet been finished. Such indexes, the concentrated product of the ex¬ 
perience of the design office, as they become more complete, become 
the basic material for the designer, helping him purposefully to plan 
new controllers. 
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8. The Analysis of Systems with Random Disturbances 
Given Statistically 

So far we have assumed everywhere in this chapter that the 
control process is caused by an external disturbance which is a given 
function of time. Sometimes, not only in special control systems, but 
also in normal industrial systems, the external disturbance on the 
system varies continuously and randomly, so that there is no point 
in analysing the system for a unit disturbance or for any other of the 
disturbances mentioned above. As an example consider control sys¬ 
tems with objects which are subject to continuously changing loads, 
or the calculation of controllers which are subject to the continuous 
action of noise, such as the result of the shot effect in the amplifier 
valves, or of vibrations in chassis, etc. In such cases we take only the 
statistical characteristics of the external action on the system for our 
data and the aim of the calculation consists in determining the static 
characteristics of the process (for example, the deflection in the 
controlled parameter) which is caused by this disturbance. 


The characteristic of a random process 

By a random process is meant here a random quantity continuously 
dependent upon time. In particular, a random quantity can be the 
instantaneous value of the input disturbance on the system, and the 
output reaction corresponding to it. If we record the random process 
over a sufficiently large interval of time and compare sufficiently long 
sections of the record, then they will not coincide, due to the random 
character of the process. But their statistical characteristics can prove 
to be identical if the process as a whole does not have a tendency to 
damping or to intensification. Such a random process is called station¬ 
ary * In this section the random processes are everywhere assumed to 
be stationary and we shall not point this out again. 

Let x(t) be a random process. 

Let us suppose we are given a sufficiently long record of the 
random process x(t). We divide (Fig. 173) the £-axis into equal inter¬ 
vals of length A t , and consider the values of x(t) at the points 

* The definitions given here of “random process” and “stationary ran¬ 
dom process” are not exact, and lean more on the intuition of the reader 
than in exact facts. The exact definition of these concepts will be found 
by the reader in specialist textbooks. 
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t — k A l {Ic = 0, 1, 2, . . . , N —* 1). The total number of ordinates- 
considered will be equal to N. 

Let us fix any value x and suppose that the number or ordinates- 
at the considered points which are smaller than x is n. Then n is a, 
function of x; it tends to N for large x and to zero for small x. 

The function 

n / n 71 ( X ) 

F (x) = —— 

' N 



i-Uk 


Fig. 173 

is called the distribution function of the given random process. Its 
derivative 

W (k) = — ■ ^ 

dx 

is called the density of the probability distribution. In Figs. 174 and 175 
examples are given of a distribution function and its corresponding 
distribution density. 

We call expressions of the form 


x = lim - x (7) d t 

r-»oo 2T J 


(4.37) 


i + 

— I X 2 (t) 

2 T ) 


(4.38) 


respectively the mean and the mean square of the process x(t). 
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Let us now consider a function of the real variable r, defined by 
the equation 


i 

jR x (t)= lim -1- j x (t + r) x ( t ) d£. 
r-*» 2 T J 

-T 


(4.39) 



w(x), 



Fig. 175 


B x (r) is called the auto-correlation function. In its place we often 
consider the normalized auto-correlation function defining it by the 
■equation 


r x (t) = 


5,(t) 

5 ,( 0 ) 


(4.40) 
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If two random processes x(t) and y{t) are given, then the functions 


and 


+t 


Rxy M = lim “ f X (0 y ( l + T ) dt 

T-+™ 2 TJ 
—T 

_ R. xy M_ 


r xy ( r ) 


1 fB X ( 0 ) Ry ( 0 ) 


(4.41) 


(4.42) 


are called respectively the mutual correlation function and the normal¬ 
ized mutual correlation function. 

If a sufficiently long record of the random process is given, the 
auto-correlation function can be calculated immediately from formula 
(4.39), by replacing the integral by a finite sum and successively giving 
different values to r. Special machines called correlators can be used 
for this purpose. The recorded process is input into the machine on 
paper or magnetic tape, and the machine calculates immediately the 
graph of the function or its values for different values of r. 

For this purpose it is convenient to copy the oscillogram of the 
process on to tracing-paper and then lay the tracing-paper on the 
oscillogram, displacing it by the amount r along the £-axis. The cal¬ 
culation of the correlation function then reduces to the multiplication 
of corresponding ordinates and the summation of the products. 

In the analysis of automatic control systems the following pro¬ 
perties of autocorrelation functions are important: 

1. The value of the auto-correlation function for r = 0 is equal to 
the mean square x 2 

R x (0) = x 2 . (4.43) 


This follows immediately from the definition of R x (r) and x 2 . 

2. The value of the auto-correlation function for r =h 0 does not 
exceed its value at r = 0, i.e. 

R x (r)<RA 0) or r x ( r)<l. (4.44) 

To prove this property let us consider the obvious inequality 

[x(t)±x(t + r)] 2 >0 
or 

x 2 (t) + x 2 (t 4- r) ^ 2x ( t ) x (t + r). 
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We integrate the right- and left-hand sides with respect to t from 
—T to +T, divide these integrals by 2 T and pass to the limit as 
T —>- °° : 

+r +t 

' lim f x 2 (t) dt + lim — ( x 2 (t + r) dt 

2T J r— 2T J 

-r -r 

+ r 

2 lim f a; (t) x (t -f- r) dt, 

t- 00 2T J 
-r 



We may take t + t in the second term on the left hand side of 
this inequality as a new time t*; then dt = d£* and we see at once 
that the second term is equal to the first, which is equal to the mean 
square. On the right-hand side of the inequality we have twice the 
auto-correlation function. Therefore 

2 x 2 ^2R x (r) 

and on the strength of the first property R x (0) > R (r). 

3. If the given process does not contain non-random constituents, 
then R x (t) — 0 as x —± 00 . But if x(t) is the sum of a random process 
and a constant constituent, a, R x (t) — a 2 as x —> ±°° (Fig. 176), If, 
finally, x(t) is the sum of a random and a given periodic process, in the 
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limit as x -> ±°° the function R x (r) becomes a periodic function with 
the same frequency (Fig. 177). 

This property follows immediately from the definition of the 
auto-correlation function and from the fact that the auto-correlation 

n 

function for x(t) = a is a 2 , and for x(t) = a k 8 * n + 9k) 

k= 1 
n 

a\ cos kco . 

k= 1 



Processes for which a random action is added to a constant or a 
periodic action are encountered very frequently and it is difficult to 
establish the presence of both actions from the record of the process. 
The construction of the correlation functions enables us at once to 
isolate these cases and by removing the non-random constituent, to 
obtain the correlation function for the random process alone. 

We now return to a consideration of the random process x(t) 
itself. 

The function x(t) has no Fourier transform, since as t —>■ it does 
not tend to zero. We therefore introduce the function Xt (0 which is 
equal to x(t) for T T and is equal to zero for all other values 

of t (Fig. 178). The Fourier transform of this function exists; it is 
bounded and tends to zero as t —> 00 : 

& XT ( iw ) = f X T (t) e~ i<ot . 

— T 


(4.45) 



322 


THEORY OF AUTOMATIC CONTROL 


Then we can consider the function 

0* ( ioj) = lim 0 XT (ico) (4.46) 

t- oo 2 T 

as the conditional Fourier transform of the random process x(t). 

The square of the modulus of this complex function 

S (co) = \0* (ico )| 2 (4.47) 

is called the spectral density of the random process x(t). 

x fV i 



Fig. 178 


By definition the correlation function of x T (t) is of the form 

T 

R T (t) = — f x T (t) x T (t + t) d t for — T < t < T, (4.48) 
2 T J 

— T 

R t = 0 for t < —T and t > + T, while the correlation function of 
x(t) is equal to 

R (r) = lim R t (t) . (4.49) 

T^o o 

The function R T (r) has the Fourier transform 


0 R (ico) = ( R t (t) e~ ia>r dr = ~ f [ ( x T (/) x r (t + r) dt\ e~ ia)T dr 
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In the integral between square brackets, the limits of integration 
can be widened to — °o and + co without changing the result of the 
integration, since the integrand is equal to zero for t < —T and t > T.. 
Then 

00 00 

c&r t (ico) — J dr J* x T ( t ) x T (t + r) e M d t = 

— 00 - 00 

00 00 

= -h- J" x T ( t ) e ,mt d t J x T (l + t) e _/ “( ,+T ) dr. 


Introducing the new variable t + r = A and putting t = const 
in the second integration (with respect to t), we obtain: 


®r t (ico) 



oo 



e- M dX. 


— oo 


— oo 


Recalling the relation (4.45), we find that the function {ico) 
is real, and not complex, and is equal to 

M = ~ ®x T (ico) &X T (-ico) = -!- \0 XT (ico)|2 . (4.50> 

ZJ 11 

We now take the limit of the left- and right-hand sides as T -> oo: 

lim (co) = lim — |3> (ico )| 2 . (4.51) 

T-^oo 1 T- 00 2 T 

On the strength of (4.46) and (4.47) the right hand side is equal 
to S(co). We can consider the left-hand side as the conditional Fourier 
transform* of the correlation function R r (r), just as the conditional 
Fourier transform of the random process x{t) was introduced above.. 


* If the given process x(t) is such that R( t) tends to zero as t-> oo r 
then there is no need to introduce the conditional Fourier transform for 
i?(r) and <Pr (a>) = <Pn (a>) is the Fourier transform in the usual sense. Bear¬ 
ing this case in mind, we shall speak of the Fourier transform of the func¬ 
tion R (t) and omit the asterisk in (to). 
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Then 

& R (co) = f R(r)e~^dr = 8(co) (4.52) 

— oo 

.and, conversely, 

00 

R (r) = f S (oo) e +,a,r doo. (4.53) 

2n J 

— oo 

Remembering that R(t) is an even function, and that S(co) is 
real, we can omit the imaginary parts which equal zero, and replace 



the integral from — oo to + oo by twice the integrals from 0 to + oo. 
Then we obtain 


and 


8 (oo) = 2 | R (r) cos tcd dr 


R(t) = — | 8 (co) cos tco d oo. 

71 

0 


(4.54) 


(4.55) 


i.e. the correlation function and the spectral density are the cosine Fourier 
transforms of one another . 

Formula (4.54) is used to construct the spectral density directly 
from the given correlation function. To do this it is necessary to re¬ 
place the curve R(r) by a broken straight line or segments of an ex- 
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ponential, after which it is easy to carry out the integration (4.54) 
for the sections 0 — t l9 r x — r 2 , . . . , (Fig. 179). 

Often, in concrete problems, we can approximate to the function 
R(r) for 0 < r < oo by the sum of several simple functions, such as 
exponentials, and, by putting them in (4.54), compute the integral. 

Now putting x = 0 in (4.55) and remembering (4.43) we obtain: 




S (co) doj. 


(4.56) 


j.e. the mean square of the random quantity is equal to the integral 
of spectral density, along the semi-axis co > 0, divided by jt. 


The connexion between the spectral density of random processes 
at the input and the output of a linear system 

Let an external action act at the input of a linear system, and let 
this action be a stationary random process. As a result of this dis¬ 
turbance the output coordinate of the system will change with time 
and the function x out (t) will then also be a stationary random process. 
It is required to find the statistical characteristic of the process at the 
output of the system, knowing the statistical characteristic of the 
random disturbance. 

The most simple relation is that established between the spectral 
density of the disturbance S x (co) and the spectral density of the 
process at the output of the system S 2 (co). 

In order to find it, put 


x l — x out an d X 1T — ^Tout — 
x 2 = x ln an( l X 2T ~ X T In = 


^out for — T < t < T, 

0 for t < — T and f > T, 

x in f° r — T < t < T, 

0 for t < — T and £ > T . 


Then there exist Fourier transforms for x lT and x 2 r a nd these are 
related by the general formulae of linear control theory 


®Xi T — ^ x 2 T ' ^ (ico) 
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where &(i <o) is the amplitude-phase characteristic of the closed system 
from x 2 to x v 

Dividing this equation by 2 T and taking the limit as 5P->oo on 
the strength of (4.46) we find: 

— ^*2 T ® {ito) J 

whence 


Recalling the definition of the spectral density (4.47) we obtain: 


S X1 (co) = S X2 (co) \0 (ico )| 2 , (4.57) 


i.e. the spectral density of a random process at the output of the linear 
system is equal to the spectral density of the external disturbance at the 
input , multiplied by the square of the modulus of the frequency characte¬ 
ristic from the input to the output of this system . 


The sequence of calculations for a system 
when the disturbance is a stationary random process 

We begin the calculation by processing a sufficiently long record 
of the disturbance. With the aid of a correlator or by direct calculation 
(in this case the integral being replaced by a finite sum) we find from 
the record the correlation function of the disturbance. If this corre¬ 
lation function does not tend to zero as °°, but tends to the value 
R(%) = a 2 then the mean of the disturbance is equal to a. In this case 
it is necessary to shift the origin in the calculation of the disturbances 
to a, and in the correlation functions to a 2 , so that in the new co¬ 
ordinates the mean of the disturbance and the value of the correlation 
function will equal to zero as r—>- °o. 

From the correlation function found in this way, we construct the 
curve of the spectral density. To do this we replace the correlation 
function by a broken line (or we use some other approximation) and 
then compute the integral in (4.54) by parts. 

Then, using the basic relation (4.57) we find the spectral density 
of the random process at the output of the system, first having con¬ 
structed the graph of the square of the modulus of the amplitude- 
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phase characteristic as a function of the frequency, and multiply the 
ordinates of this graph by the values of the spectral density of the 
disturbance at the same frequencies. 

Using a planimeter on the constructed curve of the spectral den¬ 
sity of the output from formula (4.56) we can find the mean square 
deviation of the coordinate of the system for the given input random 
process. 

The greatest time in this calculation is spent in determining the 
spectral density of the input disturbance. 

The calculations needed in the determination of the spectral den¬ 
sity of the input signal can, however, be mechanized by the use of 
correlators and simplified by satisfactory representation of the cor¬ 
relation function in the form of a sum of several elementary functions 
(lines, exponentials, etc.). 


9. Concluding Remarks 

It is, of course, not possible to construct the control process or to 
estimate its course by linear methods if, due to the technical conditions, 
it is necessary to carry out the calculation for large disturbances (for 
example for a total break in the load on the object, or for a sharp 
displacement of the tuning element from one extreme position to the 
other, and so on). The use of linear methods in the construction and 
evaluation of the process is only justified in three cases: 

(a) When the control process is described by linear equations not 
only for small disturbances, but also for any given disturbance (in 
this case the use of linear methods enables us to design the system 
completely). 

(b) When only some of the technical conditions must be satisfied 
for sufficiently small disturbances (in this case the linear analysis is 
of a limited value and is used to ensure part of the technical conditions). 

(c) When the technical conditions demand that the process satis¬ 
fies the given requirements for any disturbances, including small ones 
(in such cases it is necessary first of all, using linear methods, to ensure 
the required course of the process for sufficiently small disturbances, 
and only then to verify that the requirements on the process are also 
satisfied for large disturbances). 

The sequence of the calculations when using linear methods is 
determined mainly by the form in which the initial material is given: 
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whether in the form of the equations of motion (the transfer function) 
or in the form of frequency characteristics. 

If we start from the equations of motion, then it is most conve¬ 
nient to use integral estimates for the preliminary choice of the 
parameters. 

After using these indirect estimates to select optimal values of 
the parameters we calculate the roots of the characteristic equation, 
and from the Heaviside formula calculate the transient process. If it 
does not satisfy the technical conditions, then it is necessary to change 
the values of the parameters in some way and once again to calculate 
the roots of the characteristic equation, and from them the process. 
The work involved in constructing the process for fixed values cf the 
parameters can often be made easier by the use of the graphical 
methods described in Section 3 of this chapter. It is especially con¬ 
venient and simple for single-loop circuits not containing a large 
number of oscillatory stages and including other stages with similar 
time constants. 

When the initial material for the calculation is given in the form 
of the frequency response characteristic the calculation begins with 
the preliminary estimate of the process from the real and amplitude 
frequency characteristics. Then, two methods are possible. If sufficient 
information has been gained from the frequency characteristics of 
similar systems and from their corresponding transient processes, we 
must choose a frequency characteristic which meets the requirements 
of the transient process and which satisfies the technical data. After 
this the system parameters and the stabilizing means are chosen so 
that the frequency characteristic of the given system approximates 
to the selected one. Checking is carried out by constructing the process 
from the resulting real characteristic (by dismembering it into tra¬ 
pezia and using the tables of the h-i unction). 

When sufficient material about the frequency characteristics of 
similar systems is not available, we can now only choose the initial 
parameters for the evaluation of the process by indirect methods. 
Then, by dividing the characteristic up into trapezia and using the 
A-funetion tables, we construct the process. If it does not satisfy the 
technical conditions, then the parameters must be changed (using the 
indirect criteria given in Section 7), and the real frequency character¬ 
istic and the process must once again be constructed. 

The total coefficient of amplification of the system K is almost 
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always one of the selected parameters. In these cases it is convenient 
to reconstruct the frequency characteristic from the D-partition curve 
for K . 

Thus, if there is not much experimental material for similar 
designs and systems, then both in the calculation which makes use of 
the equations of the process, and in the calculation which uses the 
frequency characteristics, we must find the optimal parameters by 
selection, each time testing the choice of the parameters by con¬ 
structing the process. Indirect estimates of the process which guide us 
in selecting the initial parameters make it much easier. 

Various methods have been developed for the synthesis of a 
linear control system for the given technical conditions and for the 
synthesis of stabilizing assemblies. These very attractive methods still 
require a great deal of testing in their practical computational operations 
and are not described in this book, since in the synthesis of a system 
for given technical conditions non-linearities have to be taken into 
account even more than in its analysis. 

The calculation of the control process becomes considerably more 
complicated in those very common instances when the technical data 
lays bounds on the process for large disturbances, or when the equations 
for large disturbances are non-linear, or even more in those cases when 
the system contains non-linearizable elements and their presence 
cannot be disregarded. This relates, in particular, to general industrial 
controllers: pneumatic universal controllers of almost all types which 
are now very widespread. They usually contain two non-symmetric 
relays (such as in Fig. 27 and 28). When the processes taking place are 
controlled slowly, i.e. when the time taken to set up the object of con¬ 
trol is incomparably greater than the setting-up time in the controller, 
we can ignore all the time constants and damping in the controller 
and consider it as if it were a device instantaneously realizing the 
required laws of the controlling action. 

If this law is linear, then we can use linear methods. But very 
often (for example, in the control of outflow, pressure, etc.) the times 
needed to set up the object are of the same order as those needed for 
the controller. Linear methods are then not applicable, and to analyse 
the system we must use non-linear methods, which have been studied 
considerably less. 

In the simplest cases, when the non-linear elements can be is¬ 
olated, the process can be constructed by the graphical method de- 
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scribed in Section 3. The parameters of the system must then be chosen 
at random, by trial an error, each time checked by constructing the 
process. In the more complicated cases various other methods of 
numerical or graphical integration of non-linear differential equations 
are used. These methods are described in many courses on numerical 
and graphical methods of approximative analysis, and therefore 
usually their study is not included in courses on automatic control 
theory. Up to now we have not succeeded in making use of the specific 
character of the differential equations describing the processes in 
automatic control systems to simplify these general methods very 
much or to determine any other indirect estimates of the control’ 
process in non-linear systems from them which are suitable for tech¬ 
nical calculations. 



CHAPTER V 


AUTO- AND FORCED OSCILLATION 
IN NON-LINEAR SYSTEMS 


1. General Remarks Concerning Periodic States 
in Non-Linear Systems 

In Chapter II equations describing the control process in a real 
system (the initial equations) were derived, but they were then sim¬ 
plified and replaced by linear differential equations with constant 
coefficients. In this way the analysis of the real system was replaced 
by the analysis of its linear model. 

In our consideration of the conditions for the stability of the 
linear model it was established that its stability or instability depended 
only on the properties of the system and was completely independent 
of the magnitude of the initial deviation, and that in an unstable 
system the deviations of all the generalized coordinates grew without 
limit whatever the initial conditions. 

If we do not consider systems whose parameters correspond 
exactly to the boundary of the region of stability, then in the linear 
model only two types of motion turn out to be possible. In a stable 
linear model, after any initial deviation, the values of the generalized 
coordinates tend over the course of time (mono tonic ally or otherwise) 
to the values corresponding to the position of equilibrium. In an un¬ 
stable linear model, on the contrary, after any initial deviation, the 
values of the generalized coordinates monotonically or non-monoto- 
nically increase in absolute magnitude. But when the parameters cor¬ 
respond exactly to the boundary of the region of stability, undamped 
oscillations are possible. The amplitude of these oscillations will de¬ 
pend on the initial conditions. A very slight change in the parameters 
will cause the oscillations either to become damped or to increase 
without limit. No other motions are possible in the linear model. 
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Observation of real automatic control systems has shown that 
the motions in them are considerably more varied than those in the 
linear model. 

In real systems undamped oscillations wiJl often occur. These 
oscillations possess a definite stability: after the disturbance they are 
restored after a certain time. i.e. both the form of the oscillations and 
their frequency are restored. We can change the form and frequency 
of these oscillations by changing the system parameters. 

It is not only with regard to the possibility of undamped oscil¬ 
lations that the motion in a real system differs from that in its linear 
model, for in real systems, as opposed to linear models, the character 
of the motion often depends on the magnitude of the initial deviation. 
In real systems there can exist a threshold for the initial deviations 
such that initial deviations staying within it cause motions which 
coincide with the position of equilibrium, while after initial deviations 
which go above the given threshold, stable undamped oscillations are 
set up in the system. 

In a number of automatic control systems not only one, but 
several states of undamped oscillations are possible, where it depends 
only on the magnitude of the initial deviations which of these oscil¬ 
lations is set up in the system. Thus it can frequently be observed, for 
example, that after small initial deviations in the system high- 
frequency undamped oscillations are set up, which are restored after 
an initial deviation which does not exceed the defined threshold. But 
if the initial deviations do exceed this threshold, low-frequency un¬ 
damped oscillations of considerably larger amplitude are set up in the 
system. 

A phenomenon of this sort can be caused only by factors which 
are not taken into account in the consideration of the linear model. 
These factors are the non-linearities which were replaced by linear 
relations (in the case of linearizable non-linearities) or else were com¬ 
pletely ignored (in the case of non-linearizable non-linearities) on 
transition to the linear model. To describe the above motion and, in 
particular, undamped oscillations, by means of equations we have 
now to take the non-linearities into account. 

In the absence of external periodic actions the undamped oscil¬ 
lations in the automatic control systems about which we have spoken 
arise only because of the internal properties of the control system. 
Their frequency as a whole is determined by the properties of the 
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system and changes when its parameters change. These are the 
characteristic auto-oscillations , which arise as a result of the equality 
between the losses in energy during the oscillatory cycle and the influx 
of energy from outside, non-oscillatory, sources. Usually the con¬ 
trolled object or amplifiers provide this external source of energy. 
It is only because of the presence of non-linearities that this balance 
of energy in the oscillatory cycle is possible, and the calculation of 
the conditions for the existence of undamped oscillations reduces in 
essence to the determination of the conditions for the realization of 
this balance. 

The basic content of this chapter consists of methods serving to 
determine the parameters of the auto-oscillations and the conditions 
for their existence. For this we shall consider the question of the search 
for periodic solutions of the initial non-linear equations describing 
the control process. 

Periodic solutions are important not only because some of them 
(namely, the stable periodic solutions) correspond to auto-oscillatory 
states. In some of the simplest cases a knowledge of the periodic 
solutions enables us to estimate all the varied motions possible in the 
given system, and the conditions for existence of periodic solutions 
enable us to determine the values of the parameters for which the 
character of the motion changes. 

We first consider only systems of equations which differ from 
linear systems by the presence in one of the equations (the first, say) 
of a non-linear function of one of the coordinates. 

A system of this kind can often be reduced to the form* 

n n 

=2 a v x j +/(**)» = y a u x j - ( 5 - 1 ) 

j = i j =i 

where i = 2, ... , n and k is any number from 1 to n. 

Putting y = f(x k ) and assuming at present that f{x k ) is a conti¬ 
nuous, smooth function (i.e. with a continuous derivative), we elimi¬ 
nate all the coordinates apart from y and x k (and can now omit the 


* In control theory we also come across cases wher the system of equations 
(5.1) contains several non-linear functions or non-linear functions of several 
variables. Such cases will be considered very briefly below. 
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:index k). As a result we obtain 


d n x , d n_1 x . , 

a n — -Mi——• + «„» = 


d t" 


d M 


, d m y , d m ~ 1 y , 

= ^ ' + • • * + y> 

dt m dJ m_1 

y = / (*), 


(5.2) 


where ay and bj are constant coefficients which are obtained by the 
usual procedure for the elimination of superfluous coordinates*. 

Starting from expressions which we shall explain below, in Section 
1 — 7, it will everywhere be assumed that the open system is stable, 
i.e. that all the roots of the equation 


0 O P n + 0i P"" 1 + ... + a n = 0 

lie to the left of the imaginary axis. 

The given system can now be represented by a conditional linear 

.stage with transfer function W (p) = —where 

D(p) 

D (p) =a 0 p n + a x p"- 1 + ... + a n , 

K(p) = b 0 p m + b 1 p m ~i + ... + fc m , 


which is closed by non-linear feedback (Fig. 180). It is required to 
determine the periodic solutions of this system of equations. 

Up to the present time, methods for the exact solution of this 
problem have not been found, even for the simplest special case, if 
the degrees of D(p) and K(p) are not restricted and if f(x) is an arbi¬ 
trary function (or even a continuous function). 

If no restrictions are placed on the degrees of D(p) and K(p ), the 
problem of determining the periodic states can only be solved exactly 
for a few cases when the characteristic f(x) consists only of straight 
line segments. Relay systems and some systems which are non¬ 
linear because of the forces of dry friction are typical systems of this 
kind. 


* For more detail see Section 3 and Appendix 1. 
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But even when f(x) is a piecewise-linear function, the problem of 
determining the periodic states reduces to the solution of a system of 
transcendental equations; it is possible to indicate a general method 
for the solution of these equations only in the very special case when 
j'(x) is a symmetric relay ^-characteristic and when the most simple 
symmetric periodic state is considered. 

In no other cases have exact methods for the determination of 
periodic solutions been found and we must have recourse to a variety 
of approximate methods. 



Linear stage 



l{/ 





X 



Non - I/nar 




element 



Fig. 180 


For this reason the remaining contents of this chapter can be divided 
into two large parts. In the first part we explain approximate methods 
of determining the periodic states in cases when they are nearly har¬ 
monic, and in the second part we explain the exact determination of 
periodic states in systems with a piecewise linear characteristic for 
the non-linear element. 


A. THE APPROXIMATE DETERMINATION OF PERIODIC 
STATES WHICH ARE NEARLY HARMONIC 


2. The Conditions for Which Periodic States 
are Nearly Harmonic 

In Section 3 we shall consider one of the methods of approximate 
determination of periodic solutions based on the method of harmonic 
balance. 

If we are only using it to determine periodic solutions, this method 
is based on the assumption that the periodic solution is nearly har- 
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monic and that we can therefore look for it in the form 

x — A sin cot , 

where A and co are the amplitude and frequency of the required 
solution.* 

To discover under what conditions this assumption is legitimate, 
and so to establish the limits within which this approximate method 
can be validly applied to problems of automatic control, we will dwell 
on the question of the propagation of a harmonic oscillation in the 
system represented in Fig. 180. 


Linear stage 






x~A sinco Q t 


Mon - linear 
element 


Fig. 181 


We open the system (Fig. 181) and suppose that the harmonic 
action 


x = A sin co 0 1 


is applied at the input of the system. Then the coordinate y changes 
according to the law 

y = f(A sin co 0 l) . 

The function f(A sin co 0 1) is periodic. We expand it in a Fourier series 

n 

y = f {A sin co 0 t) = y 0 + A k sin (kco 0 1 + <p k ) 

k = \ 

and represent it by a line spectrum, drawing lines proportional to the 
amplitudes corresponding to the harmonics y 0 , A v A 2 , ... at the 
points 0, a> 0 , 2co 0 , 3co 0 , . . . (Fig. 182). 

* The phase is assumed to be zero. This does not limit the generality of the 
solution, since when the equation of motion does not contain t it is clear that 
this can always be made true by the suitable choice of the time origin. 
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Of course, harmonics (and their corresponding lines in the spec¬ 
trum) need not exist for all frequencies which are multiples of co 0 . 
For instance, if the characteristic f(x) is odd, then the amplitudes of 
all the even harmonics (0, 2co 0 , 4 co 0 etc.) are equal to zero. 

Consequently, in the linear part of the system there acts an oscil¬ 
lation whose spectrum is represented in Fig. 182 for the general case 
when all the harmonics are present. 

On the strength of the principle of superposition, the action of 
each harmonic is independent of the others. In accordance with the 



genera] laws concerning the propagation of an oscillation through a 
linear system, the oscillation 

K (0) * 

x i ~ TTT^f + sin t + V*)’ ( 5 - 3 ) 

1^(0) *=i 

is set up at the output of the linear part of the open system, where 


K = A k 


K (ilcco 0 ) 


D {ikco 0 ) 


<P* =<Pk + arg 


K (ikco 0 ) 
D ( ik(o Q ) 


Thus, when a harmonic oscillation is applied at the input of an 
open system, non-harmonic oscillations are set up at the output. 
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The spectrum of these oscillations (Fig. 183) will contain the same 
frequencies as the spectrum of the oscillations of the coordinate y , 
but the length of each line (the amplitude of the harmonic) will be 

1 A U f 4 - f\ K 

changed by a factor ot 


\D(ika> o y { 

The amplitude characteristic of the linear part of the system 

K (ico) 


D (ico) 



enables us to establish at once how much the amplitudes of all the 
harmonics caused by non-linearities change when they are passed 
through the linear part of the system. To do this it is necessary, for a 
given value of the basic harmonic co 0 , to consider the ordinate of the 
amplitude characteristic at the points co — co 0 , co — 2co 0 , co — 3co 0 
and so on. 

From the above reasoning it follows that the oscillations of the 
coordinate x x (and even more , of y) which can be set up in a closed system 
are always non-harmonic. 

We can, however, find conditions for which the oscillations are 
nearly harmonic. There are two groups of conditions of this kind, and 
we shall consider them separately. 

1. We assume (although this cannot actually happen) that the 
linear part of the system is a filter, completely blocking the frequen¬ 
cies co > co c , i. e. that its amplitude characteristic for co > co c coincides 
with the co-axis (Fig. 184). Suppose, further, it is known that the 



AUTO- AND FORCED OSCILLATION IN NON-LINEAR SYSTEMS 


339 


non-linear element gives rise to harmonics beginning with the Sth 
(for example, for an odd characteristic S = 3, or for an arbitrary 
characteristic S — 2). Then, whatever the remaining part of the 
characteristic y = f(x) does, the oscillations in the system will be 
strictly harmonic provided their frequency co 0 satisfies the condition 

-y O 0 Oc* 

In fact, with this condition all the harmonics produced by the 
non-linear element are blocked by the linear part of the system. 

If the amplitude characteristic were as in Fig. 184, we could look 
for periodic solutions of the form 

x = A sin co t (5.4) 

and, finding the frequency co = co 0 , verify whether it satisfied the 
inequality 

co c 

-JL<CO 0 <CO c . 

o 

If the resulting frequency satisfies this inequality, then, in addi¬ 
tion, the initial assumption (5.4) is valid. If not, then this assumption 
as false, and it is not possible to find a periodic solution in the form 
(5.4). 

The linear part of a real system cannot have an amplitude charac¬ 
teristic like the one in Fig. 184, since A > 0 for all frequencies. 

But, remembering what we said in Section 7 of Chapter IV about 
the frequency of cut-off, we can usually ignore that part of the charac¬ 
teristic which lies to the right of the cut-off frequency, i.e. the real 
characteristic can come as near as we please to the characteristic of 
an exact filter which blocks all high frequencies with co > co c (Fig. 
185). 

In these cases, just as in the case of an exact filter, it is natural 
to assume that the oscillations are nearly harmonic, if 

co c 

—- Oo < <*> e . 


We call this assumption the filter hypothesis. 
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Of course, the conditions of a filter can only be realized if the 
linear part of the system is stable. If a non stable stage (not embraced 
by feedback) is present in the linear part of the system, when a 
harmonic disturbance is applied at the input of this part, no harmonic 
oscillation is set up at its output, since the constituents of the free 
oscillations are superimposed. Therefore the idea of a “filter” in an 
unstable network has no physical meaning, and so there is no mean¬ 
ing and no point in substantiating that the oscillations are nearly 
harmonic on account of the linear filter. 




2. At first sight it would seem that the assumption that the 
oscillations are nearly harmonic is substantiated also when in the 
spectrum (5.3) the amplitude A* is immeasurably larger than the 
other A%(Jc = 2, 3, . . .), i. e. when the amplitude characteristic 


K(ico) 
D (iay) 


of the linear part of the system has a high and sharp peak. But this 
is not so. 

From this supposition alone, however high the peak, it still does 
not follow that the shape of the oscillations is nearly sinusoidal. This 
is seen from the following very simple example: 


d 2 x 


+ \rx — / (a?)] = 0 



AUTO- AND FORCED OSCILLATION IN NON-LINEAR SYSTEMS 


341 


rx — y y when y = f(x). 


In this case the amplitude characteristic of the linear part of the 

system A =-has an infinitely high peak at co = J/V, but the 

oscillations are nearly harmonic only if the function f(x) is small in 
modulus. Without this extra condition oscillations very different from 
harmonic could exist. 

Returning to the general case, let us suppose that the function 
f(x) is nearly linear and can be represented in the form 


f(x) = rx + /jup(x) , 


where p is small. We can attribute the term rx to the linear part of 
the system. The amplitude characteristic of this “conditional linear 
system’’ will be 

K (iw) 

D(ico) — rK(ia >) 

In order that the oscillations shall be nearly harmonic, two condi¬ 
tions must be simultaneously satisfied: 

(a) The value of r must be such that the amplitude characteristic 
of the “conditional linear system” A* has a sharp and high peak 
(Fig. 186). This same condition can be formulated as follows: the roots 
of D(p) — rK(p) = 0 must be so placed on the left of the imaginary 
axis that one pair of roots is near it. 

(b) The number p must be small. 

In those cases when these two conditions are satisfied simul¬ 
taneously, we can say that the system satisfies the conditions of the 
auto-resonance hypothesis. 

The conditions of the filter hypothesis and of the auto-resonance 
hypothesis enable us equally to postulate that the oscillations are 
nearly harmonic and to find the oscillations in the form (5.4). 

But these hypotheses are not equivalent. The following principal 
differences exist between them: 

1. They rest upon different physical properties of the system: 
the filter hypothesis on the presence in any real system of a finite 


A * = 
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range of allowable frequencies, while the auto-resonance hypothesis 
rests on the properties of several non-linearities weakly propagating 
harmonics and on the resonance properties of the linear part of the 
system. 

2. The requirements that the function f(x) shall be little different 
from linear have a different significance in the two cases. With auto¬ 
resonance this requirement is necessary even in the exact case (of an 
infinitely large peak in the amplitude characteristic A*). For a filter, 
this requirement is not essential in the exact case (of an ideal filter), 


A* = 


K{ico) 

D(ia>) —rK (i co) 



and arises only when estimating how far the filter can deviate from 
the ideal. 

In this sense the conditions of the filter hypothesis do not depend 
on the shape of the non-linear characteristic y = f(x). On the contrary, 
only exception at characteristics can be represented in the form 

f(x) = rx + (X(p{x) , 

since the choice of the number r is predetermined by the linear part 
of the system, and y must be small. 

3. In the case of auto-resonance, we can postulate beforehand 
that the frequency of the required harmonic solution shall be equal 
to the frequency corresponding to the peak of the amplitude charac¬ 
teristic A *, or shall differ little from it. In the case of a filter, it is 



AUTO- AND FORCED OSCILLATION IN NON-LINEAR SYSTEMS 


343 


not possible to indicate beforehand the value of the required frequency; 
it can be any of the frequencies lying within the admissible range 
of the linear part of the system. In this case we verify whether the 
harmonics have been filtered out, and whether the assumption that 
the oscillations are nearly harmonic is true only after the assumption 
has been made and the frequency of oscillation has been determined 
from it. 

In this reasoning we have considered the simplest case, when 
the system contains one non-linear function of a single argument. But 
the conclusions we have reached are also true in more general cases. 
The assumption that the oscillations of any coordinate are nearly 
harmonic can be substantiated in two cases: 

(1) if the linear parts of the system filter out other frequencies aris¬ 
ing from the propagation of oscillations through the non-linear elements , or 

(2) if the non-linear characteristic is nearly linear , and , in addition , 
that due to this linear characteristic the amplitude characteristic of the 
linear part of the system has a high and sharp peak. 

Methods for finding periodic solutions of the equations of the 
control process in the form (5.4) basically depend on the fact that we 
are justified by the filter hypothesis or by the auto-resonance hypo¬ 
thesis in supposing that the periodic motions are of this form. 

When the harmonic character of the oscillations is explained by 
a filter, we must look for the solution in the form (5.4), where both 
the amplitude A and the frequency co are required. About the fre¬ 
quency, we know only that it must satisfy the inequality 


co r 


-ff-< co <co c . 
o 


In the case of auto-resonance, it is known beforehand that the required 
frequency is equal to, or little different from, the frequency co* for 
which the amplitude characteristic of the “conditional linear system” 
has a peak. In this case in equation (5.4) we must take 

co — co* -f* <5co , 

where <5co is a correction to the frequency (of the same order of small¬ 
ness as y) and the solution must be sought in the form 


x — A sin (co* + 5co) t . 
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Methods in which the solution is looked for in the form 

x = A sin co t , 

where A and co are the unknowns, are therefore called filter methods. 

An example of a filter method is the method of harmonic balance, 
of Krylov and Bogolyubov.* 

Methods in which the required solution is of the form 

x = A sin (co* + boo) t , 

where A and boo are unknowns (boo is a small number of the order 
of /*), and where co* is known from Fig. 186, are called auto-resonance 
methods . They include such methods as those of Van der Pol, Bulga¬ 
kov; it is easy to show that the Poincare method is related to them 
(if we restrict ourselves to finding the periodic solution to the first 
approximation) and so are other methods. 

In problems of automatic control theory (in contrast to applied 
electronics problems) the conditions of the filter hypothesis are often 
realized, while those of the auto-resonance hypothesis are extremely 
rarely satisfied. We shall therefore give basic attention to filter 
methods. In Section 6 we demonstrate the process of calculation which 
is characteristic of auto-resonance methods. In this section we discover 
for what cases the autoresonance methods lead to the same result 
as the filter methods. 


3, The Approximate Determination of Auto-oscillations 
by the Harmonic Balance (Filter) Method 

Let us consider the simplest special case, when the equations 
reduce to the form (5.2). We assume in addition for the present that 
the characteristic f(x) is odd , but not necessarily single-valued (in parti¬ 
cular , it can contain loops). We will look for x in the form 

x = A sin cot , (5.4) 

where A and oo are the unknowns. 

* This method was originally suggested for systems which satisfied the con¬ 
ditions of the auto-resonance hypothesis, although later on it was found that 
it is also applicable in the case of a filter. 
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Putting (5.4) in (5.2) we find: 


d n 

d t n 


+ a 1 


d”" 1 
d ^" 1 
d m 
° dP 




A sin cot =- 


+ \ 


d™" 1 
d P- 1 


+ • • • + 


/ (^4 sin coZ), 


We now rewrite this equation in the shortened form: 


D I—- A sin cot — K (—) / (A sin cot), 

\ dt Id* I 


where 

D 

f d \ 

d n d' 1-1 


and 

{ d t 

' d A 

1 dt n d 

d m , d m_1 

• • + a r 


K 

d< ) 

1 d t n dP- 1 

.. + 6, 


(5.5) 


are operators, which indicate the operations which must be performed 
on the function written after them. We expand the periodic function 
f[A sin co t] in a Fourier series. Since f{x) was assumed to be odd, this ’ 
series does not contain a free term*: 


f[A sin co t] = B X {A) sin co t + G^A) cos co t + 


We assume that the conditions for the filter hypothesis are 
satisfied. From the reasoning given in the previous section, it follows 
that this means we can ignore the harmonics contained in the spectrum 
of the oscillations of x. Because of this we can omit the higher har¬ 
monics in the expansion in series of f[A sin co t], since they give rise 
to lines in the spectrum of the oscillations of the coordinate which 
are so small that they can be ignored. 

We therefore obtain: 


f(A sin cot) = B 1 sin cot G 1 cos cot , 

were B 1 and G x are determined by the usual formulae for the co- 
* If j(x) is single-valued as well as odd, then C^A ) = 0 (for proof, see p.000). 
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efficients of a Fourier series: 

2n 

B x — — j / (A sin z) sin z dz — B x (A ), 

'n J 

o 

2ji 

C 1 — — ( / (4 sin z) cos z dz = C l ( A) . 

n J 

o 


Now equation (5.5) can be written: 

AD [ — I sin mt — (J) A f—\ sin 4 M) K (—) cos cot. 

\dt) \ dt j \ d£ J 

We now introduce two auxiliary identities. 

In the obvious identity 

L j A j e M = L (ico) e iat , 


where A|— | is one of the polynomials!) 
ate real and imaginary parts : 



and K 




[cos cot 4 i sin cot] = 


we separ- 


— [Re L (ioj) -f* i Im L (ico)] [cos cot 4 i sin cot] = 

= [Re L (ico) cos cot -- Im L (ico) sin cot] 4 

+ i [Re L (ico) sin cot 4 Im L (ico) cos cot]. 

Equating them separately to zero, we obtain: 

sin cot = Im L (—1 e iwt — 

U t) 

= Re L (ico) sin (cot) 4 Im L (ico) cos cot, 
L j ~j cos cot = Re L j A j e lmt = 

= Re L (im) cos wt — Im L (im) sin mt . 
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Takinginturn L an< ^ ~^ j ~j = K -j and using 

the above identities, we perform the operations 


D 


and 




sin cot 


K 


(— 

d t 


cos cot. 


The equation (5.5) then reduces to the form 


.4 [Re D{ico) sin cot Im D(ico) cos co t] = 

— B X (A) [Re K(ico) sin co t + Im K(ico) cos co t] -f- 
+ Ci(A) [Re K(ico) cos co t — Im K(ico) sin co t]. 

In this equation we equate the coefficients of sin cot and cos cot 
separately to zero and find 

A Re D(ico) — Bj{A) Re K(ico) — G X (A) Im K(ico) , 

A lm D(ico) = B X (A) Im K(ico) + C X (A) Re K(ico). 


Multiplying the second equation by i and adding it to the first 
AD{ico) = B X (A) K(ico) + C X (A) [i Re K(ico) - Im K(ico)]. 


If we now bring i out of the square brackets, we obtain: 
AD(i co) = [B X (A) + iC x (A)] K(i co) , 


or 


where 


I 


I (ico) — R (A ), 


/ (im) = D J^l; B(A) = BiW + iCAA) 

K (ico) A 

The expression on the left-hand side of equation (5.6) 

D (ico) 


I (ico) = 


K (ico) 


(5.6) 
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itself represents the amplitude-phase characteristic of the first kind 
of the linear part of the system, i.e. the ratio of the complex ampli¬ 
tude of the input quantity of this part of the system to the complex 
amplitude of its output coordinate for steady oscillations, 

The expression on the right.hand side of equation (5.6) 


R(A) = 


BM) + iC x (A) 


= B(A) + %C(A) 


is equivalent to the amplitude-phase characteristic of the second kind 
for a non-linear element. An oscillation of amplitude A acts at the 
input of the non-linear element, and at its output an oscillation having 
a first harmonic with complex amplitude B 1 + iC 1 is set up. Hence 
R(A) is the ratio of the complex amplitude of the first harmonic of 
the oscillation set up at the output of the non-linear element to the 
amplitude of the steady oscillation at its input. The quantity R(A) 
is sometimes called the reduced transfer function of the non-linear 
element , or the describing function . 

Functions R(A) for some typical non-linearities are set out in 
Table XVI. 

In the complex plane we now construct two hodographs (Fig. 
187): the hodograph I(ico), i.e. the amplitude-phase characteristic 
of the first kind of the linear part of the system (the parameter being 
the required frequency co), and the hodograph R(A ), the reduced 
transfer function of the non-linear element (the parameter being the 
required amplitude A). On the strength of equation (5,6) the point of 
intersection of these two hodographs determines the required amplitude 
A and the frequency of the periodic solution. 

Of course, the results are true only if the initial assumption, 
that the periodic solutions of the considered equations were nearly 
harmonic, is true. The validity of this assumption can now be tested 
from the amplitude characteristic in the way explained at the end of 
the previous section. We can also do this directly from the amplitude- 
phase characteristic of the first kind which was constructed to prove 
the existence of periodic solutions. For a filter the radius-vectors of 
the points corresponding to the frequencies of the harmonics are con¬ 
siderably larger than the radius-vector of the point corresponding to 
the obtained frequency of the periodic solution. 
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The points of intersection of the hodographs in Fig. 187 for which 
the frequencies do not satisfy this condition must be excluded from 
our consideration. 

If the hodographs I{ico) and B(A) intersect at several points, 
and each of them satisfies this condition which results from the filter 
hypothesis, this points to the presence of several periodic solutions: 
each point of intersection of the hodograph determines one of them. 



If there are no points of intersection, there is no nearly harmonic 
periodic solution. From this, of course, it does not follow that the 
system in general does not have periodic solutions, since by using filter 
methods we can only find periodic solutions whose frequencies satisfy 
the inequality 

(°c ^ 

— < CO < co c , 

O 

co c 

and the question of the existence of periodic solutions with ^ 

o 

remains unanswered, since they cannot be found in the form (5.4), 
We assumed above that the characteristic f(x) was odd. This 
assumption is rarely fulfilled. Indeed, in static systems, the position 
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Table XVI 


Formulae for the calculation of R(A) 
FOR TYPICAL NON-LINEARITIES 


Graph of (x) 










2 r 

B (A) ~ a" -\ -(a' — a") arcsin- 

71 


^r-{ J T)y O{A)=0 


B (A) = a" — — - arcsin-^- + 
71 _ A. 


+ 'xl/ 1 -(-x)T C( ^ ) = 0 


B (A) = a" + -it , 0 (4) = 0 


(7(4) = 0 


b ^-h > 


-&)’ 


O (^4) = 0 


f 2d 

For 4 > «r # + A , B {A) = - (<r 2 - a, - 
sin 2ff 2 *— sm < 7 1 where ffj — arcsin < 


(T 0 = arcsin 


IL+^^,cw=o 
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Table XVI 


Formulae for the calculation of R(A) 

FOR TYPICAL NON-LINEARITIES 


No. Graph of ( x ) -R(^4) 



on the characteristic of the point of equilibrium which determines 
the origin of x depends on the load, and even if the characteristic is 
symmetric with respect to some point, only for some unique value 
of the load does the origin of coordinates turn out to be at this point. 
Whatever the form of the characteristic f(x), the assumption that it 
is odd has, therefore, no meaning when the system is static. For static 
systems equation (5.6) is not suitable for determining the periodic states. 

But if f(x) is not odd, and, at the same time, the equation D(p) = 
= 0 has no zero roots, the existence of periodic states becomes notice- 
ably more complicated. 

In this case the periodic solution must be looked for in the form 
x = E + A sin cot, 


where 0 < E < oo, and it is necessary to determine the three quanti¬ 
ties E , A and co. 

Putting this value of x in the equation 
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The first terms of the expansion of the function f[E + A sin co t J in 
a Fourier series are equal to 

f(E -j- A sin co t) 7 ^ S(E, A) + B x (E, A) sin co t -f G X {E , A) cos co t. 
Then, just as before, in determining the periodic states, we obtain 
two equations 


: I(ico) = R(E,A) (5.8) 

and 

a n E = b n S(E,A), , ( 5.80 

where 

r (E, A) = Bl . 

The equation (5.8), as before, is obtained by equating the terms 
containing sin cot and cos cot, and the equation (5.8') by equating 
the free terms. 

It is immediately seen that for both the conditions a n = 0 (i.e. 
E = co) and the condition b n = 0 (i.e, E = 0) it is not possible to 
find a periodic solution in the form 

x = E A sin co t, 0 < E < oo. 

The case b n == 0 is not encountered in control problems, since 
this would mean that the loop of static actions was closed. In the 
case a n = 0 the system contains an astatic stage, and such a system 
cannot be closed by a non-linear stage with a non-symmetrie (not 
odd) characteristic, since an astatic stage, by integrating the static 
deviation, continuously increases it and E °o . 

If a n ¥= 0 and b n =¥= 0, then it is necessary first of all to determine 
all pairs of numbers E, A , satisfying (5.8'). To do this we construct 
in the F, U-plane the family of curves F — S(E, A) for various values 
of A, and find the points of intersection of these curves with the ray 

F — ~E (Fig. 188). 

The pairs of numbers E, A, satisfying equation (5.8') which we 
obtain are substituted in R(E , A), In the construction of this hodo- 
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graph, each of its points bears not one, but two values. Its inter¬ 
section with the hodograph I(i co) determines at once the three required 
numbers: the amplitude of the auto-oscillations, A, their frequency 
co and the magnitude of the displacement of the zero line of E 
(Fig. 189). Of course, each time it is necessary to verify that the 
frequencies of the periodic states found satisfy the conditions of the 
filter hypothesis. 



A- Var 
Fig. 188 


Returning to odd characteristics we note, in conclusion, that in 
the case when the function/(x) is not only odd, but also single-valued, 
the coefficient C 1 — 0, and the hodograph i?(4) lies along the real 
axis. 

For 


Z7l 4 

C, = — / (A sin z) cos z dz —- f (A sin z) A cos z dz 

n J tiA [ J 


Jl * 

+ J / (A sin z) A cos z dz + j / (A sin z) A cos z dz 
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We perform the substitution 


giving 

Then 




71A 


+ 


ip = A sin z , 
dip = A cos z dz . 

A 0 

(7 (v) +j / (v) #+ 

0 A 

-A 0 

/M <ty + j f(w) d V 



If the characteristic /(a;) is not single-valrfed, i.e. it contains a 
loop, and if the area of this loop between x = —A and x — A is 
equal to F, the sum of the four integrals in square brackets, is F. 
Therefore, 


In the special case of a single-valued characteristic F — 0, and 
therefore G 1 — 0. 

In this case it is not necessary to construct the hodographs and 
the whole construction can be performed in the real plane. Thus, for 
an odd characteristic (E = 0) from 


I(ico) = R(A) 
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for real i?(^4) we obtain 

Im I(ico) = 0 , 

Re I{ico) = R(A). 

From this it follows that when f(x) is a single-valued function (i.e„ 
does not contain a loop) the frequencies are determined independently of 
the amplitudes and depend only on the linear part of the system . They 
are equal to the complex roots of the coefficient of the imaginary part of 




Fig. 190 


the characteristic equation of the conditional linear system , which would 
be obtained if the given system were closed through a linear inertialess 
amplifier y = Jcx instead of a non-linear element, and if k were then 
increased until a pair of roots of the characteristic equation reached the 
imaginary axis (k = k cr ). Therefore , for single-valued characteristics the 
frequencies of the nearly harmonic periodic solutions do not depend on 
the form of the characteristic of the non-linear element and are found by 
the intersection of the curve 


with the straight line 


R - R(A) 
R — Re I(i co) 


(Fig. 1906). 
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In fact, such a conditional system has the characteristic equation 


D{p) — lcK(p) = 0. 



The boundary of the D-partition for k is defined as 

k = D < to > _ / (to). 

Km 

The boundary values of 1c are determined by the condition 
Jc cr ™ R el (ico). 


where co is found (Fig. 190a) from Im I(i co) = 0, i. e. from the same 
conditions which gave the frequency of the auto-oscillations for a 
single-valued non-linear characteristic. 

The amplitude of the auto-oscillations in the given case is deter¬ 
mined simply from the condition 


R(A) = lc cr . 
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Example. A single-loop network is closed through a relay with “dead- 
space” (Fig. 191). 

The equations of the non-linear element are: 

! — / 0 when x > o 0 , 

0 when — o 0 < x < a 0 , (5.9) 

+ / 0 when x < — cr 0 . 



For such a relay (see Table XVI) 



0(A) = 0. 


Constructing the hodographs I(i co) and R(A) = B(A) on one graph, 
we find from it the frequencies and amplitudes of the possible periodic states 
(Fig. 192). Of course, the states we obtain can include unstable states too 
(see below). 

We construct the amplitude characteristic of the linear part of the system 
(Fig. 193) and along the co-axis we put the obtained frequencies co Xf co 2 and co 3 
and the frequencies of the harmonics* 30^, 3co 2 , and 3co 3 . Suppose, for example, 
that they are situated along the co-axis as in Fig. 193. The frequencies 3co 2 
and 3co 3 lie outside the admissible range of the system, and therefore the system 
with equation (5.9) has a periodic solution which is nearly harmonic with 
frequencies co 2 and co 3 and with the corresponding amplitudes ^4 2 and A 3 . 

The periodic solution we have found with frequency co t is doubtful and 
must be verified by an exact method, since it has been found on the assumption 
that the oscillations are nearly harmonic, and the frequency lies within the 
admissible range of the linear part of the system. 
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4. The Approximate Determination of Forced Oscillations in 
the Presence of an External Periodic Action 

So far in this chapter we have spoken of an automatic control 
system containing non-linear elements, but free from any external 
actions. Often it is necessary to consider non-linear systems subject 
to external periodic actions. 

The motions arising in a non-linear system under the action of 
external periodic actions differ essentially from those arising in linear 
systems with similar conditions. 

We recall the three basic properties of the steady motions pos¬ 
sible in linear systems under the action of external periodic disturb¬ 
ances: 

(a) The steady motions are always periodic; their frequency is 
the same as the frequency of the external action. 

(b) The amplitude of the steady motion is directly proportional 
to the amplitude of the external action and is a single-valued function 
of the frequency. 

(c) The stability of the steady motions depends only on the pro¬ 
perties of the system, and is completely independent of the amplitude 
and frequency of the external action. 

From this, as we showed in Chapter II, a single curve serves 
as the amplitude-phase characteristic of a linear system. 

In contrast to a linear system, in non-linear systems: 

(a) As well as frequencies and amplitudes of the external action 
for which the steady motion is periodic with the same frequency, 
there can exist frequencies and amplitudes of external actions which 
cause non-periodic (almost periodic) steady motion. In this case this 
steady motion is the sum of several harmonic oscillations. One of them 
has a frequency coinciding with that of the external disturbance, 
and the second (or others) has a frequency near to that of the auto¬ 
oscillation (or auto-oscillations) which exist or are possible in the 
system when the external periodic action is absent. 

(b) The amplitude of the periodic steady motions and the ampli¬ 
tudes of the separate periodic constituents of the non-periodic steady 
motions are not proportional to the amplitude of the external action, 


* The frequencies 22<y 2 and 2co 3 are not in the spectrum, since the charac^ 
teristic is odd. 
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but are non-linear functions of it. The form of this function depends 
on the properties of the system. 

The amplitude of the steady motions also need not be a single¬ 
valued function of the frequency and amplitude of the external 
action. 

(c) The stability of both periodic and non-periodic steady motions 
depends not only on the properties of the system, but also on the 
amplitude and frequency of the external action. 

This means that the amplitude, or amplitude-phase, characteristic 
of a non-linear system, determined by analogy with the same charac¬ 
teristic of a linear system, cannot be constructed for all values of the 
frequencies and amplitudes of the external action, but only for those 
which cause periodic steady motions in the system. Moreover, such 
characteristics consist not of a single curve, but of a single-parameter 
family of curves: each curve corresponds to one value of the amplitude 
of the external action. 

Finally, some sections of these curves can correspond to stable, 
and others to unstable, periodic motions. 

We describe below the application of the harmonic balance 
method to the approximate determination of similar characteristics 
for non-linear systems. 

Suppose that at the input of the linear part of the system (see 
Fig. 180) an external periodic action S sin cot , acts in addition to 
the output coordinate of the non-linear element, i.e. the equation 
of motion is of the form 


or 


D 


D 


d | 

II 

dt j 

I l at j 


[y + S sin cot], 


d t 


x = K 


y = f(x) 
d 


1 d t 


[/ ( x ) + & s i n w ^]* 


(5.10) 


(5.11) 


Here D 


dt 


and K 


dt_ 

d 


are the operators whose meaning was ex¬ 


plained in the previous section. 

We restrict ourselves to the case when the function f(x) is odd, 
and, consequently, the oscillations of the coordinate can only be 
symmetric with respect to x = 0. 



360 


THEORY OF AUTOMATIC CONTROL 


We discussed above the fact that in auto-oscillatory or potentially 
auto-oscillatory systems, when an external periodic disturbance is 
present, both periodic and almost periodic oscillations can be set up. 
Here we only consider the question of determining the periodic 
steady states. Now it is no longer possible to arbitrarily dispose of 
the time coordinate origin — it is fixed since t enters explicitly in 
equation (5.10). Consequently, in the given case it is essential to deter¬ 
mine not only the amplitude of the steady oscillations, but also their 
phase shift relative to the external harmonic disturbance. Therefore 
we look for the steady periodic oscillations of the coordinate x in 
the form 

x — A sin (cot — y) , (5.12) 

where A and y are constants to be determined, and co is the frequency 
coinciding with the given frequency of the external disturbance. 

Putting (5.12) in (5.11) we obtain: 

D |~'j ^ sin (cot — y) ~ K j {/ sin — y)] + S sin cot}. 

(5.13) 

As in the previous section, we replace the periodic function 
f[A sin (co t — y)] by the first harmonics of its expansion in a Fourier 
series: 

f[A sin (co t — y)]^ B^A) sin (co t — y) + G r (A) cos (cot — y). (5.14) 


Making use of the identities 

d \ 

L - sin cot = Re L (ico) sin cot + Im L (ico) cos cot , 

dt } 

L [ | cos cot = Re L (ico) cos cot — Im L (ico) sin cot, 

d£ 


(5.15) 


which were proved in the previous section, and from the obvious 
identity: 


sin co t = sin (co t — y) cos y + cos (cot — y) sin y , 
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we can reduce the equation (5.13) to the form 

A[ Re D(i co) sin (co t — 7 ) + Im D(i co) cos (co t — 7 )] = 

= B X (A) [Re K(i co) sin (co t — y) + Im K(i co) cos (cot — 7 )] -f 

+ C X (A) [Re K(i co) cos (cot — y) — Im K(i co) sin (cot — y)] + 

+ S cos y[ Re K(i co) sin (cot — y) + Im K(i co) cos (co t — y)] + 
+ S sin y[ Re K(i co) cos (co t — y) — Im K(i co) sin (cot — 7 )]. 

(5.16) 

In this equation we equate the coefficients of the terms in sin (cot — y) 
and the coefficients of the terms in cos (co t — 7 ): 

A Re D(i co) = B X (A) Re K(i co) — C X (A) Im K(i co) + 

+ S cos 7 Re K(i co) — S sin 7 Im K(i co) , 

} (5.17) 

A Im D(i co) = B X (A) Im K(i co) + C X (A) Re K(i co) + 

+ S cos 7 Im K(i co) + S sin 7 Re K(i co). 

Multiplying now the second equation of this system by i and adding 
it to the first, we obtain: 

AD(ico) — \B X (A) + iC x (A)] K(ico) + SK(ico) (cos 7 + i sin 7 ). (5.18) 
As before, we put 

B(A)=±[B l (A) + iC .(A)]- 
A 

Then, dividing both sides of the equation (5.18) by AK(ico), we obtain 
finally 

I (ico) =B(A) + — e iy . (5.19) 

A 

In this vector equation S and co are given and A and 7 are to be deter¬ 
mined. Let us assume, however, that S and A are given, and determine 
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co and y for which equation (5.19) is satisfied. To do this we return 
to the construction performed in the previous section to determine 
the auto-oscillatory state and to the two curves contained in it: the 
characteristic and the reduced transfer function i2(^4) (Fig. 194). 

We take the value A == A x and determine the values of co and 
y for which equation (5.19) is satisfied. To do this we put a compass 
point at the point of the hodograph R{A) corresponding to A = A x , 

* g 

and draw a circle of radius — . The point of intersection of this circle 

A 



with the hodograph I(ico) determines the required value of co v and 
the angle, read anticlockwise as in Fig. 194, is the value of y. 

In fact, in this case a vector triangle is formed, determined by 
(5.19) and shown in Fig. 194. 

If the circumference has no points of intersection with the hodo¬ 
graph /(i co), this indicates that there are no periodic motions with 
the amplitude A = A 1 in the system for any value of co. If, finally, 
there are several points of intersection, there also exist several frequen¬ 
cies for which the oscillations of the coordinate x have the amplitude 
A = A v 

By changing the values of A we can determine all the periodic 
motions possible in the system for any values of co or S. 
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5. Systems Containing Several Non-Linearities 

We return to a consideration of systems which are not subject 
to external periodic disturbances. We consider now systems which 
contain several odd single-valued non-linear functions so that the system 
can be represented as a sequential network of the linear parts of the 
system and of the non-linear elements with odd and single-valued 
characteristics (Fig. 195). 



Fig. 195 


The equations of such a system are 


A 


A 


d 

it 

_d_ 

d 1 


h = K x 


x , 


d_ 
c it 

2 — fl ( X l)’ 

d 

d T 

X 4 = h( X z)> 


r 3 — K 2 


x n , 


x 2> 


D 


n—2 


d t 


X n—1 ^n~~ 2 


A 

d t 


v n—2 > 


x n = ( x n~ l)- 

2 


Assuming that the oscillations of any coordinate of the system, for 
example of x n , are nearly harmonic, we will look for the periodic 
solution for x n in the form 


Then 


x n = A n sin co t. 


(5.20) 




D x (ico) 


K^ico) 


■sm 


cot — arg 


Di (ico) 
K x (ico) 


A x sin (cot — <p x ), 
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where 


A i 


D 3 (to) 

K x (to) 


Vi = ar § 


D 1 (to) 

K x (to) 


The oscillations of the coordinate x 2 are: 


x 2 = /i[^4i sin (co f — 99 x )] = A x R X {A^) sin (co t — q> x ) + 


Here R X {A^) is the reduced transfer function of the first non¬ 
linear element, so that A x R{A^) is the amplitude of the basic mode, 
and the dots denote harmonics.* Rejecting the harmonics** we obtain: 


x 3 


-P 2 (no) 
K 2 ( im) 


sin 


cot — cp x — arg 


-P 2 ( iw ) 

K 2 (im) 


A 3 sin (ml — <p 3 ), 


where 

A 3 = 


Therefore 


A i Ri (Aj) 

-Pg (to) 
K 2 (im) 


<P 3 =-- ( Pi + arg 


D 2 (im) 
K 2 (im) 


*4 = A [^3 s in (co t — <p 3 )] = A 3 E 2 (A 3 ) sin (m t — cp 3 ) + 


repeating the argument and moving further along the action net¬ 
work in this way, we obtain: 


A n— 3„ ( A n— 3 ) 


l 


x n -1 


2 


K n (im) 


sin 


mt — cp n _ 3 - arg 


D n (im) \ 
2 

KJim) 

2 


(5.21) 


= ^^sin (mt — tpn^), 

x n = A n- 1 ( A n- i) sin (mt — 99„_ 1 ). 
~2 


* The phase of the basic mode coincides with the phase of the oscilla¬ 
tions of x l} since the function / t is single-valued (see p. 355). 

** See the end of this section for the conditions under which this is allow¬ 


able. 
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Equating (5.20) and (5.21) we find: 

A n = A n _ x ^(^ n _ 1 ), - cp n _ x - 0 . (5.22) 

2 


Substituting the values of A n _ v and then of A n _ 2 and so on, and 
dividing by A ny we obtain: 


D x (ico) 

! 

D 2 (ico) | 

D n - 2 (ico) 

K x (ico) 


K 2 (ico) 

K n -2 (ico) 


= A (A) A 




X Eo 


K 2 (ico) 


D 2 (ico) 


K 3 (ico) 


D z (ico) 


D 2 (ico) 

K 2 (ico) 


X 


E 


D 2 (ico) 


A x E x (A x 



We denote the product of the functions on the right-hand side 
of the equation R(A V co) and call it the free reduced transfer function 
of all the non-linearities. 

We note now that the left-hand side of the resulting equation 
itself represents the amplitude characteristic of the linear system 
which would be obtained from the given system if all the non-linear 
elements were removed and all the linear elements in the sequential 
network were connected. We denote it by 


Then 


D (ico) 
K (ico) 


I (ico)\. 


\I (2C0)| = R (A v co). 


(5.23) 


We obtain a second relation from the second equation of (5.22). 
It is 


arg 


D x (ico) 
K x (ico) 


+ arg 


D^fico) 
K 2 (ico) 


= 0 


or 

— arg I (io) — 0. (5.24) 


This condition does not depend on the amplitude and at once enables 
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us to determine co. It is immediately seen that the frequencies of the 
auto-oscillations coincide with the frequencies on the D-partition boundary 
for the coefficient of amplification in the system obtained from the given 
one by replacing the non-linear elements by linear inertialess ampli¬ 
fiers * Hence , the frequency does not depend on the number of single¬ 
valued non-linearities or their form , and depends only on the linear 
parts of the system. 

Putting the frequencies found from (5.24) in (5.23) we find the 
amplitude A L for each frequency. 

Prom the reasoning given it follows that it is true only if the system 
can be reduced to the form shown in Fig. 195, if all the non-linear 
characteristics are odd and single-valued, and if the harmonics pro¬ 
duced by the non-linearities can be ignored. This last condition is 
satisfied only if the linear sections of the system separately block 
frequencies of 3co* and higher, "where the co* are the frequencies found 
from (5.24). This condition must be checked after co* has been deter¬ 


mined from all the amplitude characteristics 


D; (iCO) 


If the first of these conditions is not satisfied, then similar reason¬ 


ing leads to two related equations for the determination of co and A v 


whose solution is considerably more complicated. It requires the 


construction of a family of hodographs. 


6. The Determination of the Auto-oscillations in the Case 
of Auto-resonance 

In Sections 3, 4 and 5 it was assumed that the system satisfied 
the filter hypothesis, and the auto-oscillatory states were determined 
by the harmonic balance method (by the filter method), i. e. we looked 
for the solution in the form 

x — A sin co t , 

where co could be any number which statisfied the inequality: 

—- <r co < co r . 

s 

* Cf. p. 355. 
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Let us now suppose that the required periodic solutions can be 
assumed to be nearly harmonic not because of a filter but because 
of auto-resonance, i.e. that the equations are of the form 

D{r)x~K(p)t,, | (J. 26 ) 

y = f(x) = rx + w> ( x), | 

where p is small, and r is a positive number such that the charac¬ 
teristic equation 

D(p) — rK(p) = 0 (5.26) 

of the “conditional linear system” obtained from (5.25) for p — 0 
has a pair of imaginary l'oots p it 2 — ± i co *, and its other roots lie 
to the left of the imaginary axis. 

Let us suppose that f(x) is an odd function. We shall now look 
for periodic solutions in the form 

x ~ A sin (co* + dco) t , (5.27) 

where dco is a small “correction to the frequency”; it is of the same 
order as p. 

Putting for the time being 

CO = co* + dco, (5.28) 


we put (5.27) in (5.25), and repeating the calculations performed in 
Section 3 above we obtain the equation (5.6). But now, taking (5.28) 
nito account, we can rewrite this equation as 


I[{co* + dco)] - R(A) 
or 

D[i(co* + dco)] = R(A) K[i(co* + dco)]. (5.29) 


Expanding the terms D[i(co* + <5co)] and K[i(co* -)- <5o>)] in 
series of ascending powers of i dco and ingoring the terms contain¬ 
ing the small quantity dco to the second and higher degrees, we find 


D (iu)*) + 


" dD (ico) " 
d (ico) 


ido) — | K (£&>*) + 


+ 


dK (ico) 
d (ico) 




R (A) =: 0. 


(5.30) 
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We recall that in the given case, due to autoresonance, 
f(x) = rx + p<p(x) 

and therefore 

R(A) = r+ fi R*{A) , (5.31) 

where R* is the aggregate of terms containing fi as a factor. 

Putting (5.31) in (5.30) and ignoring terms which contain the 
product of the small quantities fi and (5co, since this product is of the 
second order, we obtain 


D(ico*) - R(A) K(ico*) = —i A f (ico*) 8co , 


(5.32) 


where 


A (ico) = D (ico) — tK (ico), and A' (ico*) = 

L d (H 

Dividing both sides of (5.32) by K(ico*), we obtain: 

. A' (ico*) 


I (ico*) - R (A) 


K (ico*) 


8co . 


We now note that 

d [D (ico) - rK (ico)] 


A'(ico*) = 


d io) 


_ ± Z)(to)- rg(fo) g[to) 
dico i£(ico) 


Differentiating the product and taking into account that 


we obtain 

A' (ico*) — K (ico*) 


A(ico*) = D(ico*) — rK(ico*) = 0 , 
d D (ico) — rK (ico) 


d ico 


K (ico) 


Hence, 


= K (ico*) [ —^ 

. A' (ico*) 
if (ico*) 


dico 
d I (ico) 


r di (ico) ' 

” _ L do J, 


= — r (ico*) 
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and equation (5.32) reduces to the form 


I I (ico*) = R (A) — r (ico*) dco. j (5.33) 


It is now easy to compare the results obtained for the same 
problem from the method based on the auto-resonance hypothesis 
with those obtained from that based on the filter hypothesis. In the 
latter case the amplitude and frequency are found separately from 
the intersection of the hodographs I (ico) and B(A) (Fig. 196). In the 
former case, as a result of equation (5.33) it is necessary to add to 
this construction the tangent to the hodograph I (ico) at the point 
co = co* corresponding to the propagated frequency, i.e. at the 
point where this hodograph first intersects the negative real axis 
(Fig. 197). The amplitude of the steady state is determined by the 
value of the hodograph at the point where this tangent intersects 
it, and the correction of the frequency is equal to 

dco =---, 

I r (£co*)| 

where l is the segment AB shown in Fig. 197. 

The sign of dco is positive if the direction of the vector I'(ico*) 
coincides with that of AB , and is negative if their directions are 
opposed. 

From the comparison of the constructions shown in Figs. 196 
and 197 it follows that the values of the frequency and amplitude 
of the auto-oscillatory states determined by the two methods will 
coincide exactly only when B(A) is a real function of A* In such 
cases the application of small parameter methods to systems not con¬ 
taining such small parameters but satisfying the filter hypothesis 
therefore leads to correct results. The coincidence or non-coincidence 
with the results of exact methods depends only on how exactly the 
filter hypothesis is satisfied, and does not depend at all on the magni¬ 
tude of the small parameter. 

It is quite a different matter when B(A) is a complex function 
of A** The amplitudes and frequencies found by starting from the 

* i.e. when j(x) is single-valued (see p. 354). 

** i.e. when f(x) is not single-valued (see p. 354). 



370 


THEORY OF AUTOMATIC CONTROL 


auto-resonance hypothesis differ essentially in such cases from those 
found from the methods based on the filter hypothesis. This difference 
can be qualitative as well as quantitative. 




Thus, for example, in the case given in Fig. 198, the application 
of auto-resonance hypothesis methods establishes that there are no 



periodic solutions, whereas the reasoning starting from the filter hypot¬ 
hesis indicates that a periodic state exists (point A in Fig. 198). 

These discrepancies do not appear as a consequence of ignoring 
the harmonics, since they are also ignored in the filter methods. 
They appear as a result of ignoring terms whose order of smallness 
exceeds that of the small parameter. The smaller the small para¬ 
meter, the less this discrepancy will be. 
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Thus, when i?(.4) is a complex function of A, the application 
of methods based on the auto-resonance hypothesis to systems in 
which the harmonics are ignored on the basis of the filter hypothesis 
can be the cause of considerable errors. 

On the other hand, the application of methods based on the 
filter hypothesis to systems in which the conditions of the auto-reso- 
nance hypothesis are satisfied, not only does not lead to contradictory 
results, but also gives a more accurate solution. 

If, finally, neither the conditions of the auto-resonance nor of 
the filter hypothesis are satisfied in the system, i.e. if it is not possible 
to ignore the harmonics at the output of the linear part of the loop, 
then methods based on either of these hypotheses can produce mis¬ 
leading results. 


7. The 66 Slight” Stability of Periodic Solutions 
Approximately Found 

In the previous sections we have described simple methods of 
finding the periodic solutions in a number of cases. Only stable 
periodic solutions, however, correspond to auto-oscillatory states and, 
consequently, the problem of determining the auto-oscillatory states 
remains unsolved until the stable states are distinguished from the 
unstable ones. Forced oscillations in non-linear systems can also be 
stable or unstable. 

Let us return to the system 

D j x j [y + S sin cot] , (5.34) 

y = f{x) 
or 

D (—-I x — K (— | [/ (x) A ■ S sin cot] (5.35) 

\ dt ] V dt ) 

and suppose that a periodic solution x = f T (t ) with period T has been 
found, such that 

D (-^-j .tr (t) = K j {/ [f T (t)] +8 sin art}. 


(5.36) 
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To study the stability of these periodic solutions, we will look for 
x in the form 


Then 


x ==/t(0 + Ax. 

d 


D ( — C/r (0 4 Ax] = ifj — | {/ [fr (*) + Ax ] S sinco^}. 


We now expand* the function /[(/ r (£) + A x] in a series of ascending 
powers of Ax: 


f Ut (0 + Ax] — f [f T (t)] + 



Being interested only in the “slight” stability of the given periodic 
state, we shall assume that A x is so small that all the terms contain¬ 
ing it to the second degree and higher can be ignored. Then 

= K | ~j j/ [f T (£)] + j Ax + 8 sin cot j . 

Taking (5.36) into account, we obtain an equation for determining 
A x 


D 



Ax — K 



' d/(as) 
dz 


Ax, 

X—Jjit) 


where 


d f{x) 

da: 




is a given periodic function of time. 


(5.37) 


Since this equation does not contain S it answers the question of 
the stability of the periodic state both in the auto-oscillatory case 
and in the case of forced oscillations. 

The given periodic solution is “ slightly” stable if the position of 
equilibrium A x = 0 is stable in the system defined by equation ^5.37 ). 
Thus, the problem of the stability of the periodic solution of a non- 

* Here it is assumed that the function ](x) allows such an expansion- 
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linear system reduces to the problem of determining the stability of 
the position of equilibrium in the linear system. However, the equa¬ 
tion of this linear system contains periodic coefficients, and this 
is the source of all the difficulties connected with the investigation of 
stability of periodic states. 

We have, so far, succeeded in surmounting these difficulties only 
when the periodic state being nearly harmonic is stipulated by auto¬ 
resonance, and not by a filter. 

Bearing in mind the auto-resonance hypothesis, we shall consider 
further the case when an external periodic action is applied to the 
system, since the auto-oscillatory case can be obtained from it for 
S = 0. 

Let us return to equation (5.34) and, considering small deviations 
from the periodic state, we shall look for the oscillatory process in 
the form 

x = (A 0 + A A) sin [co t — (y 0 + A y)]. (5.38) 

We put (5.38) in (5.34): 

D(P) [(4 0 + A A) sin {co t — y 0 — A y)] = (5.39) 

= K(P) {f[(A 0 + AA) sin {cot — y 0 — Ay)] + £ sin co i}. 

d 

Here P = -—is the differentiation operator with respect to t.* 
d£ 

Starting from the presence of auto-resonance we can average the 

2 71 

function f[(A 0 + A A) sin (co t — y 0 — Ay)] over the period-, 

co 

approximately representing it thus:** 

f[(A 0 + AA) sin {cot — y 0 — Ay)] ^ 

^ {A 0 + A A) g{A 0 + A A) sin {cot — y 0 — Ay) + (5.40) 

+ (4 0 + A A) b(A 0 + A A) cos {cot — y 0 — Ay), 

* We must distinguish between P = and the complex variable used 

above in the expressions for the Laplace transform. 

** It is assumed that the expansion of j[A sin (co t — y)] does not contain 
a free term. If there is such a term, and D(P) does not contain P as a factor, 
the calculations are more complicated. 
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where b(A 0 -\- A A) and gr(H 0 -f- A A) are the coefficients of the terms 
containing sin co t and cos co t in the Fourier expansion of the func¬ 
tion 

f[(A 0 + Zl^)sin (cot — y 0 — Ay)]. 

Hence (5.39) reduces to 

D{P) [(A 0 + A A) sin (cot — y 0 — Ay)] = 

= K(P) [(^4 0 + A A) g(A 0 + A A) sin (cot — y g — Ay) + (5.41) 

-f- ( A 0 -\- A A) b(A Q -\- A A) cos (co t — y 0 — Ay) -f- S sin co t] . 

By the usual method of transferring to complex quantities, we 
obtain: 

D (P) (A 0 + A A) e lmt 

= K (P) [B (A 0 + A A) (A 0 + A A) e la}t e ~ l ^ +Ay) + Se i<ot ]. 

Equation (5.41) is obtained by equating the imaginary parts in 
(5.42). 

Using the easily verified identity 

S ( P ) [ e ia)t cp (t)] ~ e ia)t S (P to) <P (0 > 

where S(P) is any polynomial in P } we transform equation (5.42) 
to the form 

D (P + to) (A 0 + A A) e-^r) = 

= K(P + ico) [B (A 0 + A A) (A 0 + A A) + S ]. 

If we assume in (5.43) that A A — 0 and Ay — 0, then we obtain 
equation (5.19) which served for the determination of the steady 
oscillations. We are now interested in small deflections from these 
steady oscillations, so we expand the non-linear functions contained 
in (5.43) in series in A A and Ay and ignore the non-linear terms of 
these series: 


D (P + ico) [ A 0 e~ iy ° + e~ iy °AA — iA 0 e~ iyQ Ay] — 

— ] A 0 e-‘r»AA + 

dA L= Ao 

+ R (^4 0 ) e~ ly0 AA — iR (A g ) A 0 e~Ay + . 


= K (P + ico) \B (^4) A 0 




(5.44) 
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Taking the steady state equation 

D (io)) A 0 e~ ly ° = K (ico) [B ( A 0 ) e~ iYo + S ]. 

into account, we reduce equation (5.44) to the form 

1 D (P+ico) -K(P+ico)R(A 0 ) - K{P+ico) 


ico) 


rd.B(4) 

An 

dA 

0 

A~A0 


AA 


or 


where 


iA 0 [.D (P -(- ico) — K(P + ico) R (^4 0 )] Ay = 0 (5.45) 

— iA 0 M 1 Ay -f M 2 A A = 0 , (5.46) 


M x = D (P + ico) -K(P + ico) R ( A 0 ), 
M 2 = D(P + ico) —K(P + ico) R (A 0 ) — 


-K (P + ico) [^^1 A 0 . 

L &A l 


(5.47) 


AA = Aq 


Equation (5.46) is an equation with complex coefficients, which is 
linear with respect to A A and Ay. Let 

M 1 — TJ 1 + iV l9 M 2 = U 2 + iVz' 

Separating real and imaginary parts in (5.46) we obtain; 

V 2 A A - A 0 U 1 Ay = 0, U 2 A A + A 0 F x Ay = 0 , (5.48) 

where U v V lf U 2 , V 2 are polynomials in P with real coefficients. 
The characteristic equation of the linear system (5.48) will be 


v 2 -a 0 u 1 

U 2 +A q V 1 


= A»(U x U 2 + V 1 V 2 ). 


(5.49) 


Hence, the equation 


Re Mi M 2 ~ 0 , (5.50) 

is the characteristic equation which, by the distribution of its roots 
relative to the imaginary axis, roughly answers the question of the 
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stability of the given periodic state, where M 1 is a complex conjugate 
of Mi , and the multiplication in (5.50) is taken to mean the usual 
multiplication of complex numbers. 

Expanding D{P i co) and K(P i to) in series in P and putting 
these series in expressions (5.47) we reduce these to the form: 


r=n i 

M 1 = V 


9 r L 


S f! 9 ( ico) r 


P\ 


M, 


where 


9 r L 


: r y — 

fZ o r\ d(ico) 


r=n 1 0 r T 9 L 1 

-P r + A 0 y-± ---— pr, (5.51) 

r=o r\ 9 {icoy L dA \ A=Ao 


L = D{i(o) — K{iu>) B(A 0 ). 


(5.52) 


If now we put (5.51) in (5.50), the characteristic equation reduces 
to the form 


where 

v 

6, = 


\P 2n + & X P 2 "-1 + ... + b^P + b. 


2 n ' 


0, 


(5.53) 


(n\) 2 


Re 


[ 0 (io>) n 8 (io)) n \ 


1 


n\ (n— 1)! 


Re < 


0 n 

0 (ico) n 
d n ~ 1 L 
0 ( ia >) n_1 


d n L 


+ 


d n L 


0 (ico) n 


0"~ 1 L 


0 (ico) n 1 


0 (ioo) n 

+ ^0' 


dL 
dA 0 

+ A 0 


0 n 


dL 


0 ( ico) n \ dA 0 
0"- 1 ( dL 


+ 


d(ico) n 1 1 dA 0 


b 2 n-i — \a o h 


0 (ia>) 


dL 


\n — ® ,e X + Aq 


. 9^0 

dL 


+ 


dL 

d(ico) 


l + a* l -\+x- sl 


dA 


0 (ia>) 


dA n 


The considered approximate solution is “slightly” stable if all 
the roots of equation (5.53) lie to the left of the imaginary axis. 

In an auto-oscillatory state, when S = 0, from the steady state 
equation L = 0 and hence b 2n = 0. 
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In this case the characteristic equation has a zero root. But 
from the Andronov—Vitt theorem, this zero root can be rejected, 
and the characteristic equation reduces to the form 

& 0 P 2 "-1 + hP 2n ~ 2 + ... + \n-*P + = 0 > (5.55) 

where the coefficients b t have the values given above with L = 0. 

In the derivation of the characteristic equations (5.53) and (5.55) 
we used the auto-resonance hypothesis to justify replacing functions 
of the form f[A(t) sin (co t -f- y(0] by their fundamental components 
2n 

over the period-, but in doing this we did not ignore small quanti¬ 

ties in the obtained characteristic equation. 

We note now that in the case of auto-resonance A A(t) and Ay(t) 
are slowly changing functions and their derivatives can be considered 
as being of the second order of smallness. 

If the given system is close to a linear system in which a pair of 
roots of the characteristic equation lies on the imaginary axis and 
the others to the left of it, we can ignore the higher terms of the 
characteristic equation (5.53), since all its roots will also lie to the 
left of the imaginary axis, with the exception of a pair of complex 
roots whose real part will be determined by the lowest terms of the 
characteristic equation. This follows directly from the theorem of the 
continuous dependence of the roots of the characteristic equation on 
its coefficients and from the fact that the characteristic equation 
(5.53) continuously tends to the characteristic equation of the linear 
system when the characteristic f(x) tends to a straight line. 

Thus, in the auto-oscillatory case an estimate of the stability 
can be made from the sign only of the coefficient b 2n ^ 1 and b 2n (in 
the case of forced oscillations). 

When the filter hypothesis was used it was not assumed that 
the system was nearly linear. Hence, in this case an estimate of the 
stability of the periodic state solely based on the sign of the coefficient 
6 2n _ 1 or of & 2 n-i and & 2 rt is not justified. Moreover, in this case equa¬ 
tion (5.53) does not solve the question of stability, since the replace¬ 
ment of the non-periodic function by its fundamental over a period 
cannot now be legitimately justified: A{t) and y(t) do not change 
slowly and in the oscillatory process any frequencies less than co c 
are possible. 



378 


THEORY OF AUTOMATIC CONTROL 


Often, when investigating auto-oscillations by the filter method, 
to determine the stability of the periodic solutions we use the follow¬ 
ing simple criterion: a periodic solution , found from the intersection 
of the hodographs I(ico) and R(A ), is stable if the point (A 0 + AA) 
on R(A) lies inside the hodograph I (ico) when A A < 0 and outside 
when AA<0 (Figs. 199 and 200). Because of the fact that the 
increments AA are small, this reduces to the condition that the vector 
tangent to the hodograph R(A) at the given point A 0 is directed into 
the region bounded by the hodograph I (ico). This is equivalent to 

the requirement that the vector tangent — ^ ^ = T shall 

L d A ]a=a 0 

form an angle less than —with the normal to the curve I (ico) 


directed into the given region at the given point of intersection of 

. d/ (ico) 7 

the two hodographs, i.e. with the vector i -= A . Analytically 

day 

this condition can be expressed by the use of the scalar product of 
the two vectors 

(NT)> 0. (5.56) 


We return now to the characteristic equation (5.55). Its free 
term is equal to 

. . T 8Z ( or ■ , , . - 9 dL Y\ 

b^n —i — Re - 2L -j“ Aq - An L - - -— I . 

6 (ico) 3A 0 0 (ico) 0A O / 


We note that 


QL _ 0 LK {jgy) _ 

0 (ioy) 0 ( ioy) K (ico) 

— L — d-g(tco) + R -9—j'- L — 

K (ia>) d (ioy) d (ico) \ K (ico) 


Now taking it into account that L = 0, we obtain: 


— - K (ico) - I 

9 (ico) ; 9 (ico) \ K(ico) 

= K (to) - d = K (to) - d/ M. 

d (ico) \ K (ico) d (ico) 
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and correspondingly 


d L 


d (ico ) 


K(uo) 


dl (ico) 
d (ico) 


Moreover, using (5.52), we find: 

dL 


A ™ a jrr \ dR ( A o) 

A 0 ;— — — A 0 K (ico) 




d A, 



Hence, finally, 


b 2n -i = — A 0 K(ico) K (to) Re | 


dl (to) d E(A 0 ) 


d (ico) 


R(A 0 ) \ 

dA 0 I 


= — 4,|Z(i©)| a Re 
= A 0 1 K (to)| 2 Re 


dl (to) d R (.4 0 ) 


d (ico) d A 0 

(. dI (ico) dB(A 0 ) 


d co 


d A n 
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Putting i 


d I (ia>) 
dco 


= N, 


d B (A 0 ) 
d A n 


= T, we can rewrite this 


expression in the form of a scalar product: 


bm-i = A 0 \K(ico)\*(NT). (5.57) 

A comparison of (5.56) and (5.57) shows that the frequently used 
conditions for stability shown in italics above corresponds to the free 
term of the characteristic equation (5.55) being positive and hence 
it is suitable only for systems satisfying the conditions of the auto¬ 
resonance hypothesis, and does not answer the question of the stability 
for systems in which the filter hypothesis is realized. 

In system in which a filter (and not auto-resonance) ensures that 
the periodic solutions are nearly harmonic, we cannot use the given 
simple criterion for stability. Its application in this case will often 
lead to mistaken conclusions about the stability. Criteria for the stabi¬ 
lity of periodic states which are based on the filter hypothesis have 
not yet been found. 


B. THE EXACT DETERMINATION OF PERIODIC STATES WHEN 
' THE NON-LINEAR ELEMENT HAS A PIECEWISE-LINEAR 
CHARACTERISTIC 


8. General Introduction to Piecewise-Linear Systems 
and to Exact Methods for Determining their Periodic Solutions 

We return now to the initial system of equations (5.1) and to 
be specific we put k = 1. 

We shall assume henceforth that the function f(x x ) is made up 
of straight line segments. Common examples of characteristics of 
this sort are shown in Fig. 201. 

In this part we shall no longer assume that the system satisfies 
the conditions of either the auto-resonance hypothesis or the filter 
hypothesis, and therefore we shall take into account all the harmonics 
given rise to by the non-linear element. 

In the system (5.1) we replace f(x x ) by y and obtain an equation 
containing only x x and y , i.e. we eliminate all the other unknowns 

*^3> * * * > 
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X , 


As a result of this elimination we obtain the equation 

D(P) x x = K(P) y , (5.58) 

d 

where, as in the previous section, P = — is the differentiation Opera¬ 
nt 

tor with respect to time. 

Equation (5.58) will be called the derived equation. 
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It can be obtained, for example, by transition to a Laplace trans¬ 
form 

D(p)L[x 1 ] = K(p)L[y], 

whereand L[y] are Laplace transforms of the functions x ± and y 
respectively. Equation (5.58) is obtained from the last expression by 
replacingL^] andL[y]byx 1 and y and the complex variable^ by the 
differentiation operator P. But such a substitution can only be made 
if the functions x ± and y are sufficiently smooth. In fact, obtaining 
(5.58) from (5.1) requires the differentiation of these functions (in 
the Laplace transforms after their multiplication by £>), and if they 
are not smooth, i.e. if in the process of transition from (5.1) to (5.58) 
we have to differentiate discontinuous functions, then such a transi¬ 
tion (or such a substitution of <p by P) requires caution. 

In this case, there is no meaning even in writing the defined 
equations in the form (5.58): it is not clear without supplementary 
clarification what we are to understand by the function K(P)f(x 1 ) 
if f{x^j has discontinuities and breaks. 

We shall agree to say that the symbol PF(t) denotes the ordinary 
derivative of the function F(t) with respect to t, which exists every¬ 
where apart from points t = t q , for which the function F(t) has dis¬ 
continuities; at the points for which t — t q the derivative does not 
exist and has a meaning only if we speak of the derivative from the 
right (for t = t q + e, e 0, or simply for t = t q + 0) and of a deri¬ 
vative from the left (for t — t q — 0). In Fig. 202 examples of the 
functions F(t) and their ordinary derivatives PF(t) are given. 

We now introduce the Dirac 5-function, which we define in the 
following way: if h(t) is an arbitrary, sufficiently smooth function, 

+ 00 

J h(t)d ( t) dt = h (0), (5-59) 

— oo 

we can represent the function 8(t) as the limit of the function shown 
in Fig. 203 when a 0 and b —► co in such a way that their product 
ab — 1. 

We now introduce the operation of the generalized derivative of 
the function F(t ), which we denote by P* F(t) and define thus: 

p*F(t)=PF(t) + 2^ q nt-t q ), 

q 


(5.60) 
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where the t q are values of t at which F(t) has discontinuities, and 
C 0q is the magnitude of this discontinuity, i. e. 

: Qq =F(t q + 0)-F(t q -0). (5.61) 

The summation in (5.60) is taken over all the discontinuities. 

If the functions F(t) are continuous, then the operations PF(t) 
and P* F(t) coincide, since all £ oq = 0. 
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Repeatedly applying the operation P*, we obtain formulae 
defining the second and higher generalized derivatives: 

P*F(t)=PF ( t) + £ to** {*-*<), 

Q 

P* 2 F (t) = P 2 F (t) + 2 [£o * d ' i* - t q ) + 5 (t - *,)]. 


(5.62) 


p*n F (t) — P n F (i t) + 


+ 2 a*" 1 (* - *,) + Cl* dn ~ 2 + fn-1 * (* - t q )l 

<7 



Here £ og , £ lqy £ 2qj . •.,t nq are the discontinuities of the functions 
F( Oj PP(0j P 2 F(t ), ..., P" P(0 at the times t = t q when a disconti¬ 
nuity occurs for any one of these functions. The summation in formula 
(5.62) is taken over all the points t q . The functions d', d", ..., d n ~ z , S' 1 " 1 
denote the first, second and higher derivatives of the Dirac d -function. 
Henceforth all these functions will be ignored and we shall not meet 
them again in this book. We shall not therefore explain more precisely 
here how these derivatives are determined. 

If we now return to the initial system (5.1) and once again elimin¬ 
ate all the unknown functions apart from x v not by ordinary dif¬ 
ferentiation, but by using the generalized derivative, then as a result 
we obtain the same derived equation (5.58) except that now the 
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operator P will be replaced everywhere by P*: 


D (P*)x 1 = K{P*)y, 
I y = f{* i)- 


(5.63) 


We call this equation the generalized derived equation. 

And now, despite the fact that the function is not smooth, the 
equation D(P*) x x = K(P*) f(x x ) has a clear meaning. Put* 


D (P*) = a 0 P* n + a iP^" 1 + ... + a n ,1 04 

tf(P*) = 6 0 P*"-J- hP*^ + . 

In (5.64) we put the values of P*, P* 2 , . . . taken from (5.62). We 
then equate the terms on the left and right which do not contain the 
5-function, and, for each instant t q separately, the terms containing 
5-functions, 5'-functions, 5"-functions, and so on. 

As a result instead of the one generalized reduced equation 

D(P*) ^ = X(P*)/(^) 


we obtain the equation 

D(P)x 1 --^K((P)f(x 1 ). (5.65) 


together with the supplementary equations for each instant 


^0 ^0 \ ^05 

<h ^ b 0 r} 1 -f- r ] 0 , 

a 0 Cn-l + • • • + Un-1 f<) — b 0 7] n _ x f , . , + b n __ ± Tj Q , 


(5.66) 


which we call the saltus conditions. 

Here £ 0 , £ 1} ..., £ n _ 1} as before are the discontinuities of the 
functions x v Px v . . . i P n ~ l x 1 at the instant t = t q (the index q being 

* Usually the degree m of the polynomial K(P*) is less than the degree 
n of the polynomial D(P*). But this only means that in (5.64) b^,b x , ... are 
equal to zero. 
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omitted) and rj Q , rj x , . .., rj n ~ x are similarly the discontinuities of the 
function f[x x (t) ]: 

Vo = /[>i (tq + 0)] — / [*i (t, ~ 0)], 


Vx = Pf [*1 {tq + 0)] — Pf [*i {tq — 0)] = 

d / K) 


1 /K)l + i+ [d /w r 

da^ J i dx x 


The indices “ + ” and “ — ” above denote that x x (t q — 0) and x x (t q 0) 
respectively have replaced x x (t ), and t q + 0 and t q — 0 have replaced 
From the point of view of determining the motion of the coordinate 
x x the initial system (5.1) is equivalent either to the single generalized 
derived equation (5.63), containing a generalized derivative, or to the 
derived equation (5.65), containing an ordinary derivative, together with 
the saltus conditions (5.66) for all times t — t q at which there are dis¬ 
continuous in any one of the functions 

*i(0. P*i{t), ■■■, P n ~ 1 x 1 {t), 

MW], Pf[Xl(t)l ■■■, P^f{Xy.{t)]. 


We denote by t x , t 2 ,1 3 , ... the moments t q . For t x < t < t. i7 1 2 < t < t 3 
and so on, the functions x x and f(x x ) are smooth. 

Let the values of x x , Px x , ...,P n ~ 1 x x be known for the time 
t — t x + 0. Then, taking them as boundary conditions, we can integrate 
the equation obtained from (5,65) by putting in it the equation of the 
first stage of the characteristic 

f(xj) = S 1 x 1 + g 1 , 

and determine x x for the first interval (t x < t < t 2 ). 

From this integral are found the values of the functions x x , 
Px v ..., x x at the time t — t. z — 0 . It is not possible to take 
these as the boundary conditions for the following step, since for 
t — t 2 the function x x and (or) its derivatives have discontinuities. 
But putting these values of x x , Px x , . .., P n ~ l x x and f(x x ), Pf{x x ), .. .> 
P™- 1 f(xf) calculated from them for the time t = t z — 0 in the saltus 
conditions (5.66) we obtain from them n linear relations, determining 
x x , Px x , . .., P n ~ x x x at the time t — t z -\- 0. 
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Then again, taking these as boundary conditions, we can integrate 
the derived equation (5.65). Taking y from the equation of the second 
stage of the characteristic, we can determine in this way the motion 
during the second step (t 2 < t < £ 3 ) and find x l9 Px v ...,P n ~ 1 x l 
for t = — 0. Then, repeatedly applying the saltus conditions (5.66) 

we find n new relations for determining the boundary conditions of 
the subsequent, third, step, and so on. 

Thus, the generalized derived equation (5.63), or the derived 
equation (5.58), supplemented by the saltus conditions, completely 
determines the change in x x with time for the given boundary condi¬ 
tions. 

The operation of step integration which we have described above, 
supplemented, if need be, by the calculation of the discontinuities 
from the saltus conditions, is called approvision*. 

Approvision discloses a way of determining exactly the periodic 
states (without ignoring harmonics). For this it is necessary only that, 
in carrying it out over a period, the values of x v Px v .. ., P n_1 x ± 
at the end of the period T (for t = T + 0 if for t = T there is a dis¬ 
continuity) shall coincide with the boundary conditions (for t — +0 
if there is a discontinuity for t — 0). 

Three kinds of difficulty arise in the use of this method. 

In order to explain the first of these, let us consider the simplest 
example of a system having a symmetrical relay characteristic (Fig. 
204). 

We can picture a periodic state in which the depicted point, 
as it moves along the characteristic during the period time T succes¬ 
sively passes the points 1, 2, 3, 4, 3, 2, 1 and then repeats the cycle. 
For this the relay is switched twice during the period. But we can 
also imagine another state, where during one period the points 1, 2, 
3, 4, 3, 2, 5, 2, 3, 6, 3, 2, 1, are passed in succession, i.e. the relay 
is switched four times per period. 


* We could integrate the initial system (5.1) directly. Then, during 
“approvision” it would not be necessary to use the saltus conditions, but, on 
the other hand, we would have to integrate at each step not one, but a system 
of equations. The calculations which such a method of “approvosion” would 
entail would not be simpler than those we have described, while the use of 
the derived equation is more convenient for control theory problems. The 
technicalities of approvision, taking the saltus conditions into account, are 
described in Section 4 of the work: Aizerman, M. A. and Gantmakher, F. R., 
On the Determination of Periodic States in a Non-linear Dynamic System with 
Piecewise-Linear Characteristic, Prikl. mat. i mekh . XX, No. 5 (1956). 
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Of course, even more complicated periodic states with a larger 
number of relay switchings during a period are also possible. Simi¬ 
larly with other piecewise-linear characteristics. Various types of 
periodic state are possible in the same system differing in the order 
in which the separate lines constituting the characteristic are passed 
during each period. But to carry out approvision it is necessary to 
know beforehand in what order these lines occur, i.e. in what order 
the various linear equations (5.58) describing the motions in separate 
steps alternate with one another. 

Because of this we can find all the periodic solutions by the appro- 
vision method in any system with a piecewise-linear characteristic 
only by trial and error: it is necessary to fix a definite type of periodic 
state, i.e. a definite order in which the stages of the characteristic 
occur over a period, and to determine the periodic motions of this 
type by the approvision method; then in the same way to find the 
periodic motion of another type and so successively to try all possible 
types of periodic state.* 

The second difficulty associated with the approvision method for 
determining the period states consists in the following. 

In each step (the first, say) (i.e. for t x < t < t 2 ) the change in 
x x is determined by the integral of a linear equation, i.e. 

x i = 2 c j e¥> 

j -1 

where Ay are the roots of the characteristic equation for this step 
Therefore §,t the beginning of the step 

x lul = jr Cj eVi, (5.67) 

;= i 

and at the end of this step 

* 1.2 = j rOjeW*. (5.68) 


* We note that the existence of periodic states of various types is itself 
made possible by the presence of harmonics. The approximate methods consider¬ 
ed in the previous sections do not allow us to tah,e these differences into account. 
Therefore, for example, in the case of a non-linear characteritsic and the presence 
of a filter the harmonic balance method finds only the simplest state with 

two switchings of the relay per period. Any other types of periodic state^pos- 
sible only for frequencies m < are not discorvered by this method. 
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Exactly similar relations can be written out for all the other 
steps and added to the relations given by the saltus conditions. The 
values of x at the beginning and end of the steps and of all the Cj 
enter linearly into these relationships, but the t v t 2i ... are unknown, 
and the period T is non-linear. Although the number of equations 
which can be formed in this way is equal to the number of unknowns, 
it is, therefore, not possible to finda general solution for these equations. 
It is possible only by methods of linear algebra to eliminate all the 
unknowns which enter into the equations linearly and to form a system 



of non-linear (transcendental) equations^ with respect to the unknowns 
T and t v t 2i .. . — the period and its parts corresponding to the sepa¬ 
rate stages of the characteristic. 

This system of equations is called the period equations . The 
approvision method does not enable us to form the period equation 
which answers the question of the presence or absence of periodic 
solutions of any type. It only enables us to form the period equations 
for each of the possible types of periodic solution separately. To solve 
them (they are usually a complicated system of transcendental 
equations) it is necessary to use numerical methods, graphical means, 
or else computing machines. 

The third difficulty in applying the approvision method arises 
because the relations (5.67), (5.68) and, hence, those in the period 
equations derived from them, involve the roots A of the characteristic 
equations. To form the period equations by approvision it is necessary 
to find the roots of the characteristic equations, of which there are 
as many as there are stages in the characteristic. 
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Besides the approvision method there is also another method 
for determining exactly the periodic states in piecewise-linear systems 
— they are looked for in the form of complete Fourier series, without 
neglecting the harmonics : 

2; ct r e irQ>t , y = 2 P r e ir<ot - (5-69) 

r= — oo r~ — oo 

In this case co and the two infinite sequences of Fourier coeffi¬ 
cients a r and /? r (— oo < r < + °°) have to be determined. 

The connexion between a r and /? r is obtained by substituting 
the series (5.69) in the generalized derived equation (5.63) and in the 
equation of the characteristic y=f(x 1 ). 

From the equation of the characteristic we obtain :. 


2 Pre lrmt 

r —— co 



(5.70) 


It is then necessary to find the Fourier expansion of the function 
of the Fourier series on the right hand side of this equation. In the 
general case when /(x x ) is not piecewise-linear, but is an arbitrary 
function, all the are expressed from (5.70) non-linearly in a r and 
this method leads only to the formation of an infinite system of non¬ 
linear equations in the unknown a r . In the case when /(a^) is a piece¬ 
wise-linear function, however, we can ignore this difficulty, since the 
whole infinite sequence of unknown Fourier coefficients a r can be 
expressed linearly by n parameters. Unfortunately, in using this 
method we cannot ignore the first two difficulties connected with 
the approvision method. As in approvision we must carry out the 
solution of the problem separately for various types of periodic state 
and the solution leads only to the formation of period equations. 
But in contrast to the approvision method, the period equations formed 
in this way do not involve the roots of the characteristic equations, 
but are expressed directly in terms of the coefficients a 0 , a v . . . , a n 
and 6 0 , b v ... , b n of the derived equations. 

Before describing this method, we make the following preliminary 
remark. Let f(t) be a periodic function and let its Fourier series be 
known : 

/«)= 2 yr e ‘ rat - 

r— — <x> 


(5.71) 
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Then the Fourier series which is obtained by term-by-term differen¬ 
tiation of the series (5.71), i.e. 


^ (ira))y r e Irco *, 

r= —oo 


determines not the function Pf(t) but the function 

Thus, for example, if f(t) is a periodic sequence of rectangular 
pulses (Fig. 205), 




and the series 



e irwt 


determines not Pf(t) ^ Q but P* f(t), i.e. the periodic sequence of the 
6-function* (Fig. 206). 

From this it follows that the Fourier series of the function 


L(P*)f(t), 

where L(P*) is a polynomial, can be found from the series for f(t) 
carrying out the operation L(P*) : 


L(P*)f(t)= 2 L Yr e,rmt - 

r— — * 

* To be more precise, the 6-function multiplied by 2, for the magintude 
of the discontinuity of j(t) is equal to 1 — (—1) = 2. 
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Bearing this remark in mind, we proceed to the determination 
of the period solutions in the form of complete Fourier series (5.69). 

In Section 9 this will be done for a very elementary case (the 
simplest state for a symmetric relay characteristic), in Section 10 first 
for the simplest periodic state with an arbitrary two-stage charac¬ 
teristic, and then for an arbitrary state for any characteristic con¬ 
sisting of segments parallel to two given straight lines. 



9. The Simplest Periodic States in a System with 
a Symmetric Relay 


We consider now the system (5.1) or its equivalent generalized 
derived equation 


D(P*)x 1 = K(P*)f(x 1 ). (5.72) 


Here /( x ± ) is the characteristic of the relay (Fig. 207). In particular 
cases we can put x — 0 and then the characteristic will have no loop 
(Fig. 208). The degree m of the polynomial K(P*) is less than the 
degree n of the polynomial D(P*). 

We shall look for the most simple periodic state for which the 


relay switches only at the times which are multiples of 


T 

—, where T 
2 


is the period of the oscillations. 
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Figure 209 shows the change in x x (£) and y (£) with time for such 
a periodic state. In order that the periodic functions x x (£) and y (t) 
with a total period T satisfy the equation of the characteristic y = f(x ± ) 
in Fig. 209, they must satisfy the following three conditions : 


i °-y(*) = 


+ k D for 0 < t < -— , T <t< — T and so on 
^22 

— Jc n for <t < T,~T<t<2T and so on 


2° • x ± (0) = + 

T 3 

3° • x i (t) > — for 0 < t < -, T<t<—~T and so on 

2 2 

T 3 

x x (t) < x for- <t< Ty — T <t<2T and so on 

2 2 


(5.73) 


We shall look for the periodic solution in the form of Fourier series 


x i = y a r e“ 

r= — co 

y= 2 Pre“ 


(5.74) 



Fig. 208 


Fig. 209 
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Putting these series in the derived equation (5.72) and taking the re¬ 
mark made at the end of the previous section concerning the Fourier 
series of L(P*)f(t) into account, we obtain 


2 a r D (ico) e lra>t = 


2 fi r K (irco) e 

r—— oo 


ira>t 


From this we find the relations between all the Fourier coefficients 
a r and : 

«, = A ^ r0) \ = P r W (iroi), (5.75) 

D (tray) 

where the function W (ico) — — ^ - - is the frequency characteristic 

D (ico) 

of the linear part of the system. 

We now put the series (5.74) in the equation of the characteristic 
y = f(x x ). In order that it shall be satisfied, the three conditions given 
above must be satisfied. 

The periodic function shown in Fig. 209 has the Fourier series 


4& D ~ e irait 

y ~— 


The period solutions found have Fourier coefficients 

4 h n 

Pr = ‘ 

and 


(5.76) 


fir ~ — 

ircoT 


_ ’"'p 


4& p K (irco) 


ircoT D (irco) 


(5.77) 


(5.78) 


the 


All the unknowns a r are now expressed in terms of one unknown, 

( , \ 

\ we recall that . 

To find T we note that as yet only condition 1° of (5.73) has been 
satisfied, and it is still necessary that 


period 




ifwt _ 




K(iroj) eirmt 


r =- co T r^oo ircoD (irco) 

shall satisfy the second and third of these conditions. 


(5.79) 
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From the second condition it follows that 


T oo ircoD (irco) 


(5.80) 


This is the required period equation. 
Let T — T* be its root. Then 


X = -£- y K C u 

1 T* irco*D (irco*) 


(5.81) 


where co* ■ 


y __ 

T* r f^oo irco* 


(5.82) 


These series satisfy the derived equation and the first two of the 
three conditions which it was required to fulfil so that the equation 
of the characteristic should be satisfied. To find whether the third 
of these conditions is satisfied we have to construct the function 
(5.81) over the length of one period. 

Thus, the simplest periodic states of a relay are determined by for¬ 
mulae (5.81) and (5.82) where T* is any root of the period equation 
(5.80) for which the function (5.81) satisfies condition 3°. 

This last condition gives a solution, and not, as it seems at first 
glance, only a trivial result. We find examples when the period equa¬ 
tion has an infinite number of real roots, all of which are false, since 
they do not satisfy condition 3°, or only one or two of them satisfy 
this condition. The roots of the period equation are therefore not the 
required values of the periods, but are only “pretenders”, which 
include also the required periods which must be found by using 
condition 3°. 

When k = 0, to satisfy condition 3° it is necessary (but not 

diT 

sufficient) that -—- > 0. 

dt , 


From (5.81) we obtain : 

dx l Alc p 


Ab co 

P y 

-*■ r— — co 


K (*"»») e iro»t 

D (ino*) 


(5.83) 
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Putting t = 0, we find the condition 


2 


r -co 


K (irco*) 
D (ir*) 


> 0 . 


(5.84) 


This condition allows the preliminary “rejection” of roots of the 
period equation for x = 0. Those of them for which the inequality 
(5.84) is not satisfied must be rejected at once. But all the roots of the 



period equation which satisfy the inequality (5.84) must be checked 
with respect to condition 3°, as we have described above. 

We note in conclusion that the system with the characteristic 
shown in Fig. 210 (where the slope of the straight lines can be equal 
to any finite number X) reduces to the relay system we have considered. 
For this, in the system of equations 

D(P*) x i = K(P*) y , 

y = /(*i)> 

we must put 

y = X X X + <p (Xj) , 

where op (a^) is the relay characteristic. 
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As a result we obtain 

Vi = <P (*i) ■ 

This is the equation of a relay system since 
D(P*) - X K(P *) 

can be considered as a new polynomial D(P*). 


10. The Determination of the Periodic States in System with 
a Non-Relay Piecewise-linear Characteristic* 

For the sake of simplicity we spoke in Sections 8 and 9 only of 
the determination of auto-oscillations. Now, coming to the consider¬ 
ation of the characteristics of more general form, we consider at the 
same time both the determination of auto-oscillations, and that of 
forced oscillations, whose frequency coincides with that of the ex¬ 
ternal disturbance. Instead of the system of equations (5.1), therefore, 
we shall now consider the more general system : 

*j - 2 a J* x * + & / (*i) + F J W (J = 2 > • • • > n ), (5.85) 

A-1 

where a jk and Xj are constants (of which several can be equal to zero), 
f(x ± ) is a piecewise-linear function, and the Fj (t) are given, sufficiently 
smooth, periodic functions of time with a total period T (in particular, 
the Fj (t) can be constants either different from or equal to zero). 

It is required to determine the periodic solutions of the equations 
(5.85). In the case when all Fj (t) = const, (i.e. in the auto-oscillatory 
case), we look for all the periodic solutions of the system (5.85). If any 
one of the Fj (t) const., we have to determine only the periodic 
solutions of the equations (5.85) with period T. 

* This section reproduces practically unchanged the work: Aizerman, 
M. A. and Gantmakher, F. P., The Determination of the Periodic States in 
Systems with a Piecewise-linear Characteristic, Formed for y Stages Parallel 
to Two Given Straight Lines, Avtomatika i Telemekhanika Nos. 2 and 3 (1957). 
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The transformation of the equations 

In the system (5.85) we eliminate all the unknowns except aq 
and/(aq) = y 1 . As a result we obtain the generalized derived equation 

D(P*)x 1 =^K(P*)y 1 + 0(t), 

2/1 =M). (5 ' 86) 

The function 0 (t) is obtained from Fj ( t) during the elimination 
of aq, x 3 , . . . , x n by differentiation, multiplication by constants and 
summation. Therefore 0 (t) has the same period T ; 0 (t) = const 
if all Fj (t) const, and, generally speaking 0 ( t ) ^k const, if any one 
of the Fj (t) = const. 

We restrict ourselves for the present to a consideration of the 
characteristic f(x x ) formed by two given straight lines . Then the co¬ 
ordinate aq is continuous (since m <n and y 1 can have discontinuities, 
since the transition from one straight line of the characteristic to the 
other can occur not only at the point of intersection of the lines but 
also for any given values of x 1 by an instantaneous jump (Fig. 211). 

In the special case when both generators of the characteristic 
are straight lines parallel to the #-axis, we obtain a relay charac¬ 
teristic. We shall look for the simplest periodic solution, for which 
the transition from one straight line to the other occurs at the be¬ 
ginning of the period (t = t 0 ) at its end {t = t 2 ), and only once during 
it (t = tf). In other words, when the origin of the period is properly 
chosen, during one period the depicted point traverses a segment first 
of one and then of the other line of the characteristic. 

We denote by cq and cr 2 the given values of aq for which the point 
crosses over from the first to the second straight line, and from the 
second to the first respectively*. 

Here, we assume in addition that the point crosses from one 
line to the other at the moment when in its motion along either of the 
straight lines, the coordinate, aq first attains the value cq or cr 2 re¬ 
spectively**. 

* In the special case when a t = cq = a , i. e. when the points of inter¬ 
section of the straight lines coincide, the function «q is continuous. 

** In future, as was done in the theory of relay systems (Section 9), this 
supplementary fact is taken into account only at the very end. The periodic 
solutions are looked for independently of this condition, and then it is checked 
that the periodic states which are found satisfy it. 
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If 0 ( t) = const (in particular, if 0 (t) = 0) then the origin 
of the period t 0 can be chosen arbitrarily. In future we shall take t 0 == 0, 
and the problem reduces to the determination of the times and t z 
at which the depicted point is respectively on the first and second 
branches. 






In the case when 0 (f) =h const., the origin of time is determined 
by the given function 0 (£) and cannot be selected arbitrarily. The 
problem reduces again to the determination of two quantities, for 
example t ± and t 2 in so far as t 0 is determined from the realtion T = 
= • 

We return to equation (5.86) and make the substitution of the 
variables 


Xl — ax+fiy + x, 

(ad - Py) + 0. (5.87) 

Vi = y X +d y + A, 

Then instead of (5.86) we have 


UP*) * = mp*) y + V ( t), y = Fix) 


(5.88) 
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where* 

L (P*) == aD (P*) — yK (P*) = a 0 P* n + a ± p*"- 1 +... + o n , 
M(P*) = 5Z (P*) - PD (P*) - 6 0 p* m + &! p* 771 ” 1 + ... + b m , 
y(0 =<P(0 + JC(0)A-D(0)X. 

The function W (t) is periodic** of period T. We denote its Fourier 
coefficients by e r , i. e. 

!P(0= JV £ r e‘ w . 

r— — co 

The function y = F(x) is given explicitly by the relation 

yz + <5p + A = / (ax + Py + *). 

The equations (5.87) determine the linear transformation trans¬ 
forming the points of the x 1 , p L -plane into points of the x , p-plane, 
and vice versa. If the characteristie consists of two or more sections 
of straight lines, parallelism is preserved. We select the coefficients 
a, /?, y, <5, x and X of this transformation so that the first straight line 
of the characteristic is transformed in the x, p-plane into the #-axis, 
and the second straight line into the p-axes. 

To do this we must put (Fig. 212)* 

y — k 1 cl , d = k 2 P, 

/q h 2 i k 2 /q k 1 h 2 

X =- , A = -' . 

k 2 — Aq k 2 — Aq 

The values of a, /?, y and d can be selected arbitrarily, provided 
only that the first two relations in (5.89) are satisfied. 

As a result, the equation 

D(P*) x, = K(P*) Vl +0 (t) 

is transformed into 

L (P*) x = M (P*) y + y) (*), 

* In contrast to the previous section, here the letters a and b are used to 
denote the coefficients of the polynomials L and M and not of D and K . 

** If 0(t) = 0 then ?P( t ) == const = K( 0) A— D(0) x. 

* These formulae are formed for the case when neither of the straight 
lines is parallel to the ?/-axis and when they are not parallel to one another 
(Aq ^ h 2 ). In the contrary case the formulae must be modified. 
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and the characteristic formed from the two non-parallel straight lines 
transforms into a characteristic formed of segments of the coordinate 
axes. 



Earlier, in the {x v y x )-plane, the crossing from the first straight 
line to the second was made from the point P l to the point Pi . Now, 
in the x, y-plane, the points Q x and Q' x correspond to these points 
(Fig. 213). 



Similarly, the crossing from the second straight line to the first 
takes place in the {x, y)-plane from the point Q 2 to the point Q' 2 . The 
coordinates of these points are shown in Fig. 213. 

If in the (x v y x )-plane the “saltuses” of a discontinuous state occur 
along a straight line parallel to the y r axis, then in the x, y-plane 
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saltuses occur along the parallel, but sloping, straight line with a slope 
tan <p = — . 

P.. 

All this is true only in the case when k 2 — 0, i.e. when the 

straight lines forming the characteristic are not parallel to one an¬ 
other. We shall not consider here the case when the straight lines are 
parallel (relay characteristics, or those which reduce to them), since 
the methods for determining the periodic solutions in relay systems 
were considered in Section 9. 




The formation of the period equation and the determination 
of the periodic state 

The change in the coordinates x and y with time for the simplest 
periodic state (this term was explained above) for t 0 < t < t 2 occurs 
as in Fig. 214. 

We will look for this periodic solution in the form of Fourier 
series 

+ co 

x = ^ a r e irmt , 

r= — co 


v= 2 Pr e ‘ rmt - 

r=* — oo 
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Putting these series in the equation of the system (5.88), we obtain : 
L (irco) a r — M (irco) + e r . 

We denote by y* the Fourier coefficients of the periodic function 
M (P*) y , i.e. yf ~ M{irco) . Then 


a r 


V? + £ r 
L (irco) 


M (irco) 


(5.90) 


Instead of Jf(P*) y we now consider the function M(P)y , where 
P is the ordinary and not the generalized derivative. For periodic 
states when y is a function with period T, M(P)y is also a periodic 
function with the same period. We denote its Fourier coefficients by y r . 

There exists the following relation between the Fourier coeffi¬ 
cients y* and y r in the general case when at the ends of the period 
there are any number of discontinuities in the function y and its deri¬ 
vatives up to the (n — l)th order : 


i“r* = + 


e~ irmi > rj k 7n k (irco) + e ~ ir<ot2 Vk m k ( irco ) + • ••"]• 

ft-0 ffo J 


(5.91) 


Here rj k9 r} k and so on are the magnitudes of the discontinuities 
of the &th derivative of the function y(t) at the times t x> t 2 , . . . , 


C 8) - V-ft-i + b n _ k ^ S+...+b 0 S n - k ~' 


and the number of sums in the square brackets is equal to the number 
of points of discontinuity at the ends of the period. In the case we are 
considering the number of such points is equal to two (for the times 
t x and t 2 ) and the terms denoted by dots in the square brackets are 
absent. 

To derive this relationship, we consider the periodic function 

CO 

A (t) = J? d(t -f* rT) (Fig. 215). Its Fourier expansion is 

r= — oo 

= 2- eirmt • 

■L r—— oo 
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Supposing that y is a periodic function and that rj k , rj k , . . . are 
the magnitudes of the discontinuities of its &th derivative (Jc — 0, 
1, 1) at the ends of the period, we can write the equations 

y = y> 

P*y= P y+ ^^ 0 A(t-t q ), 
p*2y = P 2y + ^ fa A' ( t - t q ) + y x A(t- g] , 

P *s y = P 3y + X’ fa A' (t - g + hi * (t - g + 4^ (* - g] 

<7 

and so on, up to 


-r p T 2T fc 

Fig. 215 

Multiplying the left and right-hand sides of the first equation 
by 6 n , of the second equation by b n „ ly of the third by & n „ 2 > and so on, 

and adding all the equations, we obtain : 

» 

M (P*) y — M (P) y + JF A (t — t q ) (b n _fa + b n _J x + • • •) + 

<7 

+ ^A'(t-t q ) (b n _ 2 % + &„_ 3 Vi + ...)+••• 

<7 

But 

M(P*)y = Jp M (P) = y jg y r e iro)i y 

r — — co r= — oo 

^ e ' r “'- w= 4 - J 1 e, ' ra " 

-1 r——oo 4 ?=s— oo 


and so on. 
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Putting the series in this identity and equating the terms in e ira)t 
(for equal r) we find : 


V? = Pr + ~^r 


e ~ irmtl 2 Vk m k ( ira >) + 

k — 0 


n-1 


+ e irati Vk m k ( irco ) + • 


k — 0 


Thus equation (5.91) is proved. Then, in order to find juf , we 
must find ju r . 

The value of fi r , the Fourier coefficient of the function M(P)y 
is computed from the usual formulae for calculating the Fourier 
coefficients of the expansion of a periodic function in series : 


fa 

u r = ~~ J M ( P) ye~ ira>t dt = 


(5.92) 


1 

T 


ii i a 

j M ( P) ye~ irml 6t+ J M (P) ye~ ir<ot dt 


To calculate the integrals in this expression, we put the value 
of W (t) in formula (5.88) and, considering only the sections which 
do not include points of discontinuity, and replacing P* by P , we ob¬ 
tain : 

L (P) x = M (P) y + 0 (t) + X K (0) - x D (0) . (5.93) 

In the periodic solution we are considering (see Fig. 214), for 


to <t <h y = 0 and for h < t < t 2 , x = 0. 

Reference to Fig. 214 indicates that when y = 0 

M(P)y = 0, (5.94) 

y(h - 0) = y' (t, - 0) = ... = y^-V (<! - 0) = 0 ; (5.95) 

and that when x = 0 we have 

L(P) x = 0, (5.96) 

x(t 2 - 0) = x' (t 2 - 0) = ... = x^-V (t 2 - 0) = 0. (5.97) 
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The equations (5.95) and (5.97) will be used later. For the present 
we note that from (5.94) it follows that 

J M (P) ye~ irml dt = 0. 

fo 

To apply (5.96) we make use of the equation (5.95), which, on 
using (5.96) reduces to the equation 

M(P) y=-0(t)-XK(O) + xD(O) (t x <t< t 2 ). 

Fig. 216 





AUTO- AND FORCED OSCILLATION IN NON-LINEAR SYSTEMS 


407 


Putting these expressions for a r and /3 r in the Fourier series for 
x and y and collecting terms with the same we find 

* = 2 ( f “ * 1 ) 4 + R k (t - t 2 ) 4] 4 R (t), (5.99) 

/c=0 

y = 2 [S k (t - h) r lk +S k (t- t 2 ) 4] + S (t). (5.100) 

k= 0 


Here R k) S k , R and S are convergent Fourier series : 


R > = Y 2 

J- — oc 


m k (irm) 
L (irco) 


O ircot 


00 / / _1_ c 

R= 2 A ' r - e ira,t , 

L(ira>) 


1. “ giW 
* T r^co 2f(*r©) 

(5.101) 


ft- 


5= y 

.M (irw) 




Now we return to the conditions (5.95) and (5.97) and require 
that the functions x and y determined by equations (5.99), (5.100) 
shall satisfy these conditions. This leads to the following equation : 


2 - o)v k + R k (- o) %] + 

4 R (4 — 0 ) = o, 

2 t R 'k (<* - <i - o) 4 4- (- o) 4] + 

4- 5' (< 2 - 0) = 0, 

^[iti"- i) (i a -ii-o)4 + 

k =o 

4 J Rl"- 1 >( - 0)4] 4 B (B - 1) (< a - 0) = 0, 

2 (- o) 4 + ^ (<i - < 2 - o) 4] 4 

4 $ (^r. — 0) — 0, 

2 (- °) 4 4 s; (<i - <2 - o) 4] 4 

4 S' (<i - 0) = 0, 

2[si?-»(- 0)44 

k =o 

+ si^>(t 1 ~t 2 - o)4] + 

4S'"' 1 ) («! — 0) = 0. 


(5.102) 
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We recall that co ~ - when 0 (J) = const, since t 0 = 0, 

t 2 

and in the case of forced oscillations (o is given. Therefore in either case 

the equations (5.102) contain only the unknown times t x and t 2 apart 

from the unknowns r\ which enter linearly in them. 

If the quantities t x and t z are arbitrarily given, and we put them 

in the system of equations we have just obtained, then we find* from 

12 1 
it all the values of the discontinuities rj k and rj k . Putting these rj k 

and rj k in the series (5.99) and (5.100) we find x(t) and y(t). These x(t) 
and y(t) will satisfy the equation 

L(P*)x = M(P*)y + 'F{t). 


During the time <0 < < < h, the motion will be along the x-axis (i.e. 
y= 0) and during the time t x < t < t 2 it will be along the ?/-axis 
(i.e. x ~ 0), but it cannot be ensured that the crossing from the x-axis 
to the y-axis is from the point Q x to the point Q' x , or that the crossing 
from the y-axis to the x-axis is from the point Q 2 to the point Q 2 . 
To ensure this “descent condition”** it is sufficient that the following 
two conditions are satisfied (see Fig. 213) : 

y(h + 0 ) = Vi > y (h — 0 ) = y 2 , 


!),= - huh- (5.103) 

These conditions fix the position of the points Q x and Q t , and 
therefore also the points Q 1 and Q' 2 , since the directions of the jumps 
from Q 1 to Q[ and from Q 2 to Q 2 are given by the chosen linear trans¬ 
formation (5.87). 


where 


o', — 




K — h 2 


p 


* It is assumed that for these t x and i 2 the determinant of the system is 
not zero. For the case when this determinant is equal to zero (see p. 426). 

** In the theory of relay systems (Section 9) the condition 2° (see p. 
393) corresponds to these conditions. 



AUTO- AND FORCED OSCILLATION IN NON-LINEAR SYSTEMS 


409 


Because of the fact that rj 0 = y-\~ 0) — y(t ± — 0) and rj 0 = 
= Vih + 0 ) — y(t 2 — 0) while y{t x — 0) = y(t 2 + 0) = 0 (the mo¬ 
tion is along the o:-axis) the condition (5.103) can be rewritten as : 

Vo = Uv Vo=~ Vi- (5.104) 

Assuming for the time being that the determinant of the system 

(5.102) A (^ , t 2 ) 0 * we solve it with respect to rj 0 and rj 0 . Let this 

1 2 

give i/ 0 =/i(^, t 2 ), rj 0 =f 2 (t l9 t 2 ). Then the conditions 

fi (^i? ^ 2 ) “ Vi ? fz ^ 2 ) “ 2/2 (5.105) 

can be used to determine and t 2 . 

For example, in the t l9 £ 2 -plane we can construct the curves 
(5.105) by the usual method, and find their points of intersection 
(Fig. 216). Thus values of and t 2 corresponding to these points are 
"pretenders to the periodic solutions”. They in fact determine the 
periodic solutions if the following conditions are satisfied :** 

(a) The inequality 0 < t ± < t 2 (for auto-oscillations) or t 2 — 

— T < < t 2 (for forced oscillations) is satisfied. 

(b) There is no "switching” during a period when t is different 
from and t 2 . 

To verify that condition (a) is satisfied it is convenient to con¬ 
struct in the (t v t 2 ) -plane the angle between the £ 2 -axis and the bisector 
in the first quadrant (Fig. 217) in the auto-oscillatory case, and the 
strip between the bisector and the straight line t 2 — h = T in the case 
of forced oscillations (Fig. 218). The points of intersection of these 
curves lying in the unshaded region (Fig. 217 in the auto-oscillatory 
case and Fig. 218 in the case of forced oscillations) must be rejected. 
In order to verify that condition (b) is satisfied by the remaining 
points of intersection it is necessary, with the obtained and t 2 , 
to find all the rj from the system (5.102), to put them in (5.99) and 


* See the previous footnote but one. 

** In the theory of relay systems (Section 9) condition 3° (see p. 393) 
corresponds to these conditions. 
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(5.100) and to construct the obtained periodic solution at the ends 
of the period. 


o, — 


Let x 1 — 


K — K 

^2 ^T 


be the abscissa of the point and 


o — 


Vi 


^2 

-- 1 - the ordinate of the point Q 2 (see Fig. 213). 




If in the constructed solution the value of x x is attained for any 
t different from t u or the value of y 2 is attained for any t different from 
t 2 , then this periodic solution does not satisfy condition (b) and must 
be rejected. 

All the pairs of numbers t 1 , t 2 satisfying the period equation 
(5.105) and the conditions (a) and (b), determine periodic solutions 
which can be constructed according to the given formulae. In doing 
this we can sometimes omit some periodic solutions, since we have 
temporarily assumed that A (t x , t 2 ) =h 0. 

When A (t x , t 2 ) = 0 the system (5.102), generally speaking, 
is a contradiction, and there are no periodic solutions. But in ex¬ 
ceptional cases, for a particular choice of the free terms, the system 
(5.102) may be indeterminate and its solutions may contain some for 

which tjq = y x , r i{) = —y 2 . These cases are isolated by the usual 
investigation of the system of algebraic equations (5.102). 
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The calculation of the coefficients of the equations (5.102) 

From what has been said it follows that the determination of 
the periodic solutions of equation (5.86) reduces to the repeated 
solution of the system of linear algebraic equations (5.102). The values 
of the functions E(t), S(t), E k (t) and S k (t) and their derivatives up to 
and including the (n — l)th order at the fixed moment of time are 
the coefficients of these equations. The values of the functions E, S, 
E k , S k themselves can be determined from their Fourier expansion 
(5.101), since these series converge. But difficulties arise in determining 
the values of their derivatives. If we attempt to find them by the 
term-by-term differentiation of the series (5.101) then we must bear 
in mind that the convergence of the series obtained after the rtli 
differentiation becomes rapidly worse as r increases, and from some 
r < n — 1 these series can turn out to be divergent. 

In order to avoid these difficulties, we can make use of the method 
for improving the convergence of series which was devised by A. N. 
Krylov. We explain the use of this method with the example of the 
function 

", (im) ^ 

T Him) 

where 

m k (&) = ^n-k-t + b n _ k -‘i 8 + - - - + h 8 n ~ k ~ l ■ 

Let l be an arbitrary whole positive number. We now divide 
the polynomial S k+l m k (8) by L(S). We denote the quotient by 
y 0 S ' ( ~ 1 f y L S l ~ 2 + • • • + 7i -1 and the remainder by c„ S" 1 |- 
+ Cj $ n ~ 2 + • • • + c n-i • Then 

m k (S) = (y 0 S ‘-f Yl S l ~* + .. . + 7l _J L (S) + 
c 0 S n ~ 1 + c 1 S n - 2 + ... + c„_!, 

which gives 

(£) = To , h , , yt± 

L (S) S k+1 S k+2 " S k+l 

8 k+l L(S) 


(5.106) 
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Using the identify (5.106), we replace the Fourier series for R k 
by a sum of Fourier series* 


where 


R k = + 7o H k+1 + Yl H k+2 (<) + 

a n 

• • • + Yi-i H k+t (<) + R% (<), 


tra>t 


1 1 

H, (t) — —— V—L_e' 

T (irct>)J 

(j = ^ -l - 1) & -j - 2, ..., Jc -f- 1 ), 


(5.107) 


(5.108) 


m)= ~¥ r ^ 


, c 0 (iraj )"- 1 + c 2 (iruf-t +...+<?„ e , rat (5 1Qg) 

„ (ir(o) k+l L (iroj) 


and E' denotes the sum in which the term for r = 0 is omitted. 

In contrast to the series for R k ( t), the series for R * (t), when 
l > n — 1c — 1 possesses the property that all the series obtained 
from it by term-by-term differentiation, up to and including the 
(n — l)th order, converge. Here the larger 1 is, the better will the con¬ 
vergence of the obtained series be. 

We can therefore select the number l to be so large that the values 
of R* ( t ) and all its derivatives up to the (n-1) th inclusively can be 
calculated from the first few harmionics. 

We now consider the function. H (£). We note that 

H: (t) = —-— h: (cot), where h i (z) = 5* ——r e iTZ . 

; <o>T jy ' ' r ^oo (try 

Differentiating hj ( z ) term-by-term, we obtain : 

h J M = 2! ~-r eiTZ = h J-i ( 5 - 110 ) 

r=—co (ivy 

i.e. 

hj (z) = J (z) dz + G. (5.111) 


* The identity (5.106) for 8 = ircu applies to any r except r = 0. There- 
tore in the expression for R k the constart term of the series (corresponding 
jo r = 0) is taken separately. 
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In this recurrence formula the constant of integration is deter¬ 
mined from the conditions 

n 

(a) when j is even J hj ( z) dz = 0 ; 

o 

(b) when j > 1 and odd, hj (0) = 0. 

The first condition follows from the fact that hj (for even j) is 
an even function, whose Fourier expansion has no free term ; the 
second condition is a consequence of the fact that hj is a continuous 
odd function when j is odd and larger than one. 

We note that 

K (*) = >' -7- e !rz = 2 2 

r= _co (ir) n 

is a periodic function of period 2 n which, for 0 < z < 2 n, is given 
by the formula 

\ (z) — n — z (0 < z < 2 n). (5.112) 

Putting this value of \ (z) in (5.111) we obtain : 

\ (z) = j* (n — z) dz + C = nz -^—f- C .. 

We find the quantity C from the condition 


i.e. 




= 0, 





Then, putting this (z) in (5.111), we find h z (z), and so on. 
We derive standard formulae for h from \ to h 11 : 




h<i — 


— Z 4- n, 

y2 


71* 


- \-7lZ “ 

2 3 


h — 


TtZ* 


”7 + T' 


n*z 



TtZ 2 


2 ~2 


71* Z‘ 


+ 


7t 2 


6 


6 


45 
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h= — 

h G = 
h 7 ~ 
h 8 - 


71Z* 


120 ^~24 18 


+ 


nz° 


■2^4 


n L z 


720 

z 7 

5040 

z 8 

40 320 


120 


72 


+ 


7t* Z 


45 

71* Z 1 

90 


+ 


+ 


7ZZ G 

720 

7ZZ 7 


2 iy%i 


71* Z' 


71 


4 ^3 


360 + 270 


2 7l 6 
945 ’ 

2 7Z Q Z 


945 




5040 


— + 


7CZ° 


71* Z* 

2160 + 1080 
7l l Z 7 


6 ~2 


7T Z 


23^ 8 

945 ^ 37 800 


4 ~5 


*10 — 


362 880 


-10 


40 320 


15120 


+ 


7TZ y 


2835 


7T“ Z° 


71* Z 

5400 
23tt 8 z 


3 628 800 362880 


71® z 4 23 7l 8 Z 2 


37 800 
jr 4 z 7 

120 960 32 400 

5813 jr 10 


hi 


11 340 75 600 

710 


19 958 400 


39 916 800 


+ 


71Z X 


71* Z w 


3 622 800 




56 700 


+ 


1088 640 226 800 

23 tz 9 z s 581 3 7i l0 z 


226 800 


19 958400 


On the strength of (5.110) we have 

dSh /- = hj_ s (z). 


dz s 


Using (5.113) and (5.107) we obtain : 

*n-/f-l f 1 

2 71 


s k (t) = 


... + 


Vi -1 

r.d \-k~l 


l k+l 


((Ot) 


+ 


d*B k (t) = J_ 

2 71 


d I s 


7 o 


CO 


^ ' f /r+l—s 


(coi) + 


7i 

k H 


CO* f 


*7f+2—s (^0 + • • 


(5.113) 


^ *A+1 ( w 0 + “TTT */i+2 ( w 0 + 
CO CO /c + 1 


(5.114) 


• • * ^-y77 ^+h M) 

CO** 1 


+ 


d s i ?*(0 

di s 
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where h g = 0 if g < 0 and 7?* (t) and its derivatives are determined 
from (5.109). 

Thus, the calculation of the values of R k or R$ reduces to the 
summation of the values of the first few harmonics of the rapidly 
p * ( d s R*(t) ) 

converging series for R k (£)or- --. In an exactly similar way 


dt s 

we can form formulae for the values of S and S k and their derivatives*. 



Generalized problems 

We can now generalize the class of problems, solved by this 
method, in three directions. 

1. We can consider characteristics formed of more than two 
segments of the same two straight lines, i.e. we can determine not 
only the simplest, but also more complicated states in systems with 
a two-stage broken line characteristic. Examples of this sort are 
shown in Fig. 219, where during each period the numbered points 
occur in numerical order. 

2. We can consider continuous or discontinuous characteristics, 
formed from any number of segments of various straight lines, i.e. 
provided the slopes of the lines are equal to one of the two given 
numbers h ' and k ". Examples of such characteristics are given in 
Fig. 220. 

* We note for this that for the function 8 k the coefficient y 0 = 1 and 
= ■ • ■ = Vn-k-i = 
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3. We can consider more general ways of crossing from one stage 
of the characteristic to the other. Thus, when there is clearance or dry 
friction in an inertialess element for example (Fig. 221), the co¬ 
ordinate y r either changes with x 1 (y 1 — x ± + const) if the clearance 
is “selected”, or does not change {y 1 = const), if the clearance is 
“self-selected”. The characteristic consists of segments of straight 



lines of slope 1 or 0 ; the crossing from the first line to the second 
occurs at the time when x x first becomes zero, whatever x x ~ x 1 
is at this time, and the second crossing on the sloping line occurs at 
the time when x 1 first differs from x x by a given amount. 

We can show other examples of problems for which the charac¬ 
teristic consists of straight lines parallel to two given lines where the 
the conditions of crossing from one segment to another are deter¬ 
mined not by the equations x x — a x , but by other (not necessarily 
linear) relations between x 1 and its derivatives at various times. 

Bearing in mind this class of problems with all these types, we 
return to the derived equation 

W*) ^ = K(P*) y, + 0 (i t ), 

Vi =/(*i). 


(5.115) 
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obtained by eliminating all the xj except x x from the system (5.85). 
We shall now assume that the period T can be divided into N stages, 
occurring at times t x — t 0 > h ~ h , . . . , t N — t N _ x (here t N — 1 0 = T), 
and that during each step the point x v y x moves along a straight line 
having one of two given directions, characterised by the slopes k f 
and k". 

We shall assume that for each ith step (i = 1, 2, . . . , N) we are 
given: 



Fig. 221 


(a) the equation of the straight line along which the point x x , y x 
moves during this step, in the form 

Vi = ki + <Pi */.;-/ + fi Vi.i-I + Q i > (5.116) 

where k t is one of the numbers k t and k ", and cp t , ipi and 0* are given 
numbers, and x xi _ x , y v is the point at which the previous 
(i — l)th, step ended, i.e. 

*!.<-/ = *1 (h-i ~ 0 ), y u - = Vi (h-i — 0 ) ; 

(b) the end conditions of the step (the “descent conditions”) 
in the form of a linear relation between x x (t) and its derivatives at the 
times t ( and t t _ x : 

2 (fi) + x i hl) (*t-i) + z = o. 

i -i y-i 


(5.117) 
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At time t h when relation (5.117) is first satisfied, the ith step is con¬ 
cluded. 

Due to the fact that the degree of K(P *) in (5.115) is less than 
that of D(P*), the function aq is continuous and there is no need to 
write out conditions for the beginning of each step — they are deter¬ 
mined from the “descent” conditions by the continuity of aq . 

We illustrate what we have said by the following examples 

Example 1 . The characteristic /(aq) is a three-stage^broken line with 
parallel outer stages (see Fig. 2200). We look for the continuous simplest pe¬ 
riodic state. 



Fig. 222 


In this case N = 4, for all steps <p ( — — 0, for the middle stage k = k" . 

0 = 0; for the outer stages k — k' and 0 is equal to (fc' — k") a x for the right- 
hand stage and to (k '— k") a 2 for the left-hand stage. The equations aq = oq 
and aq = a 2 are respectively the end conditions of the step. 

Example 2. The same characteristic with a loop (Fig. 222). If at time 
t■ = the points is at a, and then moves along the line I (in particular, away 
from a) imtil such time as the point b is reached first, then along the line II 
until the point c is reached for the first time, and so on then in this case also 
N = 4, and the data for each step is written out in Table XVII. 

Example 3. This system differs from a linear system by the presence of 
an inertialess element in which clearance exists or dry (coulomb) friction acts. 

For this example the values of k, <p , ip, 6 and | are given in Table XVIII 
for all steps. 

We now perform the same substitution in equation (5.115) as 
we made in (5.87) with the coefficients determined by equation 
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(5.89). The values of h x and h 2 entering in (5.89) are taken as any two 
arbitrary stages of the characteristic, having respectively the slopes 
k f and k". As a result of the transformation the first of these straight 
lines is transformed in the %, y -plane into the a;-axis, and the second 
into the y-axis. With a linear transformation the parallelism of the 
straight lines is preserved. Therefore all the straight lines with slope 
k f transform into lines parallel to the a;-axis in the x y-plane, and all 
the lines with slope k " into lines parallel* to the y- axis. 


Table XVII 


Stage of 
motion of 
point 

Equation of line 

Descent 

condition 

From a to b 

y l = k'x l + (\—lc' o x ), 
i.e. Aq = &', <p l — yj L = 0, 

0i = /q — k' <7,, 

= 

From b to c 

y l = h"x i + (A,— 
i.e. k 2 = k", (p z = y) 2 = 0, 

0 2 = h l — k' a lf 

== o 2 

From c to d 

Vi = k'x i + [h t + (k" — k') cr 2 — k" o Y ], 
i.e. k 3 = k', q> 3 = yi 3 = 0, 

0 3 = /ii + (k" — k') a 2 — k" a lt 

aq = or 3 

From d to a 

Vi = k"x 1 + \(k' — k") cr 4 + h t — k"o l + (k"-~ k'o 2 )], 
i.e. k 4 — k", 0, 

0 4 — (k' — k") a 3 -\-h l — k" o l + (k" — k') o 2 

x i = cr 4 


The equation (5.115) becomes 

L(P*) x = M(P*) y + W (t) 9 (5.118) 

where W (t) is a Fourier series which differs from the series <P(t) only 
in the constant term. 


* The need for ensuring this also forces us to restrict ourselves to charac¬ 
teristics consisting of stages parallel to two given straight lines. If the charac¬ 
teristic contained stages with more than two different slopes, then the 
transformed characteristic would also contain links not parallel to the x - 
and ?y-axes, and all the subsequent reasoning (in particular, the calculation of 
fi ) could no longer be made by this method. 
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Table XVIII 


No. of 
stage 

h 

<p 


0 

Descent condition 

I 

1 

0 

0 

— o 

®(<i) = 0 

II 

0 

0 

I 

0 

»(<*) — ®(<i) = — 2<r 

III 

1 

0 

0 

a 

II 

o 

IV 

0 

0 

1 

0 

X(h) — x(t 3 ) — 2a 


The descent conditions (5.117), as a result of this transformation, 
become 

j= 1 


+ 2 n J t a ^°‘ =1) + ^ a_1) (W] + c + * (Ci + ») = o 

J =1 

(<= 1 , 2 , 


(5.119) 


The motion of the point in the ?/-plane during the periodic 
state can be pictured in the following way (example in Fig. 223), 
At time t 0 the point is on the straight line I (on the £-axis) and moves 
along it until at time t x it reaches point 2, where the first of the con¬ 
ditions (5.119) is first satisfied. If the line II passes through this point 2, 
then the motion will continue along it; if it does not pass through it, 
then the point jumps instantaneously to the straight line II via a line 
/S 

with slope tan <p = — . Then the point moves along the line II until 

time U when it reaches the point 4, where the second of the conditions 
(5.119) is first satisfied, and so on. Due to the fact that the motion 
in the x v ?/-plane occurs only along a straight line parallel to one of 
the axes, in each interval either x or y is constant. Figure 224 gives 
an example of the change in x and y corresponding to the character¬ 
istic and sequence of switching shown in Fig. 223. 

If we keep the old notation of e r for the Fourier coefficients of the 
series ip (t) and if, as before, we look for periodic solutions in the form 
of Fourier series with Fourier coefficients a r and /9 r , , then the relations 
(5.90) connecting a r and /S r with the Fourier coefficients y* of the 
function Jf(P*) y remain absolutely in force. 
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We retain the notation y r for the Fourier coefficients of the 
periodic function M(P) y. The formula (5.91) connecting y* and 
y r can be used in this more general case also, but we must retain 
not two, but N terms of this formula — each term relates respectively 
to one of the times t x , t 2 , . . . , t N . Therefore now formula (5.91) 
contains Nn unknowns gp the discontinuities of the function y and 
its derivatives up to the (n — l)th at the times t x , t 2 , . . . , t N . All 
these unknown discontinuities enter linearly in (5.91), but the un¬ 
knowns t x , t 2 , . . . , t N enter non-linearly. 



Fig. 223 


The calculation of the values of y r is carried out in general terms 
just as in the simplest case considered above, since in the expression 



the integral can be expressed in terms of t x , t 2 , 
it into the N integrals 


(5.120) 


t N if we divide 



(5.121) 


and if we make use of the fact that between the limits of integration 
of each integral either x or y is constant. 
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Indeed, if in the interval t t < t < t t we keep y = const,- , then 
this condition can be replaced by the conditions 


M ( P) y = b n const,-, 

V ft — 0) = const,-, y' ft — 0) = 2 /" ft — 0) = . .. 
. .. = y^V ft — 0) = 0. 


(5.122) 

(5.123) 



Using (5.122) we calculate the corresponding integral in (5.121) : 



n 

ye~ lra>t d£ = b n const,• j" e~ imt d£ = 

U-i 


irco 


e" irmi i- i] . 


If in the interval t J -_ 1 < t < tj x — consty; then for this interval 


L ( P ) x = a n consty, 

x (tj — 0) = consty, x' (tj — 0) = x" (tj — 0) =- ... 
... = a^' 1 * ft — 0) = 0. 


(5.124) 

(5.125) 


In the intervals not containing points of discontinuity, in formula 
(5.118) we can replace P* by P. Then from (5.124) and (5.118) it 
follows that 


M (P) y = a n consty — W (t) 
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and the corresponding integral in (5.121) is 


{j 

j M (P) ye~ irmt df 


q„ con st; inti 
ira) 

r 1 

W(t) e~ ira)t dt 


t j -1 


e~ ir<ot j~ i] — 


which is easily calculated, since the function W (t) is given. 

In this way all the integrals in (5.121) are calculated, giving the 
value of y r , but the Nn initial conditions of the form (5.123) or (5.125) 
remain unused. 

Putting the resulting value of (x r in (5.91) we find y*, and putting 
this in (5.90) we express all the a r and j3 r in terms of the linearly entering 
unknowns g\ and in terms of the N non-linearly entering unknowns 

ifl , ^2 3 • * * j * 

Now requiring that the Fourier series for #(£) and y(t) obtained 
in this way shall satisfy all Nn conditions of the form (5.123) or (5.125), 
we obtain a non-homogeneous system of linear algebraic equations 
with respect to the unknowns y\, The coefficients in these linear 
algebraic equations depend on the required unknowns t x , t 2 , . . . , t N . 
Taking, for the time being, the determinant of this system as different 
from zero, and solving it, we find all the g\ as functions of t 1 , t 2 , 


V N * 


z\ —fi hi •' 




i = 0, 1,..., n — 1, ’ 
? = 1, 2, ..., N 


(5.126) 


Putting these } Vi in the expressions for a r and @ r we find immedi¬ 
ately : 

•E (^, ^i, * • *5 ^n) y (t, ^i,..., (5.127) 


We have still not used the “descent conditions” (5.119). Putting 
(5.127) in (5.119), we obtain a system of N transcendental equations 
in the required N unknowns t ±, t 2 , . . . , t N i. e. the period equations. 

The required periodic states are found from the solutions of the 
period equations which satisfy the following conditions : 

(a) The inequality 

< *2 < • • * < ' 
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with 1 0 = 0 for auto-oscillations, and £ 0 — T — t N for forced oscilla¬ 
tions, must be satisfied. 

(b) There is no “switching” during a period, i.e. at a time t 
which is different from t x , t 2 , . . . , t N . 

All that we said above about the necessity for checking that a 
zero value of the determinant of the system of algebraic equations 
does not introduce additional solutions, and everything involved 
in improving the convergence of the Fourier series, can be extended 
completely to this more general problem. 

We note in conclusion that the number of time unknowns and 
the corresponding number of period equations which must be formed 
is halved if the state is symmetric, i.e. if it is known beforehand that 


x (t) = — x 


t 



y{t) = —y 


t + 


T_ 
2 j 


In this case instead of the period T we can restrict ourselves to 

T 

considering the half-period . 


In Section 9 this fact has already been used as applied to a relay 
system. There we determined a symmetric periodic state having two 
relay switchings per period, but with only one unknown — the period 
T. The second switching of the relay, due to the symmetry of the state, 
T 

took place at —. Moreover, in the case of a relay, the coefficients 
2 

were determined as functions of T directly, and this considerably 
simplified the calculation. 

We can now summarize the methods we have described in 
Sections 3—10 for determining the periodic states. Even in the case 
of piecewise-linear characteristics exact methods are difficult to apply. 
This difficulty arises from the necessity of solving a system of trans¬ 
cendental equations ; the actual formation of these equations is a 
relatively simple problem. Only for the very special case of the most 
simple symmetric states for a symmetric relay characteristic is there 
only one period equation, which is not difficult to solve. But, on the 
other hand, the results obtained by exact methods are genuine, and 
they enable us to determine all the periodic solutions. 

Approximate methods are considerably more simple, but even 
then only in the case of astatic systems and symmetric characteristics. 
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In other cases approximate methods also lead to the need for solving 
a system of transcendental equations [such as (5.8) and (5.8')], although 
these are usually simpler than the exact period equations. But, on the 
other hand, approximate methods allow us to find the periodic solu¬ 
tions only when there is a filter or auto-resonance, and even then only 
some of the periodic solutions can be found : when there is auto¬ 
resonance we can only find those solutions with a frequency which is 
near the auto-resonance frequency, and when there is a filter, only 
those with a frequency less than three times the cut-off frequency. 
Approximate methods, therefore, cannot give authentic data about 
the non-existence of periodic solutions. 


11. The Stability of Periodic States Found Exactly 

In the beginning of Section 7 it was shown that when the charac¬ 
teristic /(a^) was smooth, the question of the stability of the periodic 
state reduced to the investigation of the stability of the equilibrium 
in the system described by linear equations with periodic coefficients. 
But here we consider a piecewise-linear characteristic f(x x ) having 
discontinuities and breaks. In this case also, to reduce the question 
of the stability of the equilibrium in a linear system with periodic 
coefficients, we make use of a theorem from the theory of the stability 
of motions, which is quoted below without proof.* 

In this theorem the term “asymptotic stability’’ is used. When 
speaking of stability above (see Chapter II) we have always had in 
mind only the following property : after sufficiently small initial 
deviations the considered state is restored after a time, i. e. the devi¬ 
ations from the investigated state tend to zero as t —> °°. In essence, 
the discussion was about convergence in the sense given to this term 
by the engineer rather than stability as this term is understood in 
mathematics and technics. We shall now say that the motion is 
asymptotically stable if there is convergence, i.e. small deviations 
tend to zero, and if during the setting-up time the deviations from the 
given state do not go outside a small neighbourhood around the given 


* The proof of this theorem is contained in: Aizerman, M. A. and Gant- 
makher, F. R. “The Stability Of a System of Differential Equations with Dis¬ 
continuous Right-Hand Sides as Indicated by the Linear Approximation of 
a Periodic Solution”, PrikL mat . i mekh Vol XVH, No. 5 (1957). 



426 


THEORY OF AUTOMATIC CONTROL 


motion.** Thus, the requirement of asymptotic stability is stricter 
than the requirement of convergence, and if there is asymtotic 
stability, then there is certainly convergence. 

Proposing to return to (5.1) later, let us first consider the more 
general equation 

%i = fi (Xx , . . . , x n , t) i = 1, 2, . . . , n, (5.128) 

where all the f t are functions which are periodic in t with a total period 
r (in particular, they need not depend on t). 

Let the space of x x , . . . , x n , t be intersected by the surfaces 
F a (x x , . . . , x n , t) = 0 in the regions H a (a = 1, 2, . . .) It is assumed 
that each region H a is given its own functions /,-, sufficiently smooth 
in this region. 

On passing across the surface F a there can be discontinuities 
both in the functions f t themselves, and in their partial derivatives. 
The integral curves of the equations (5.128) are continuous, although 
there are breaks on the surfaces F a . 

Suppose, further, that x t — Xi (t) is a periodic solution of the 
system (5.128) intersecting the surfaces F a = 0 at the time t = t a . 

Together with the system (5.128) we consider the linear equations 
whose right-hand sides are given in all regions H a : 


Ax t = b t j Axj, i = 1, 2,.. n, 

7=1 


(5.129) 


where b u — 


9/f 


dxj 


are periodic coefficients with a total period 


X=X(t) 


r, defined for any t except t = t a . 

To equation (5.129) we add linear relations defining the dis¬ 
continuities A x for each instant t = t a : 


Ax t (t a + 0) — Ax, (t a — 0) = i, Jg h k Ax k (t a — 0) 

k^l 

= f/ 2 KAx k (t a + o), 

/c-l 


(5.130) 


** The term “stability” (as understood by Lyapunov) is not used in this 
book, but the term “asymptotic stability” is introduced for the time being, 
but will not be used later. Therefore we are not here using the usual strict e — 
the definition of these terms. 
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where 


hi = 


QF a 

dx u 


w a l ± 


dt 


x=x(t a ) 


Equations (5.129) and the relations (5.130) determine jointly the 
integral curves which are discontinuous (for t = t a ). We call the 
aggregate of (5.129) and (5.130) the linear approximation of the equations 

( 5 . 128 ) for the periodics solutions (t). Then if several additional 

limitations* are laid on the functions f t and F a , we have the following 
theorem. 

If the zero solution A x t = 0 of a system of linear approximations 

( 5 . 129 ) and ( 5 . 130 ) is asymptotically stable , then the periodic solution 
of the system of equations ( 5 . 128 ) is also asymptotically stable. 

We return now to the system (5.1). 

Suppose, to be specific, that the crossing from one straight line 
of the characteristic f(xf) to the other is made at the instant when 
x 1 first acquires the given values cr a (a = 1, 2, . . . , r). It is assumed 
that the periodic solution of the equations (5.128) of period T has been 
found in the way, for example, previously described in Sections 9 and 
10. If each stage of the characteristic has the equation 

f(xf) = K a x 1 + S a , 

then for the system (5.1) equation (5.129) can be rewritten : 

Ax t = j? a u Axj + k t l (t) x l9 (5.129') 

J= i 

where l(t) is a periodic piecewise-constant function : 

l(t) = Ka (t a - 1 <t<t a , a = 1, 2, . . . , r). 

We write the equation of the surfaces of discontinuity for equa> 
ations (5.129') in the form 

Xi — cr a = 0. 

* These limitations will not be mentioned here since they are always 
satisfied in the system (5.1) which we shall be interested in later. 
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Then the conditions (5.130) reduce to 


Ax t (t a + 0) — Ax t (t a — 0) = R?Ax 1 (t a - 0), (5.130') 


where 




1 

% {t a — °) 


Here | is the discontinuity inf(x 1 ) for x 1 = (t a ) and e = +1 or — 1 
depending on the direction of intersection of the surface by the tra¬ 
jectory. 

Integrating equations (5.129') for (^ a _ x < t < t a ) and appro- 
visioning them, taking (5.130') into account at the ends of the period, 
we find linear relations expressing the values of the co-ordinate at 
the end of the period A x t (t 0 -|- T) in terms of its value at the begin¬ 
ning of the period A x t ( 1 0 ). 

The solution A x { = 0 of the linear equation (5.129') with periodic 
coefficients will be asymptotically stable (and, of course, so will the 
given periodic motion (£) if for any small A x x (t 0 ) the condition 


A x t (t 0 + T) < A x ( (t 0 ). 

is satisfied. 

Thus , the question of the stability of the periodic solutions of an 
initial system (5.1) with a piecewise-linear characteristic can be solved 
by the approvision method if we apply it to the linear equation (5.129 f ) 
with piecewise-constant periodic coefficients , while taking the saltus 
conditions (5.130') into account. 

For those readers who are acquainted with matrix calculus we 
remark that if the result of this approvisioning can be written in 
matrix form 

A x (t 0 + T) = U A x (t 0 ), 


where U is a constant transformation matrix, it is necessary for the 
stability of the given periodic solution that the characteristic roots 
of the matrix U shall lie in the unit circle. 

In the special case of the most simple symmetric state in a system 
with a symmetric relay characteristic (Section 9) the conditions for 
the stability of the periodic solution can be reduced to a simple 
criterion. 
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If the roots of the characteristic equation of the linear part of the 
system are known the characteristic equation answering the question 
of the stability of the periodic solutions is of the form 


n 





l+e 


1 


1 6 


= 0 , 



Fig. 225 


where T is the period we have found, Cj are the coefficients, and pj 
the roots of the characteristic equation of the linear part of the system 
D{p) = 0 and X is unknown. 

In order that all the periodic solutions shall be stable it is necessary 
and sufficient that in the 1-plane all the roots of this characteristic equation 
shall lie inside the circle of unit radius. 

We can check that this condition is fulfilled by constructing the 
D-partition in the plane of one or two parameters. To do this, instead 
of putting 1 = i co, we must carry out the substitution 1 = e la> , 
varying the values of co from 0 to 2 tt. 
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If the roots are not known, but the amplitude-phase charac¬ 
teristic of the linear part of the system is known, in this case the 
question of the stability is answered by the construction of the hodo¬ 
graph 

m=ca I 9tt 1 

R(ioo) — ^ W \ioo ~\~i(2m — 1)-- , 

where 

W (iQ) = — , Q=to + (2m — 1)— . 

D(iQ) T 


Setting some value co — co v finding on the hodograph W (iQ) 


the points Q — co 1 -f 


2jz 

~T~ 


so on, and also Q = co 1 - 


Q — co ± 3 
2tz 


2ti 


T 


T 

Q = o) 1 — 3 


2tk 

Q = co, 4-5-and 

T 


2n 




2tz 


and so on (Fig. 225), and adding corresponding vectors, we find 
the vector R (ico). Repeating this for another co = co 2 and so on 
we construct the hodograph R (ico) for 0<co<oo. 

The formulation of the criterion of stability of the periodic state 
is identical with that of the second amplitude criterion of stability* 
except that, instead of the hodograph W (ico), we consider the hodo¬ 
graph R (i co), and instead of the point —1 we consider the point r where 


r 


* [ T _ 

2lc p 2it \ 2 j 


It is only necessary to remember that for co = 0 the hodograph 
W (ico) always passes through the point — r. The theory of stability 
shows that this fact is not an obstacle to stability. 

The question of forced oscillations in relay systems is considered 
in an exactly similar way**. 


12. Sliding Switchings in Systems with Piecewise-Linear 
Characteristics 


In the previous sections, when applying the approvision method 
and the method which is based on looking for periodic solutions in 
the form of complete Fourier series, it was tacitly assumed that the 

* See Chapter III. 

** For more detail see Tsypkin, Y. Z. ff The Theory of Relay Systems of 
Automatic Control”, Gostckhizdat (1955). 
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crossing from one line of the characteristic to the other could always 
be made. This is not always the case, and it is now necessary to discuss 
this question in more detail. 

Let us consider two contiguous branches of a characteristic 
(Fig. 226). First let x x < o 2 and let the depicted point move along 
branch I. At the moment it reaches the point Q 1 with abscissa x 1 = o 1 
the depicted point crosses instantaneously to the branch II. Then the 
abscissa of the point P, where it lands on branch II after the jump, 
need not coincide with the abscissa of the point Q\ , i. e. it can differ 



from x 1 = o± . Also, the velocity, acceleration, etc. of the depicted 
point at the end of the jump also need not be the same, either in 
magnitude or in sign, as their values up to the time of the jump. All 
these quantities, the abscissa of the point P, the velocities of the 
depicted point after the jump, and so on, are determined from the 
saltus conditions (5.66). 

Branch II of the characteristic can be given by a bounded 
segment. In general it need not contain any points satisfying the saltus 
conditions. The following six cases are therefore possible : 

1. The point P exists on branch II, i.e. its abscissa x P satisfied 
the inequality 

(J 2 ^ Xp ^ O' 3 . 

2. The point P coincides with Q 2 or with Q' 2 , but the velocity 
of the depicted point after the jump is directed “towards branch II”, 
i.e. 

x P = o 2 , Xp > 0 and x P = o 3 , x P < 0 . 
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3. The point P coincides with Q 2 , but the velocity of the depicted 
point after the jump is negative: 

x P = cr 2 , x P < 0 . 

4. The point P coincides with Q[, but its velocity is positive: 

Xp “ U3 , Xp > 0 . 

5. There is not in general any point P satisfying the saltus con¬ 
ditions and lying on the segment of branch II, but only on its conti¬ 
nuation to the right, i.e. for 


x P > a 3 . 

6. There is not, in general, any point P on branch II, but one lies 
on its continuation to the left. 

All six cases of the position of the point P and the sign of its velo¬ 
city are represented in Fig. 227. 

The crossing from one branch of the characteristic to the other 
is called switching . 

In cases 1 and 2 the motion after the jump continues along branch 
II. Such switching is called normal. 

In cases 3 and 6 immediately after the jump the depicted point 
lands at a point of descent of branch II or further to its left, under 
conditions when reverse crossing is performed from branch II to 
branch I. As a result of the jumps the depicted point, therefore, 
arrives not on branch II but once again on branch I. It slides back¬ 
wards, so to speak, on to branch I. Such cases of switching are, there¬ 
fore, called sliding . 

In cases 4 and 5, the depicted point does not in general land on 
branch II, but also does not slide backwards on to branch I. Missing 
branch II it is thrown back immediately on to branch III if this exists. 
In the contrary case, x ± is unbounded, and in theory increases instan¬ 
taneously until the limits which always exists in real systems begin 
to be felt, and the equations of motion change. Switching of this kind 
is called indeterminate , since it does not even follow from the saltus 
conditions how the motion of the depicted point will continue after¬ 
wards. 
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In Sections 9 and 10 it was assumed that normal switching always 
takes place. 

It is now necessary to determine the conditions under which 
switching will be normal. 

We shall assume that the degrees n of the polynomial D(p*) 
and m of the polynomial K(p*) in the derived equation (5.86), can be 
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equal*. We consider the following three cases separately: 

n — m > 1 , n — m = 1 and n — m = 0 . 

1. Suppose first that n — m > 1, i. e. b 0 = b x — 0. Then the 
first of the saltus conditions (5.66) is 

a 0 £ 0 = b oVo (5.131) 

and on putting 6 0 — 0 we find immediately that £ 0 — 0, i.e. during 
switching x x changes continuously and P has the abscissa a P = o x . 
From the second saltus condition 


a 0 !i+ %£<) = + &i Vo> (5.132) 


and putting b 0 = b x = £ 0 = 0 we obtain = 0. Consequently, in this 
case the velocity x x is continuous during switching. If the velocity 
x 1 > 0 up to the beginning of switching, then it has this value also 
after switching (Fig. 228). Thus , for n — m > 1 the switching is 
always normal. 

2. Now let n — m = 1, i.e. 6 0 — 0, b x 0. Then from (5.131) 
it follows as before that f 0 — 0, i.e. that a P = a v From (5.132) we 
have 


h = 



a 0 


where ^ 7 0 is the discontinuity in y on the characteristic at the point 
x 1 =a 1 i.e. =/(«r! + 0) —/(ffi — 0), and = x 1 (a 1 + 0) — 
— x x (fTi — 0). Therefore, after switching x 1 > 0 if 


or if 


■^*>0 

a 0 


fo < 0, but 7] q < x x {o 1 — 0). 


After switching x x < 0, if 


— Vo < 0, 
a 0 


but 



Vo > *i ( ff i — 0). 


(5.133) 

(5.134) 


(5.135) 


* We shall explain below the conditions under which n — m. 



AUTO- AND FORCED OSCILLATION IN NON-LINEAR SYSTEMS 


435 


If conditions (5.133) or (5.134) are satisfied switching is normal 
(Fig. 229). If the inequalities (5.135) are also satisfied the character 
of the switching is determined from the presence or absence of a loop in 
the characteristic. If there is no loop (i.e. <x 2 = a l ) switching is sliding 
(Fig. 230). If there is a loop switching is normal (Fig. 231), but a 
peculiar motion then arises around the loop (Fig. 232) which changes 
into sliding switching in the limit as <r 2 —> o v 

3. Suppose, finally, that n = m, i.e. b 0 + 0. From (5.131) we 
obtain in this case 

a 0 (x P — of) = b 0 ( y P — yf) , (5.136) 



Fig. 228 


where x P , y P are the coordinates of the point P (after the jump) and 
a v Vi — A (Ci) are the coordinates of the point Q x (before the jump.) 
From (3.156) it follows that the point P must lie on the straight 

line 



(5.137) 


having a slope--—and passing through the point Q v 

On the other hand, the point P must also lie on branch II of the 
characteristic. Thus , the point P is determined by the intersection of 
branch II with the straight line (5.137). 

The switching is normal if branch II intersects the line (5.137), 
(Fig. 233a) ; it is sliding when the line (5.137) intersects the continu¬ 
ation of branch II to the left of x x = o 2 (Fig. 233b) and is indeterminate 


if the line (5.137) intersects the continuation of branch II to the left of 
G z (Fig. 233c). 
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Thus, for a relay characteristic (Fig. 234), for example, for 
n — m the character of the switching is determined exclusively by 

the sign of — ; it is normal when — > 0 (Fig. 234d), and sliding when 
\ b o 

— < 0 (Fig. 2346). For a relay characteristic there can be no indeter- 
b o 

minate switching. 





We pause to investigate sliding switching in more detail. From 
what has been said it follows that two different types of sliding switch¬ 
ing are possible. Sliding switching of the first type arises when n — m— 1 
due to the change of the sign of x x during switching. It is only 
possible in the absence of loops {o x = cr 2 ) and is the limit of the motion 
arising “around the loop” as the width of the loop tends to zero 
of}. The sliding in this case occurs along a vertical straight line. 
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Sliding switching of the second type arises for n — m = 0. It is 
jompletely independent of the change in the sign of the velocity x x 
ind is determined solely by the jump in x v It can occur also when 
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there are loops of any width; the presence of loops does not affect 
the character of the sliding motion and the width of the loop affects 

only the threshold value ofat which sliding switching arises. Sliding 

& 0 

switching of this type occurs along a line with slope — . 

b o 



Fig. 234 Fig. 235 


From this account it follows that the case u = m has a special 
significance for the switching conditions. But if the initial equations 
have the form (5.1) the equality n = m is impossible. Let us suppose, 
however, that the non-linear element is closed by rigid feedback 
(Fig. 235), so that the equations of motion are 


D(P*)z = K(P*)y, 

y = /(*), 

x = z — ry, 


(5.138) 


where r — const. 
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These equations, when we eliminate z, reduce to 


D(P*)x = K(P*)y, 

y = f (*)» 

where K(P*) = K(P*) — rD(P *). Now in (5.139) the degree of K{P*) 
is the same as the degree of D(P*). 

If the feedback embracing the non-linear element is proportional, 

T 

with transfer function r =-, then the equations of motion 

rp + 1 4 

D (P*) z — K (P*) y, 

y = f (*)> 

(Tp* + 1) x = ( Tp* + 1 )z — ry 
reduce after z has been eliminated to the equations 


D(P*)x=K(P*)y, 

y = /(*). 

where 

DjP*) = (Tp* + 1 )D(P*), and 
T(P*) = (Tp* + 1) K (P*) - r 1 D(P*). 

Now n — m = 1. 

Thus, the case n — m — 0 always occurs when the non-linear 
element is closed by rigid feedback. The case n — m = 1 can also 
exist in the absence of feedback but it always exists if the non-linear 
element is closed by proportional feedback. In systems containing 
feedback which closes the non-linear element it is necessary to follow the 
peculiarities of the crossing from one branch of the characteristic to the 
other with great care . 

In conclusion we note that the motion “around the loop” men¬ 
tioned above* is sometimes used to improve the control process. 

Thus for a relay characteristic, for example, with a zone of insen¬ 
sitivity and with loops, in such motion the operation of the system is 
accompanied by rapid switching on and off of a single contact of the 
relay and this often ensures a faster action and less overshoot. 


(5.140) 


(5.139) 


* In the literature it sometimes is also called sliding. 
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13. Some Remarks Concerning the Phase Space of 
Dynamic Systems. The Value of Periodic Motions 

What value has a knowledge of the periodic states in the eluci¬ 
dation of the “large” behaviour of the control system for real rather 
than for small disturbances? 

Can we assert that in the absence of auto-oscillation states the 
system is “slightly” stable, stable, or “largely” stable? 

To answer questions of this kind we must acquaint ourselves with 
the concept of the phase space and of phase trajectories of dynamic 
systems. 


(a) Phase portraits of linear systems 

We consider first the system which is described by the two 
differential equations of the first order:** 


x x —■ ax x -f bx 2 , 
x 2 = cx x + dx 2 , 


(5.141) 


where a , 6, c and d are given (and may be zero). 

We assume that these equations have been integrated, i.e. that 
x x and x 2 have been found as function of the time t and of the initial 
conditions x xo and x 20 : 

x j = -h,’T < 5u2 > 

For each fixed value of x xo and x 20 equations (5.142) determine 
curves in the x v £-plane and in the x 2 , £-plane (Fig. 236). For some 
other value of x xo and x 20 these curves will have a different shape and 
may intersect the curves for x xo and x 20 at various points. 

The aggregate of equations (5.142) determines two two-parameter 
families of curves, in the x v £-plane and in the x 2l f-plane, an infinitely 
large number of curves passing through each point of the a^-axis (or 


** We recall in particular that the second order linear diferential equa¬ 
tion x i + hx 1 + cx t = 0 reduces to these if we put x 1 = x 2 , since in this case 

x t - = x 2 , 

x 2 = — cx l — hx 2 
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of the # 2 -axis).* All these curves intersect one another. These graphs 
are not all suitable for representing the control process for various 
initial conditions. 

It is considerably more convenient to use only one family of 
curves, eliminating t . 




We fix the values of x 10 and x 20 in equations (5.142) and consider 
these as parameter equations of curves in the x v # 2 -plane (t being the 
parameter). 

If we let t have any value, e. g. t — t v using equations (5.142) for 
fixed x 10 , x 20 we can calculate the values x x and x 2 , i.e. a point in the 
x v # 2 ~plane. We give t another value t = t 2 say, and obtain a new 
x x and x 2 , i.e. a new point in the x l9 # 2 -plane. If we now vary t conti¬ 
nuously from 0 to 00 then the point (called the depicted point) will 
also move continuously in the x v # 2 -plane and trace out a curve, the 
phase trajectory. If the system is stable, i.e. if as t —> 00 both x x -> 0 
and x 2 -> 0 then along the phase trajectory as t -> 00 the depicted 
point tends to the coordinate origin (Fig. 237). 

* Since for fixed % U} and variable x 20 all the curves pass the same point 
of the a^-axis. 
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In this plane we can construct in the same way the phase trajec¬ 
tory for any other values of aj 10 and i 20 . If the point corresponding to 
x 1{) and x 2{) lies on the earlier trajectory (for example, at the point a 
in Fig. 237), the depicted point will then move along this phase 
trajectory. If the point & 10 , x 2 o turns out to be somewhere outside the 
constructed trajectory a new phase trajectory can be constructed by 
a similar method (Fig. 237). 



Fig. 238 



Thus, for various x 10 and x 2Q the equations (5.142) determine a 
family of curves which cover the x v # 2 -plane everywhere densely. 
The x v x 2 -plane is called the jphase plane of the system. The phase 
plane, covered with the whole totality of phase trajectories, is called 
the phase portrait of the system. 

In contrast to the family of integral curves (Fig. 236) the trajec¬ 
tories of the phase portrait (Fig. 237) can intersect only in a limited 
number of points, and only in one point, the origin of coordinates, 
for the linear case we have been considering up to now. 

Indeed, the differential equation of the phase trajectories is ob¬ 
tained by dividing the first equation of the system (5.141) by the second: 


dx 1 

dx 0 


ax 1 -f- cx 2 


cx 


1 — dx 2 


(5.143) 


For any values of x l and x 2 (apart from x 1 = x. z = 0) equation 

d# 

(5.143) determines a unique value of —- , i.e. at any point of the 

dxo 
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phase plane, apart from the origin, only one tangent can be drawn to 
the phase trajectory, and this proves that the phase trajectories do not 
intersect one another anywhere, except at the origin of coordinates. 
At the origin of coordinates (x ± = x 2 = 0) from equation (5.143) 
. daq 0 ... . 

we obtain -= —, i.e. the origin is a singular point.lt corresponds 

to the equilibrium of the system (at this point x ± = x 2 = 0). 

We recall that in a linear system the stability or instability does 
not depend on the magnitude of the initial deviations. On the strength 



of this, the phase portrait of a stable linear system is always such that 
the depicted point of any phase trajectory moves in the direction of 
the origin of coordinates. The £ 'region of attraction” of the singular 
point of the origin of coordinates contains the whole phase plane. 
In unstable linear systems the depicted point at any point of the phase 
space on the phase trajectory recedes from the origin, and the £ 'region 
of repulsion” of the singular point of the origin contains the whole 
phase plane.* 

Figures 238 and 239 show two possible kinds of phase portrait 
for a stable linear system. For Fig. 238 the singular point is called the 
stable node , and for Fig. 239 the stable focus. 

Figures 240, 241 and 242 show three possible kinds of phase 
portrait for an unstable linear system. 

* With the exception of points lying on the line aa in the ease of a saddle 
(see Fig. 242). 
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For Fig. 240 the singular point is called the unstable node , for 
Fig. 241 the unstable focus , and for Fig. 242 the saddle point. 

Only one position of equilibrium is possible in a linear system, 
and correspondingly there is only one singular point, the origin of co¬ 
ordinates. Moreover, in a linear system undamped oscillations** are 
not possible, and so the phase portrait of the linear system does not 
contain closed phase trajectories. 



For simplicity we have taken the system (5.141) consisting of two 
first order linear equations. Everything we have said can be extended 
at once to a system consisting of any number of linear first order 
differential equations and of course also to any linear system, since 
each higher order equation can be reduced to several first order 
equations by the use of the method given in the footnote on p. 210. 
It is only necessary to consider a phase space whose number of 
dimensions is equal to the number of first order equations in the 
considered system, instead of the two-dimensional phase plane. 

It is not possible to represent the phase portrait of a system con¬ 
taining more than two equations in a plane which has only two dimen¬ 
sions, although the basic properties of the phase portraits described 
above for systems of two equations remain in force in this case also. 

** We do not consider the system which corresponds exactly to the 
boundary of stability. 
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If the system is linear then: 

(a) the phase space contains only one singular point, the origin 
of coordinates; 

(b) if the system is stable, the “region of attraction” of this 
singular point (or if it is unstable, the “region of repulsion”) contains 
the whole phase space; 

(c) there are no closed phase trajectories in the phase space. 

When the considered system of equations contains any one non¬ 
linear equation it is quite a different matter. 


(b) The phase portraits of a non-linear system 

Just as in a linear system, the control process described by equa¬ 
tions containing non-linearities can be represented in a phase plane 
or in a phase space. 

Here too we take as a basic example the case when the motion is 
described by two first order differential equations: 


= Fi fan ^ 2 )> | 
— F 2 *^2)’ ( 


( 5 . 144 ) 


where F 1 (x v x 2 ) and F 2 (x v x 2 ) are in the general case) known non¬ 
linear functions of given arguments. 

The differential equation of the phase trajectories is obtained by 
dividing the first equation of this system by the second: 


dx 1 F x (x l9 x 2 ) 

dx 2 F'2 (^h> ^2) 


( 5 . 145 ) 


Only one tangent can be drawn to the phase trajectory, and 
therefore there are not necessarily points of intersection of the phase 
trajectories at all points of the phase plane where F 1 (x l9 x 2 ) and 
F 2 (x l9 x 2 ) are not simultaneously zero. The singular points of the system 


are found from the condition 


dx 1 

dx 2 


—, i. e. are the common roots of 
0 


the two equations: 


1 i? ^ 2 ) — 0, 
F 2 ( x 19 x 2 ) = 0. 


( 5 . 146 ) 
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Previously, when we considered a linear system, we had 

F y (x v x 2 ) = ax x + bx 2 , 

F 2 (x v x 2 ) = cx 1 + d x 2 

and equations (5.146) had only one simultaneous solution: x Y — x 2 — 0. 
In the x l9 # 2 -plane the conditions (5.146) determine two straight lines 
intersecting at the origin (Fig. 243). But if the functions F x (x v x 2 ) 



Fig. 243 


and F 2 {x v x 2 ) are non-linear, then the curves given by (5.146) can 
intersect in a point different from the origin of coordinates as well. 
In this case equations (5.146) have solutions other than the solution* 
— x 2 — 0. 

In this case positions of equilibrium different from the controlled 
state are also possible in the system (Fig. 244), and the character of 
the motion depends on the magnitude of the initial deviations. 

An example is given in Fig. 245 of a phase portrait for the system 
(5.144) when the curves F r — 0 and F 2 = 0 intersect only in one point 
apart from the origin (which is a singular point of the “stable focus” 
type), this point being where the “saddle point” lies. The bold line 
shows the trajectory which passes through the “saddle point” and 
separates the “region of attraction” of the investigated stable equi- 

* The curves F l = 0 and F 2 — 0 always intersect at the origin, since we 
have taken the position of equilibrium as that corresponding to = x 2 = 0, 
he. at this point = x 2 — 0. 
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librium state, i.e. of the singular point of the “stable focus” type 
lying at the origin of coordinates (this region is shaded in Fig. 245). 

If the initial deviations in x 1Qy x 20 give a point lying inside the 
shaded region in the phase plane (Fig. 245), after a time the depicted 
point on the phase trajectory will approach the origin of coordinates 
and the system will be stable with respect to this initial deviation. If, 
however, the initial deviation is such that the point x 10 , x 20 lies outside 
the shaded region the depicted point on its corresponding phase tra¬ 



jectory goes away to infinity and the system is unstable with respect 
to such an initial deviation. The region of attraction of the singular 
point at the origin can therefore be called the region of stability of 
the system. 

The phase portrait shown in Fig. 245, just like the phase portrait 
of a linear system, does not contain closed phase trajectories. At the 
same time, in non-linear systems, both in the case when there is only 
one singular point and when there are several singular points, there 
can be closed trajectories. 

Figure 246 gives an example of a system having only one singular 
point, at the origin of coordinates (“stable focus”), and one closed 
trajectory, surrounding the origin. The phase trajectories cannot inter¬ 
sect except at the singular point, and therefore the closed trajectory 
(we usually call it the limit cycle) separates the region of attraction 
or the region of stability of the singular point (shaded in Fig. 246). 
Inside the limit cycle the phase trajectories “wind together” with it 
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and “wind around” the origin of coordinates. Outside the phase tra¬ 
jectories they “unwind” from the limit cycle, and along any phase 
trajectory the depicted point goes off to infinity. The limit cycle 
itself corresponds to undamped oscillations, but in the case being 
considered they are unstable. However small the disturbance the de¬ 
picted point, on leaving the limit cycle, will not return to it again, 


*2 


*7 


Fig. 245 



and will move along the corresponding trajectory towards the origin 
of coordinates or to infinity. Undamped oscillations in such a system 
are never found in practice, and the limit cycle serves only to define 
the region of stability. 

Another example of a system having one singular point (“unstable 
focus”) and one limit cycle surrounding it, is shown in Fig. 247. In 
this case the investigated position of equilibrium is unstable, but the 
“region of repulsion” or the “region of instability” of the system is 
bounded by the limit cycle (this region is shaded in Fig. 247). After 
an initial deviation which lies inside the shaded region, the oscillations 
intensify and gradually undamped oscillations which correspond to 
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the limit cycle are set up. Conversely after initial deviations lying 
outside the shaded region, the oscillations die down until those cor¬ 
responding to the limit cycle are restored. In this case the limit cycle 




Fig. 247 

not only isolates the region of instability, but also determines the 
stable undamped oscillations in the system which can be observed in 
practice. 

Figure 248 gives an example of the phase portrait of a system 
containing two limit cycles surrounding the unique singular point of 
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the system (“stable focus”). In this case the region of stability of the 
singular point corresponding to the controlled equilibrium is separated 
by the inner unstable limit cycle. If in Fig. 248 the initial deviations 
in x 10 and x 20 determine a point within the inner limit cycle, the po¬ 
sition of equilibrium is restored and the system is stable. If, however, 
this point is not inside the inner limit cycle, but lies outside it, undam¬ 
ped oscillations corresponding to the outer stable limit cycle are 
established in the system over the course of time. 



Figure 249 shows a similar phase portrait for the case when the 
position of controlled equilibrium is unstable and a singular point of 
the “unstable focus” type lies at the origin of coordinates. In this 
case undamped oscillations corresponding to the inner limit cycle 
are set up after initial deviations x 10 and x 20 determining any point 
lying inside the outer limit cycle in the phase plane of Fig. 249. When 
the point lies outside, the amplitude of the oscillation grows without 
limit and undamped oscillations are not restored. 

The system can also have limit cycles when the phase portrait 
contains more than one singular point. An example of this is show T n in 
Fig. 250. In this case the controlled equilibrium is unstable (the 
origin is an “unstable” focus), and the limit cycle corresponds to 
stable undamped oscillations which are set up over the course of time 
if the initial deflections define a point inside the region separated by 
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the phase trajectory passing through the second singular point 
(“saddle”). This trajectory is shown by the bold line in Fig. 250. 

If the phase portrait of the system contains more than one singular 
point or if it contains closed trajectories (limit cycles) then the region 
of stability cannot contain the whole phase plane as in the linear 
system. In this case the region of stability is always bounded by a 
limit cycle or phase trajectory passing through a singular point. 




Of course the phase portrait of a non-linear system (5.144) need 
not contain extra singular points or closed trajectories. 

In this case the region of stability of the controlled equilibrium 
(the origin of coordinates of the phase space) can include the whole 
phase plane, and, just as in the linear case, whether there is stability 
need not depend on the magnitude of the initial deflection. 

Up to now we have considered a system consisting of two first 
order equations. 

In most practical problems of automatic control theory we have 
to deal with higher order equations. 

If n, the order of the equation of the system, is larger than two, 
instead of a two-dimensional phase space we imagine an ^-dimensional 
space, i. e. the space in which a point must be specified by n numbers. 
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If the given system of differential equations has a periodic solution 
a closed curve in the phase space corresponds to this solution. 

In the plane the closed curves are the boundaries of regions. In 
the space surfaces and not curves must bound defined regions. As be¬ 
fore a closed trajectory, therefore, corresponds to a periodic solution 
of the considered system of differential equations, but is not the 
boundary of a region. 

There are two main differences between the phase plane and the 
phase space. 

1. In the phase plane the limit cycle is not only a form of oscillatory 
motion, but also the boundary of the region of stability for another 
limit cycle or singular point. 

Sometimes separatrix curves can be boundaries, but this happens 
comparatively rarely (mainly when there are several singular points, 
when the trajectories passing through the saddle point are sepa- 
ratrixes). 

In the phase space no curve (not even the limit cycle) can be the 
boundary of the region. 

The regions are bounded by separatrix surfaces, which entirely 
consist of phase trajectories. 

Thus, in a phase plane the existence of singular points, limit 
cycles and the determination of their “slight 75 stability usually answer 
the question about their “large 55 stability too. In a phase space, to do 
this we must find also the separatrix surfaces, and this is a problem 
of extraordinary complexity 

2. In systems of the second order the oscillations can only be 
periodic. 

In higher order systems oscillations of different frequencies can 
exist, for example 


x — A sin (o t + B sin Q t . 

If the frequencies ay and Q are not connected by integer relations 
nay + m Q = k (where n , m and k are integers) then the sum of these 
two oscillations is also an oscillation, but is not periodic. 

Such an oscillation in the phase space no longer determines a 
closed trajectory, but determines a trajectory which completely fills 
some closed volume (such as a torus). These trajectories can be stable 
or unstable. 
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(c) “ Slight ”, “large” and “unbounded” stability 

The concept of stability can be given a graphical interpretation. 

The equilibrium is called “slightly” stable if a stable singular 
point in the phase space of the system corresponds to this equilibrium, 
i.e. if we can find a region in the phase space which is such that after 
any initial deflection belonging to it the depicted point approaches the 
singular point corresponding to the controlled equilibrium. 




Fig. 251 


Thus, by saying that the controlled state is “slightly ” stable , we are 
only asserting the presence of a stable singular point , and are not defining 
the boundaries of its attraction in any way. 

Let the phase portrait of the system be constructed, and the region 
of stability found. We call it the region G. 

In the x v x 2 -plane we shall now indicate a region of initial de¬ 
flections which are possible in the considered system of automatic 
control with its given technical conditions. We call it the region L. 

If all the points of L belong to G the controlled state is said to be 
“largely” stable. 

Figure 251 gives an example of a phase portrait in which the 
region of stability is isolated by an unstable limit cycle, and the region 
of possible initial deflections is given in the form of a rectangle. In 
Fig. 2516 the system is “slightly” stable but “largely” unstable, since 
there are several possible initial deflections for which the controlled 
state is not restored. 
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If the region of stability is unbounded and contains the whole 
phase space, i.e. if the system is stable after any initial deflection, 
then it is said to be unbounded stable. 

In exactly the same we define “slight”, “large” and “unbounded” 
stability of limit cycles. 


(d) The 'parameter space. Bifurcations 

Phase portraits are especially suitable for an estimate of the 
qualitative picture of the motions possible in the system. One glance 
at Fig. 248 for example is sufficient for us. to assert that in the system 
with this phase portrait the position of equilibrium is stable with 
respect to initial deviations which do not go outside the defined 
threshold, but that after initial deflections outside this threshold un¬ 
damped oscillations are set up, their amplitude and frequency being 
completely independent of the amount by which the given threshold 
was exceeded. This picture is used whatever the size of the limit 
cycles (only the threshold values of the initial deviations, and the 
amplitude and frequency of the undamped oscillations, depend on 
their size, i.e. the quantitative and not the qualitative aspect). 

The qualitative picture of the motion as a whole is given by the 
topological structure of the phase space , i.e. by the presence, type and 
mutual distribution of the singular trajectories, the singular points, 
limit cycles, and separatrixes. 

Let us now fix the values of all the parameters except one (the 
time constant or the coefficient of amplification of any stage, for 
example). Let us call this parameter a. On the numerical axis of a we 
select the point a = a v For this value a = a ± all the parameters of 
the system are defined and by one method or another the phase 
portrait of the system can be constructed. Suppose it is of the form 
shown in Fig. 248, for example. We now change the value of a. To 
this new value of a there corresponds a new phase portrait. Thus, for 
each point of the numerical axis of a a corresponding defined phase 
portrait can be represented. From the theorem on the continuous 
dependence of integrals of differential equations on their parameters, 
it follows that for a small change in a the phase portrait also changes 
little. If, for example, the phase portrait having the topological struc¬ 
ture shown in Fig. 248 corresponds to a = a l9 the phase portrait for 
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a = + e will have the same portrait, at least if e is sufficiently 

small. As | e | increases we reach a value of e for which the structure 
of the phase portrait changes. This can happen, for example, when 
the separate singular trajectories fuse, or when their stability changes. 
Thus in the phase portrait of Fig. 248, for example, the inner limit 
cycle can, as a changes, contract towards the origin of coordinates, 
and for some value a — a* fuses with it, so that for a further change 
in a the phase portrait will contain only one limit cycle, and the sin¬ 
gular point at the origin of co-ordinates become unstable. This new 
structure of the phase space will be retained for larger values of a if 
no new value a = a** is reached for which the topological structure 
of the phase portrait changes again. 

Thus when any parameter changes the quantitative characteristics 
of the phase portrait change continuously, but the qualitative charac¬ 
teristics of the phase portrait, its topological structure, undergo sharp 
changes for discrete values of the parameter. These discrete values of 
the parameter are called bifurcations . 

Points of bifurcation divide the numerical axis of the parameter 
a into sections corresponding to systems having identical structures 
in the phase space. 

In linear systems there are only two possible topological struc¬ 
tures in the phase space: there are no singular trajectories, the only 
singular point is at the origin (stable for one structure and unstable 
for the other), and the region of stability or instability is not bounded. 
A change in the topological structure occurs for discrete values of the 
varied parameter on the boundary of the region of stability. In this 
sense the value of the parameter on the boundary of the region of 
stability is the bifurcation. But in a non-linear system, the concept 
of bifurcation is more general. The bifurcation value of the parameters 
can correspond not only to the change of stability of the singular 
point, but also to the vanishing or birth of a limit cycle, to the change 
in the number of singular points, and so on. 

Up to now, for simplicity, we have discussed the numerical axis, 
i.e. the space of a single parameter. There is no difficulty in genera¬ 
lizing the concept to parameter spaces of any number of dimensions, 
just as we generalized the concept of the region of stability in linear 
systems. 

Suppose that m parameters must be given for the complete deter¬ 
mination of the equations of motion of the system. 
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In the m-dimensional space of these parameters each point cor¬ 
responds to a definite structure of the phase space and, consequently, 
a hyper-surface dividing the parameter space into regions correspond¬ 
ing to systems whose phase spaces have identical topological structure 
can be found. In the special case when the considered system can be 
uniquely determined by two given parameters, the space of the para¬ 
meters is the usual plane, and the bifurcation values of the parameters 
determine a curve in this plane. 


(e) The concept of complete and special solutions of 
non-linear problems. The value of periodic volutions 

The concept of the “complete solution of a non-linear problem of 
automatic control theory” is conventional. The more perfect the 
methods of the theory of automatic control are, the more complete 
will be the information about the dynamic system. 

At the present time a non-linear problem is considered qualitati¬ 
vely as being completely solved if the possible phase portraits have 
been determined, and bifurcation boundaries have been defined in 
the parameter space. The quantitative solution of the problem re¬ 
quires, in addition, the determination and positioning of the limit 
cycles and separatrixes (or separatrix surfaces) for each point of the 
parameter space. 

So complete a solution of a non-linear problem has only been 
found for individual special cases and, as a rule, when the problem is 
idealized. Because of this we are often satisfied by the solution of 
particular problems. Two particular problems have acquired great 
value: 

(a) The problem of determining the conditions for which the phase 
portrait of the system does not contain any peculiarities, apart from 
the singular point corresponding to the controlled equilibrium.* 

(b) The problem of determining the periodic solutions of the dif¬ 
ferential equations describing the control process, the conditions of 
their existence and of their “slight” stability, i.e. the problem of the 
existence of the limit cycles and those parts of the bifurcation boun¬ 
daries in the parameter space which correspond to a change in the 
number of cycles. 


* This problem was mentioned at the end of Chapter III. 
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We can now return to the questions formulated at the beginning 
of this section, concerning the worth of the determination of the 
periodic solutions and of their stability. 

In any general case, the determination of all the singular points 
and periodic solutions and the conditions for their local stability is 
insufficient for us to find all the possible types of motion in the con¬ 
sidered system. Only in the special case of second order systems, when 
the phase plane does not contain separatrix curves, do the value of the 
singular point, the periodic solutions and the conditions of their exis¬ 
tence and stability, enable us to solve the problem completely, i.e. to 
determine the possible topological structures of the phase portraits 
and the partition of the parameter space by the bifurcation boundaries 
into regions corresponding to identical phase portraits. 

Only in these cases does the absence of periodic solutions testify 
that the system is “slightly” stable, stable, or “largely” stable. In 
other cases, when the order of the system of equations is higher than 
two, the fact that the system does not have periodic solutions, but that 
the equilibrium is stable, still does not necessarily mean that the 
system is also “largely” stable. 


14. Concluding Remarks 

A linear analysis enables us to evaluate the stability of the 
system with respect to small disturbances and to investigate the 
character of the control process, provided the disturbing actions are 
sufficiently snjall. Usually the investigation of the control process 
for real disturbances requires us to take non-linearities into account, 
i.e. to consider non-linear differential equations. The problem of 
constructing the process in non-linear systems with given conditions 
is solved by graphical and numerical methods, which are explained 
in detail in any course on approximate and numerical analysis. General 
methods of synthesis and analysis of non-linear systems of control 
have as yet hardly been developed, and have still not been sufficiently 
checked in practice for there to be any point in including them in this 
short course on automatic control. But one of the special questions 
arising in the consideration of non-linear control systems, the question 
of the steady periodic states, has been developed in very great detail 
and has led to methods suitable for technical calculations. 
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In the absence of external periodic actions the periodic states 
(auto-oscillatiorls) are usually harmful, and the problem consists in 
determining the values of the parameters for which the auto-oscil- 
lations do not arise. In several cases, though, the auto-oscillations are 
useful or sometimes harmless, because the principle of action itself 
of the device is based on the use of auto-oscillations (in vibratory 
controllers, two-position controllers, etc.). In such cases the aim of the 
investigation consists in finding the parameters of the auto-oscil- 
lations (the amplitude and frequency) and in discovering how they 
can be changed in the required direction. When an external periodic 
action acts on the system periodic states arise only for frequencies 
lying within a defined strip; we then have to find the amplitude and 
phase of the periodic response of the system (of the “forced oscil¬ 
lations”) and the boundaries of this strip. 

The methods used to solve these problems can be subdivided into 
two large groups. To the first group belong approximate methods 
based on the assumption that the investigated periodic state is nearly 
harmonic. To the second group belong exact methods, which do not 
ignore the harmonics in the Fourier expansion of the periodic 
solution. 

An approximate method can be used only if the assumption that 
the investigated state is nearly harmonic can be justified. Such an 
assumption can be made in two cases: when the system is little different 
from a linear system in which the amplitude characteristic has a large 
and sharp peak (“auto-resonance”) and when the linear part of the 
given system blocks the harmonics caused by the non-linear element 
(“filter”). 

When auto-resonance justifies the assumption about the nearly 
harmonic nature of the oscillations, we can consider that the setting-up 
process represents a special “almost-harmonic” process, i.e. sinusoidal 
with slowly changing amplitude and phase. This enables us to obtain 
simple criteria for the stability of the periodic states. These criteria 
are not suitable when a filter causes the oscillations to be nearly har¬ 
monic, since with a filter it is not possible to consider the setting-up 
process as “almost-harmonic”. The approximate method leads to the 
following main deduction. When the non-linear characteristic is odd, 
the frequency of the auto-oscillations does not depend on its shape; 
the shape of the non-linear characteristic affects only the amplitude 
of the auto-oscillations. 
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The periodic states can be found exactly without ignoring the 
harmonics when the non-linear characteristic consists of straight line 
segments. To do this we can use the approvision method, or we can 
look for periodic solutions in the form of complete Fourier series 
(without ignoring any harmonics). Both in the first and the second 
case the problem reduces to the formation of the period equations, 
which are systems of transcendental equations in terms of the times 
of occurrence of the separate segments of the characteristic during 
the periodic state. Only in one case, in the investigation of the simp¬ 
lest symmetric periodic state in a system with a symmetric relay 
characteristic, can we look for only one time, the period of the oscil¬ 
lations. In this case alone, instead of the system of period equations 
we therefore obtain a single period equation and we can solve it 
graphically relatively simply. In the other cases the period equations 
are solved on machines, or by tedious numerical and graphical methods. 
The problem of the stability of the periodic solutions which have been 
found exactly is solved by the equations of linear approximation. 
To do this we form linear equations with piecewise-constant coeffi¬ 
cients, together with linear relations between the discontinuities. 
This system of linear equations is integrated by the approvision 
method over the limits of one period. The integral found by this 
method enables us to judge the stability of the investigated periodic 
solution. 

The existence or absence of periodic states is not directly con¬ 
nected with the determination of the boundaries of the region of 
stability of the controlled state when the order of the system of equa¬ 
tions describing the process is higher than two. The region of stability 
can be bounded, and the system can be “largely” unstable, in spite 
of the fact that it is “slightly” stable and that there are no periodic 
states. The sufficient conditions for “large” stability can be obtained 
from other expressions, described at the end of Chapter III. 
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LAPLACE AND FOURIER TRANSFORMS 
AND THEIR APPLICATION TO THE 
INTEGRATION OF SYSTEMS OF 
LINEAR DIFFERENTIAL EQUATIONS 
WITH CONSTANT COEFFICIENTS 


1. A General Introduction to the Laplace Transform 

Let the function f(t) be given, equal to zero for t < 0 and different 
from zero for all, or at least some, values of t > 0. Then the Laplace 
integral of the function f(t) is the integral of the form 

U(t)e-P‘dt, 

0 

where p is a complex number. 

We denote this integral by L [/(£)]. 

If f(t) is given we can calculate the value of L [f(t)] for each value 
of the number p. In this sense, L [f(t)] is a function of p. A definite 
function^ \f(t)] corresponds to each/(£), with some general restrictions 
laid upon it.* 

f(t) is called the original function, and L [/(£)] is called the Laplace 
transform or representation of the function We write this 

L[f(t)]^f(t). 

The determination of the transform of the original function is the 
direct problem of the theory of the Laplace transform. The converse 

* The restrictions which are put on, the function }(t) in order that its trans¬ 
form exists and, conversely, which are put on the transform in order that the 
function shall exist, are not discussed here. In control problems these restric¬ 
tions are not important. For more detail see the bibliography to the Appendix. 
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problem is the determination of the original function from the trans¬ 
form. 

In the theory of automatic control the most important use of the 
Laplace transform is in simplifying the integration of systems of 
linear differential equations with constant coefficients. 

There are several methods by which, knowing the transform of 
one function, we can find that of another function. Only some of these 
methods are important for what follows. We list them.* 


1. The determination of the transform of the sum of several functions 
from their separate transforms 

If 

L [/i (<)] -> fi (0; Tj [f 2 (<)] -r h(l);...;L [(/„ (<)] f n (t), 

then 

L[fi (t) +/2 (l) + ’ ' ' + fn (0] = L [ fl W] + L [/2 (0] + ' ' ' + L[fn(t)]- 


2. The determination of the transform of the derivative 
of a given function 


Let 

Lum+fd). 

Then 

L ^^-^P L um-f(o). 

If /(0) r= 0, then L ~~~ j pL [/ (<)]• Similarly 


If* 



+ P 2 L[f(t)] 


Pf ( 0 ) + 


d fjoy 

d i 


/CO) = 


d/(0) 
d t 


= 0, 


* For their proofs see the bibliography to Appendix^. 

* In Appendix 1 we shall everywhere for short put ^ 




[d r m i 


d* r 


where r = 1,2,., 
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then 


In general 


L 


L 


^f(t) 

(U 2 

d m /(Q ' 
d t m 


| + P 2 L[f(t)]. 
= V m L [/(*)]- 


pm-i ^Q) + p m -2 


d/(0 ) 

d< 


-f p m -3 


d 2 /(0) d m -V(0) 

df 2 di m -i 


If 


then 


/( 0 ) = 


d/(0) 
d t 


d m -y (0) 

dP 1 ' 1 


= o. 



P m L[f(t)]. 


If 


then 


3. The transform, of a definite integral 


L[f(t)] + f(t), 


I 


/ (f)d« 


Lum 

V 


4. The transforms of the basic functions encountered 
in control problems 

In Table A. 1 we set out the Laplace transforms of some functions 
which are encountered in control theory. 

These expressions can easily be verified by substituting the cor¬ 
responding f(t) in the integral which defines the Laplace transform 
and integrating directly. 

In the above table 1 denotes a function of t which is equal to zero 
for t < 0 and equal to 1 for t > 0 (“the unit function”). 
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Table A. 1 


Original 

Transform 

L [const 1] 

const 


p 

L[t n l] 

n\ 

p" +1 


L [ 1 sin a)2] 

L [ 1 cos cot] 

L [ 1 sin {cot ± cp)] 

L[1 cos (cot ± cp)'\ 

L^l~ sinh a<j = L jl 2- (e at — <r at ) 
L [ 1 coshai] = L |l y ( e at + 

L [1 e a ‘] 


L lie 


~T‘ 


M cos 


— Mb 
2 

+ "”r -—-= T =- sin 

ir b 2 


6 2 

c- t 

4 


& 2 

c-— t 

4 


O) . 

p 2 + a) 2 
V 

p 2 + &> 2 

a; cos<p p sing? 
p 2 -f- 

p cos9? =F o) sin<p 

1 


p 2 — a 2 


P 


p 2 4 * & 2 

1 

p — a 


Mp 4- N 


P 2 + bp + c 




464 


THEORY OF AUTOMATIC CONTROL 


If 


then 


5. The construction of the transform of a function 
with a delayed argument 

e-'PLUm + fit-x), 


where 


t = const. 


6. The construction of the original function of the product 
of two transformed functions 

If 

L [A (<)] -r A (0 and L [/ 2 (<)] 4* A (<)• 

then 

L [A «)] L [A (*)] -h / A (< - r) A (r) dr = / A (A A A - A dr. 

0 0 

An integral of this kind is said to be the convolution of the two 
functions. 

To the product of two transforms corresponds not to the product of 
the original functions but their convolution. 


7. The limit properties of Laplace transforms 

Let F{p) — L [f(t) -f *f(t) and the real part of all the poles* of 
F(p) be negative. Then 


[/WL-0 = [pF(P)]p-cc- 

and, conversely, 

[/(<)],=« =[pF(P)] P= o> 

i.e. the limiting values of the function f(t) can be found by putting 
the values p = 0 or p = oo in its transform and multiplying it by p. 
We can use these formulae to determine the limiting values of the 
solution of a differential equation from the form of this equation, 
without actually solving it. 

* i.e., when F(p) is a rational, fractional function, all the roots of its 
denominator. 
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2. The Integration of a Single Differential Equation 

We consider a differential equation which has a right-hand side: 

d *x(t) t d , d *-*x(t) t i m 

o 0 —-— + a x — ;T —;-1- a 2 ——--b * (0 = / (*)• 


dr 


dr -1 


dr -2 


(A.l) 


We multiply both sides of the equation by e pt and integrate 
it from 0 to 


f[ d n a;(i) d n_1 a;(<) 

Jh“S- + --5^- + - + ^ w 


e^P'dt = J / (0 e -pl dt, 
0 


or 


f d n a; (t) C d"-i*(0 , 

a n -— e pt d< 4- a, -— e pt dt -f .. . 

°J d r J d^ 1 

0 0 

CO CO 

... + a n Jz (t) e~ pt dt = j / (t) e~ pt dt. 

0 0 

We can now write this equation in the form 


a 0 L - 


" d n a;(<) 

+ « 1 L[ d """ W | 

dr 

L dr * 1 


+ ... + a n L[x(t)] = L[f(t)]. 


Using the formulae given above we now replace the transforms 
of the derivatives by transforms of the primitive functions and the 
corresponding initial conditions: 


a 0 p n L [a; ( t )] — a 0 


+ a 1 p n ~ 1 L[x(t)] — d 


p n ~ 1 x( 0) + p n ~ 2 - d ^°^ +.. .1 + 

di J 

V n ~ 2 x (0) + p n ~ 3 +...] + 

at J 


+ ... + a n L[x(t)] = L[f(t)]. 
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If we now take all the terms involving the initial conditions to 
the right-hand side, and then take L [#(£)] outside the brackets on 
the left-hand side, we obtain: 


K V n + a i V n 1 + • • • + a n) L l x (0] = L [/ (0] + R (P) • (A.2) 

R(p) here denotes the sum of all the terms involving initial con¬ 
ditions, and is a polynomial in p with coefficients which depend on the 
initial conditions. 

If we collect like terms in R(p) we obtain a polynomial in p; 

R ( P ) = b x p"" 1 + ... + 6„_! v + K . (A.3) 

whose coefficients depend on the initial conditions and are given by 


\ = a^x ( 0 ) , 
z. „ <M°) 


d t 


+ a 1 x(0), 


7 d n 2 a;(0) , d n ~ 3 a;(0) 

t>n -1 = «o —: - + a, —-hH- + 


dt n ~ 2 


d t n ~ 3 


, d n_1 x (0) , d n ~ 2 x (0) , 

b„ = a n — r — + . + 


df "- 1 


d t n ~ 2 


+ a„_ 2 x (0), 


+ a„_ l x(0). 


\ (A.4) 


If all the initial values are zero, i. e. if 


dx (0) d 2 x (0) = d^(0) =0 

dt ~ dt 2 dl n_1 


then R(p) is identically zero, R(p) = 0. 

The polynomial in the brackets on the left-hand side of equation 
(A.2) can be obtained directly from the given equation (A.l) if the 

d m x 

rath derivative of x is denoted by p x instead of by the usual m ~ . 

Then equation (A.l) becomes 


a 0 p n x + a, p n_1 x + ... + a n x = f (t) 
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or, taking x outside the brackets, 

D(p)x = f{t), 

where 

D (p) =a 0 p« + a 1 p+ ... +a n . 

The equation D(p) = 0 can be called the characteristic equation if p is 
regarded as a normal variable. 

Equation (A.2) can now be written 


or 


D(p)L[x(t)]=L[f(t)] + R(p) 

l o (<)] = hMML + -M .. 

D(p) Dip) 


(A.5) 


The next problem is to determine x(t) from this transform. 
L(f(t)] 

The term-determines the motion of the system under the 

Dip) 

action of a disturbance f(t) =jk 0 with zero initial conditions, and the 
R (p) 

term-determines the motion of the system which is stipulated 

D ip) 

by the initial conditions not being zero. 

Example 1 . To find the transform of the integral of 


d*x(t) d x(t) . . 

a n - — + a x —+ a 2 x (t) = 5 sin t , 


d f 2 


d t 


when, for t = 0 the initial conditions are equal to 

d# 

x — , -= 0. 

d t 

Multiplying both sides of the equation by e~ pt and integrating it 
between 0 and °o, we obtain: 


a 0 L 


' d 2 *(i) ‘ 

, n r [ dx(<) 

+ a x L - 

dt 2 

L d* 


+ a 2 L[x(t)] = 5£[sin*]. 
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Performing the transformation, we find: 

dx (0) 


a 0 \p 2 L[x(t)] — 


px (0) 


d t 


+ a x {pL [x ( t )] — x (0) + a 2 L [x (*)] = 5 


P 2 + 1 


or 


(a 0 p 2 + a x p + a 2 ) L [x(t)] = 


V 2 + 1 


+ 


+ 


a 0 ^(OJ + cq^OJ + ao 


dx(0) 

It 


Solving this equation for L [#(£)], we obtain: 

5 


L[x{ty\ = 


p 2 +1 


+ R(p) 


where 


a 0 p 2 + a 1 p + a 2 ’ 

dx (0) 


R (p) = a 0 px (0) + a x x (0) + a 0 


dt 


It is then necessary to go from the obtained transform to the 
original. To study a method for doing this in this case we return to 
equation (A.5), which defines the transform of the required function 
x(t): 


and we put 
Then 


L[x (f)]= 


L [/(<)] 
D(p ) 


•R(p) 

Dip) ’ 


m = o. 


L[x (i)] 


Dip) 

Dip) 


We find a function x{t) for which 

L (»)] = = hp"-‘ + hP’-*+■■ ■+*„ _ 

D iv) a 0 v n + o-\ P n ~ x + ... + a n 
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To do this we express the right-hand side of the equation in partial 
fractions.* Then 


L[x (t )] = 


E(p) 


(P ~ Pi) (P — Pz) iP P%) • • • (P Pn) 


A 


(A.6) 


H- 

P — Pi P — Pz 


+ ... + 


P Pn 


where p v p z , . . . , p n ere the roots of the characteristic equation 
D(p) = 0; A v A 2 , . . . , A n are the coefficients (numerators) of the 
partial fractions. 

We derive a formula for determining all the A. To do this we 
multiply both sides of the equation by (p—p k )> where p k is one of 
the roots of the equation D(p) = 0: 


P" Pk 


P ~ 
+ 


Pi 
P - 


A 


Pk 


p — Pk 


P—P2 


A 2 ~{- •. • + 


p — Pk 
p — Pk -1 


Ak-i + A k + 


P ~ Pk +1 


l k +1 


+ + 


P 


P — Pn 




Pk 


D(p) 


R(p). 


In the resulting equation we put p = On the left only the 

term A^ is different from zero. On the right the fraction - , 

D(p) 

0 

when p = p k , is of the indeterminate form — . Expanding it by 


p — p k 1 

THSpitaTs rule we obtain lim-=- so that the equation 

1 p-p>D(p) D'(Pk) 

giving any coefficient A k is of the form 


where 


_ R(p k ) 
k jy (Pk) 


D ' ( Pk ) = 


d-P(p) 

dp 


ip=p* 


* We only consider the case when there are no multiple roots. 
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Putting these values of A k in (A.6) we find an expression for 
L[x(t)]: 


L[x (t)] = 


B(p) B(pj) 


1 


D(p) D'(Pi) P — Pi 
_j_ -R(Pa) 1 _j_ _ _ + R (Pn) 


1 


or 


D'(p 2 ) P — Pt' ' D’ (p n ) p-p n 

= B —- • 

*-i D (Pk)(P~Pk) 


(A.7) 


R (p k ) 

In each term the coefficient—-- = const. In table A. 1 above 


D'iPu) 

an expression for the original of L [f(t) ] = 
this expression, we find: 


p — a 


■ was given. Using 


Hence 


-% e p * f . 

P- Pk 

k_iPk) ^ B(p , f ) e p if _ 
D'(Pk)(P — Pk) ‘ D' (p k ) 


Thus, when f{t) ~ 0 and when the initial conditions are different 
from zero the integral of equation (A.l) is equal to 


x 


(*) 


k=n 

z 

k^l 


ZiP«± e p*t' 

D'{Pk) 


(A.8) 


To find this integral the following steps are necessary. 

(1) Determine D{p), the left-hand side of the characteristic 
equation. 

(2) Find the roots of this equation. 

(3) Determine the coefficients of the polynomial R(p) from (A.4). 

(4) Find the derivative D' (p) ; 

(5) Put p ly p 2 , • ■ ■ , Pn successively in D ' {p) and in R(p), and find 

R (Vh) 

the values of-- (where k = 1, 2, 3, 4, . . . , n)\ 

D ( Pk) 
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(6) Form the sum (A.8). 

If among the roots there are complex conjugates: 

Pk = a + 0 , p k+1 = a — 0 , 

then 

llpj_ = .t+*>._ = d + ia 

U (p k ) X + if 

and 

R[Pu+J = Z-*n _ = 6 _ ia , 

D'(p k + 1 ) *--*£ 

We write complex numbers in vector form: 


where 


R{Pk) 

D'(p k ) 


= Ae iv , 


A = ]/<5 2 + a 2 , cp = arc tan — > 


Then its complex conjugate is 


R(Pk + l) _ A e -iq> 

D'(P k+ i) 


and among the terms in 

‘S ^ 

tit -D'(Pi) 

there will be terms 


A e i<p + Ae' i<p 


Making use of Euler's identity 

e iz — cos z -\- i sin z , 


we obtain 


e'(^ +<p) — cos (fit + 9?) + i sin (fit + cp ), 

e -i(Pt+g>) cos _[_ (p) __ i gin (fit -j- 99 ). 
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Hence 

Ae i<p + Ae~ i<p = 

= Ae at [e^ t+<p + e~W t+ rt] ■= 2 Ae at cos (fit + q >). 


Thus, when the characteristic equation has complex roots 

* (0 = 2 c * ePtk + 2 2A k &akt cos (ft * + v*) - (a.9) 

/c=l A*1 

where r is the number of real roots of the characteristic equation, and 
s is the number of pairs of complex conjugate roots of the characte¬ 
ristic equation, 




B(Pk) 

D'(p k ) 


A k = yd 2 + a 2 , <p k = arc tan - 


p k is a real root of the characteristic equation, a k and fi k are respect¬ 
ively the real and imaginary parts of the complex roots of the charac¬ 
teristic equation, and <5 and o are respectively real and imaginary 


parts of the expression 


R{Pk) 


when p k is a complex root. 


D\Vk) 

This method of constructing the integral of a differential equation 
enables us to take the initial conditions into account from the very 
start, and simplifies the determination of the arbitrary constants, 
amplitudes and phases of the separate harmonics. 

Example 2. We are given the differential equation 


d ’*(' ) + i^L + u^L + 6 *(i) = o 


dt 3 


d* 2 


d* 


and, when t — 0, the initial conditions: 


x(0) = 5, 


dic(0) d 2 x (0) 


dt 


d t 2 


= 0. 


The characteristic equation 


D(p) = p z + 6^ 2 + \\p -f- 6 — 0 
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has the roots 

Pi — 1 , p z = 2 , p 3 = 3 . 

We calculate the coefficients of the polynomial 

R (P) = h p* + b 2 p + & 3 , b x = a 0 x( 0) = 1 x5 = 5 , 
rl x ( O'! 

h = a o —- + «i*(0) - 30, 

at 

_ d 2 x(0) dz(0) .. 

— a o —~-1 - a i —:-h x (0) — 55. 


dt 2 


d t 


In this case 

R(p) = 5 p 2 + 30^ + 55 , D' (p) = 3 p 2 + 12^ + 11 

and 

L[x( 03== -. 5 ^ 2 + 30 ^ + 55 . 

p 3 _j_ 6p 2 _|_ Hp+ 6 

Therefore 


* «) = en<= 5 < 1 - 6 + 11 ). e -< + 

kti D’ (p k ) 3-12 + 11 

5(4-1 2 + 11) e 5(9-18+11) e _ 2; = 

12 — 24 + 11 27 — 36 + 11 


= 15e"' — 15e" 2 ' + 5e~ st . 


Suppose now that/(£) =/= 0, but that all the initial conditions are 
equal to zero, so that R(p ) === 0. Then 


L[x (f)] = 


turn 

D(p) 


Usually in control theory the functions f(t) are those given in 
table A.l. All these functions have transforms of fractional-rational 


form 


r(p) 

s(p) 


where r(p) and s(p) are polynomials in p of the second, 


first or zero degree (see table A.l). 
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Thus 


where 


L[x(t)] = 


rjp) 

s (p) D (p) 


r{y) 

D(p) ’ 


D(p) = s(p) Dip) . 


Reasoning in exactly the same way as we did above in the case 
f(t) ~ 0, B(p) =h 0 we obtain the required original x(t) in this case: 


x(t) = y r J Pk) e p k‘, 
k D'(p k ) 


(A.10) 


where p k are the roots of the equation D(p) = 0. The summation is 
taken over all the roots. 

If D(p) has one zero root, i.e. D(p) = pD 1 (p), formula (A.10) 
can be put in the form 


x(t) - 


y (0) 

^i(O) 


+ 2’ 
k 


r _M e p k t 
PkD'l (Vk) 


Example 3. We consider the differential equation 


d 3 ft(<) 6 d 2 _x(t) 

d t s ’ d f- 


n d x(t) 
d t 


+ &x(t) = 1(1 + e“ 4t ). 


The initial conditions are:aj(0) = 


dxW 

d t 


d 2 x (0) 
d< 2 


= 0. Due to the 


fact that all the initial conditions are equal to zero, R{p) is identically 
equal to zero. 

From table A.l 


L [/(*)] = 


— + —-— 

V V + 4 j 


2p + 4 
P(P + 4) 


r (p) — 2p + 4, 
s(p) = p(p+ 4), 

D (p) = p 3 -)- 6 p 2 -)- 1 Ip -(- 6, 

D (p) = p 5 -)- 10p 4 + 35p 3 + 50p 2 -)- 24 p, 
D' {p) = 5p* + 40p 3 + 105p 2 + lOOp + 24. 


In this case 



APPENDIX 


475 


Hence 


L[x (f)] = 


2p + 4 

~P(P + 4) (p* + 6p2+ Hp + 6). ’ 


The roots of the characteristic equation D^) = 0 are equal to 
— 1, —2 and -—3. 

The roots of the equation s(p) = 0 are equal to 0 and -—4. 

The original x(t) is equal to 



— e~** + — e~ 31 
6 3 



Let us now assume that f(t) 0 and that not all the initial con¬ 
ditions are zero. Then the transform L [#(£)] contains the two terms: 


™ and A 

{P) D(p) 


and the original function is equal to the sum of the inverse transforms 
of these functions. 

Example 4. We consider the differential equation 


d*x d 2 x 

-b 6- 

dt 2 d* 2 


dx 

+ 11-h 

d t 


1(1 


*-4f\ 


da; d 2 x 

with the initial conditions, when£ =0: x = 5,-~ —— — 0. 

dt dt 2 

R ( p ) 

In example 2 the original of-was found for this case, and 

D(p) 

the original of ^ was found in example 3. To find the integral 
of the given equation, we must add the solutions of examples 2 and 3. 


3, The Integration of a System of Linear Differential 
Equations 


Usually the processes of automatic control are described not by 
one but by a system of equations, in the general case by a system 
of the form 



d 2 x 1 ( t ) 
dt 2 


+ &n 


dx 1 (t) 


~j~c 11 x 1 (t) + 


dt 



476 


THEORY OF AUTOMATIC CONTROL 


+ 


[«12 


d 2 X 2 (*) , * -21- +C 12 X 2 (t) 


_+ b 12 ^- 

d* 2 d< 


•+k + *-(«)' 

[ d< 2 at 

r d 2 Xj (t) . . dx,(*) . ,,.1 . 

a 21 “I” ^21 ^ “I” C 21 X 1 (0 I “I” 


C 


d 2 x 2 (£) dx 2 (0 


+ I ® 22 —i! 2 7 ^ 22 

d< 2 d« 


+ c 22 X 2 (0 




I [a d2x " (<) 1 & dXn(<) | c x (t) 

• • • -r «Z 2 „ - 7 ~I . ° 2 n — h C Zn x n \ l ) 

dt 2 d£ 


+ ••• 

= /i (0> 


+ ... 


= fz (t), 


«nl 


d=x lW +6ni Jat + t „ lIl(() i + 


d( ! 


d! 

+ k a ^®-+^^- = ^ a w| 

[ d£ 2 d£ 

.+[»„„ ^r~ +b -^ L + c ^ m 




= /„(*). 

(A.11) 


where ;r 2 (£), . . . , x n (J) are the required functions of t\ a, b , c, 

are real numbers (in every real case some of these numbers will be 
zero) and f t (£) are functions having values different from zero when 
t > 0. 

To determine the law of change of any of the generalized co¬ 
ordinates x k (t) we could, by eliminating the other coordinates, re¬ 
place this system of differential equations by a single equation in x ky 
and, further, replace the initial conditions given for the system (A. 11) 
by corresponding conditions for this equation and then work according 
to the rules given above. It is simpler, however, when a system of 
linear differential equations is given, to find the transform of each 
equation separately in the same way as was done above for one 
equation. To do this we must multiply the left- and right-hand sides 
of each equation by e~ pt and then integrate them between 0 and 
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As a result we obtain a system of algebraic equations in terms of the 
transforms L \x x (t)] 9 L [# 2 (tf)], ♦ ■ ■ , L [x n (£)] : 


D n ( p) L [x 2 («)] 4- D u ( p) L[x 2 (t)] + ... 

• • • + Dm ( V) L [x n (*)] = L [A (0] + R x (. V), 
£>21 (p) L [* x (<)] + D 2 ; ( p) L [x 2 (t)] +.. . 

... + £>2„ {p) L [x n (t)] = L [f 2 (t)] + R 2 (p), 


(A.12) 


D nl ( P ) L O (t)] + D n2 (p) £-[**(/)]+... 
...+ £>„„ (p) £ [x n (/)] = L [/„ (<)] + R n (p), 


where all the R 1 (p), R 2 {p), ■ ■ • , R n (p) are polynomials in p with 
coefficients which depend on the initial conditions,* and all the 
Djj (p) are determined as in the case of a single differential equation. 

The system (A. 12) contains n linear algebraic equations in 72- 
unknowns : 

L \x x (*)] , L [x 2 (*)] 9 ... 9 L[x n (t)] . 


If we are interested in any one coordinate, x l for example, then 

its transform can be found by solving the system (A. 12) with respect 

r A x 

to = ——where: 

A 


Dn (p) D 12 (p) ... D ln (p) 
Dn(p) D 22 (p) ... D 2n (p) 


I D nl (p) D n2 (p )... D nn (p) I 

L[f 1 (t)] + Ri(p) D u (p) ... D ln (p) 
D [/a (A] H~ R% ( P) D 22 (p) ... D 2n (p) 


LUniW+RniP)--•D n2 {p ). . .D nn (p) 


* The functions R^p), R 2 (p), . . Rn(p) are determined during the trans¬ 
ition from the system (A. 11) to (A. 12). They cannot be calculated directly 
from formulae (A.3) and (A.4) which were given above for the calculation of 
R(p) in the case of the transform of a single differential equation, since in this 
case each of the equations in the system (A. 11) contains several of the required 
functions %j(t). 
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Expanding the determinant A v we obtain: 

L[x 1 (t)] = ^-= (A. 13) 

A 

_ L [/l (Q] ^11 + * - * + L [fn (JY\ n 4 - Rx (y)A n +... + R n (p)A ln 

D (p) 

where D(p) — A(p) is the left-hand side of the characteristic equation 
of the system, and A n , A V1 , ... , A ln are algebraic complements of the 
corresponding elements in the first column. 

If 

fi(t) =/ 2 (0 = - - - = /„ (0 = 0 , 

then, also 

L [f x (t)] = L [f 2 (t)] = . . . = L [f n (t)] = 0 . 

In this case L{x x ) once again reduces to the form 

B(p) 


L [xj = 


D(p) 


where R(p) — R x ( p)A n ... R n {p)A xn is a polynomial in p whose 
coefficients depend on the initial conditions. Hence, in this case also 


x(t) 


:VM^ 


i D'iP k ) 

If all the initial conditions are zero, but 

fi (t) # 0 , 


(A. 14) 


then 


where 


L [xj (t)] = 


M (p) 


D (p) 

M(p) — L [A (t)] A u + ..... + L [/„ (t)] A ln . 


(A.15) 


When all the L [fj (£)] are fractional-rational functions (see table 

Tip) 

A.l) M(p) can be reduced to the iormM(p) = --and we obtain 


s(p) 


once again 


L[x i] = 


r(p) 


s{p)D{p) 

Then x t ( t) is given by formula (A.10). 


(A.16) 
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Example 5. To find the function x 1 (t) which satisfies the diffe¬ 
rential equations 


dx x (t) 
d t 


+ x ± (t) + 5x 2 (t) 


= 1 , 


0 Y d x 2 (t) 
dt 


+ ^2 (t) — 10x 1 (f)= 0. 


with the initial conditions #i(0) — x 2 (0) — 
We take the Laplace transform: 


dx x (0) 

~hr~ 


dx 2 (°) _ Q 

dt 


(p + 1 )L [*! (<)] + 5 L [a* (t)) = L(l) , 
-10 L K(<)] + (0-lp H- 1 )L[x 2 (t)] = 0 . 


In this case 

L[x i (<)] = 


Prom table A.l it is seen that the transform of L [1] —- — and 

P 


L[l] 

5 


0 

0-lp+l 

_ (0-lp 4- 1) L [1] 

P + 1 

5 

(P + 1) (0-lp+l) + 50 

— 10 

0-lp+l 



L[x i(i)] 


0-lp + 1 

p(0-lp 2 + 1-lp + si) 


In this ease 

r(p) = 0-lp + 1, 
s(p) = p, 

D(p) = 0-lp 2 + l-lp 4- 51, 
D(p) = 0-1 p 3 + 1-lp 2 4- 51p , 
X>'(p) = 0-3p 2 4- 2- 2p 4- 51. 


The roots of D(p) = 0 are equal to p 12 = —5.5 ± i 21-9. 
The roots of s(p) — 0 is equal to p 3 = 0. 
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We obtain the required original by using formula (A.10): 


x 1 (<) = —+ 0-0466 e _5 ' 5( cos (21-9< + 115°43') = 

51 

= 0-0106 — 0-0466 e~ 5 5t sin (219 1 + 25°43'). 
Similarly we can find x 2 (t): 


p + 1 

L[l] 

— 10 

0 

P + 1 

5 

1-10 

0-lp+ 1 

+ 10L[1] 


(p+l)(0.1p+l) + 50 


_ 10 _ 

p[(p+l)(0-lp+l)+50] # 


The roots of D(p) = 0 are equal to p lz =5-5±i21-9, and the root 
of = 0 is equal to p 3 = 0. 

From formula (A.10) we find: 


x 2 (t) = — + 0-202 e- 5 ' 51 cos (21-9f + 194°6') = 

51 


= 0-196 — 0-202 e' 5 ’ 5 ' cos (21-9* + 14°6'). 


4. The Fourier Transform and Integral 

The Fourier transform is a special case of the Laplace transform. 
It is obtained from the Laplace transform by putting p = ico. Thus, 
we obtain an expression defining the Fourier transform in the form 

&[f(t)] = (A.17) 

o 

Stricter restrictions are laid on the function when the Fourier 
transform is used than in the use of the Laplace transform.* If these 

* For more detail see the literature given in the bibliography to the 
Appendix. 
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restrictions have been taken into account all the properties and tables 
formed for the Laplace transform can also be extended to this trans¬ 
form. It is only necessary to put p = ico in them. 

In contrast to the Laplace transform the Fourier transform 
enables us to give an intuitive physical interpretation of the process 
of determining the transform and its original. To explain this pro¬ 
perty of the Fourier Transform, let us examine some properties 
of Fourier series and of the Fourier integral. 

Let any periodic function f(t) with period T which satisfies the 
usual conditions necessary for an expansion in a Fourier series be 
given: 

f {t) =^ a k cos 2n — 1 -\-b k sin 2n . (A.18) 

2 *=i T T j 


where = cois the frequency. The coefficients of this expansion are 
defined by the formulae: 



r 



K 



• 2jr 7 4 At 

sm- let at. 

T 


0 


The expression (A.18) can be written: 


f (t) = ^ A cos (Iccot — <p k ), (A.19) 


A k — Y{a\ + H) > 

4 b k 

cp k = arc tan — , 

a k 
2 n 

co =- . 

T 


where 
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We consider the general term of the Fourier series: 


a k cos- kt + c u sin — kt. 

K rp K rp 


Using the formulae which connect the trigonometric functions 
and the hyperbolic functions: 


cos r = cosh it — — (e ix + e lr ), 
2 


1 , ... 


sin r = — sinh ir — - (e fx — e 


2 % 


where 


T 


27t 7 . 2n 

Then, putting these values of cos-^-«’c and sin-^-kt in the general 
term of the Fourier series, we obtain: 


{e ix + e~ ix ) -\ - (e ix — e~ ix ). 

2 2 i 


Collecting all the terms containing e lx and e IT , we find: 


Let: 


Then 


K — ib k ) e iz + ~ (a k + ib k ) e~ h . 


~{a k —ib k ) = C k , -t (a k + ib k ) = G_ k , -y- = C 0 . 


. 2n .2ji 

2tz 2 71 1 M — i — kt 

a k cos — kt -f- b k sin ——- kt~C k e T + e 

Thus, the Fourier expansion of the periodic function f(t) can be 
written in the complex form: 


+ co i — kt 


/(<)= 2 G ■ 


(A.20) 
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The coefficients of the series are determined by the formula 



Indeed, 


r 



o 


If we know C k it is easy to compute the amplitude and phase of 
the oscillation for any k. k can only take integral values. 

The graph on which, for each integral value of k the value of C k 
is drawn, is called the spectrum. 

Thus, a Fourier series enables us to represent a periodic function 
in the form of a discrete spectrum. If the function f(t) is unperiodic 
and is given in some finite interval of time (and has no meaning when 
it is outside this interval) we can take this interval as the period T 
and expand the function in a Fourier series. 

As T —> °o the series becomes the Fourier integral 


/ (t) = j' [a (co) cos (ot + b (co) sin cot] dco. 
b 

The coefficients are determined by means of passing to the limit 
as T —> oo in the general expression for a k and b k : 


a k 


OO 00 

— j f(t) cos cot d£ = a (co), b k = — j / (t) sin cot dt = b (co). 
7t J n J 

OO — OO x 


The Fourier integral can be written: 


where 


co 

/ (£) = J A (co) sin [cot -f- cp (co)] dco, 
o 


A (co) = | fa 2 (co) -f- b 2 (co), 


cp (co) = arc tan 


a (co) 
b (co) ’ 
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Putting A(co) and <p(oo) along the ordinate axis, and taking co as the 
abscissa, we obtain continuous curves, the continuous spectrum of an 
unperiodic function. 

Let us write the Fourier integral in a more compact complex 
form. We note that 


b (co) sin cot -f- a (co) cos cot ~ 


2 i 2 


(e ia)t + e~ iojt ) = 


a(co)~ib(co) j Mt a(co) + ib(c o) ^ i(ot 


... „ . a (cjo) — ib (co) . 

Putting F 1 (ico) = -------, we have 


f(t) =£ J F x (ico) e lmt dco, 


where 


+ 00 


+ 00 


F x (ico) = — [ f (t) e~ imt d t. 
2 n J 


+ oo 


If we put J / (t) e~ i(ot d t~F (ico), then 
— 00 

F t (ico) = — F (ico ). 

2n 

Thus, the unperiodic function f(t) (satisfying restrictions which we 
have not mentioned) can be represented in the form of the Fourier 
integral: 

+ 00 


/ (t) — F (ico) e imt dco, 

2 71 J 


where 


F (ico) — J f (t) e icot d t. 

— 00 

+ 00 

The integral F (ico) — j* f(t)e~ iaii dt itself represents the Fourier 


transform of the function /(f). The lower limit can be replaced by zero 
if in the Fourier transform, just as in the Laplace transform, only 
those functions which are equal to zero for t < 0 are considered. We 
can call the function F(ico) the complex spectrum of the function f(t ). 
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APPENDIX 2 


Table of the trigonometric functions for angles expressed 

_ x sin x cos x 

in radians, and of the functions e , -, - AND Si X , 


THE INTEGRAL SINE 


X 

Si x 

COS X 

sin x 

e~ x 

sin x 

COS X 

X 

X 

0-00 

0 

1 

0 

1 

1 

00 

0-01 

0-010000 

0-99995 

0-01000 

0-99005 

0-99998 

00-99500 

0-02 

0-019999 

0-99980 

0-02000 

0-98020 

0-99993 

49-9900 

0-03 

0-029998 

0-99955 

0-03000 

0-97045 

0-99985 

33-31833 

0-04 

0-039996 

0-99920 

0-03999 

0-96079 

0-99973 

24-98000 

0-05 

0-04999 

0-99875 

0-04998 

0-95123 

0-99958 

19-97500 

0-06 

0-05999 

0-99820 

0-05996 

0-94176 

0-99940 

16-63667 

0-07 

0-06998 

0-99775 

0-06994 

0-93239 

0-99918 

14-25072 

0-08 

0-07997 

0-99680 

0-07991 

0-92312 

0*99893 

12-46002 

0-09 

0-08996 

0-99595 

0-08988 

0-91393 

0-99865 

11-06614 

0-10 

0-09994 

0-99500 

0-09983 

0-90484 

0-99833 

9-95004 

0-11 

0-10993 

0-99396 

•010978 

0-89583 

0*99798 

9-05596 

0-12 

0-11990 

0-99281 

0-11971 

0-88692 

0-99760 

8-27340 

0-13 

0-12998 

0-99156 

0-12963 

0-87810 

0*99718 

7*62739 

0-14 

0-13985 

0-99022 

0-13954 

0-86936 

0-99673 

7-07297 

015 

0-14981 

0-98877 

0-14944 

0-86071 

0-99625 

6-59180 

0-16 

0-15977 

0-98723 

0-15932 

0-85214 

0-99573 

6-17017 

017 

0-16973 

0-98558 

0-16918 

0-84366 

0-99519 

5-79755 

0-18 

0-1797 

0-98384 

0-17903 

0-83527 

0-99460 

5-46579 

0-19 

0-1896 

0-98200 

0-18886 

0-82696 

0-99399 

5-16844 

0-20 

0-1996 

0-98007 

0-19867 

0-81873 

0-99334 

4*90033 

0-21 

0-2095 

0-97803 

0-20846 

0-81058 

0-99266 

4-65729 

0-22 

0-2194 

0-97590 

0-21823 

0-80252 

0-99195 

4-43589 

0-23 

0-2293 

0-97367 

0-22798 

0-79453 

0-99120 

4-23333 

0-24 

0-2392 

0-97134 

0-23770 

0-78663 

0-99042 

4-04724 

0-25 

0-2491 

*0-96891 

0-24740 

0-77880 

0*98961 

3-87561 

0-26 

0-2590 

0-96639 

0-25708 

0-77105 

0-98877 

3-71688 

0-27 

0-2689 

0-96377 

0-26673 

0-76338 

0-98789 

3-56952 

0-28 

0-2788 

0-96106 

0-27636 

0-75578 

0-98698 

3-43234 

0-29 

0-2886 

0-95824 

0-28595 

0-74826 

0-98604 

3-30428 

0-30 

0-2985 

0-95534 

0-29552 

0-74082 

6-98506 

3-18445 

0-31 

0-3083 

0-95233 

0-30506 

0-73345 

0-98406 

3-07204 

0-32 

0-3182 

0-94924 

0-31457 

0-72615 

0-98302 

2-96636 

0-33 

0-3280 

0-94604 

0-32404 

0-71892 

0-98194 

2-86679 

0-34 

0-3378 

0-94275 

0-33349 

0-71177 

0-98084 

2-77280 

0-35 

0-3476 

0-93937 

0-34290 

0-70469 

0-97970 

2-68392 
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X 

Si x 

COS X 

sin x 

e" x 

sin x 

cos X 

X 

X 

0-36 

0-3574 

0-93590 

0-35227 

0-69768 

0-97853 

2-59971 

0-37 

0-3672 

0-93233 

0-36162 

0-69073 

0-97733 

2*51980 

0-38 

0-3770 

0-92866 

0-37092 

0-68386 

0-97610 

2-44385 

0-39 

0-3867 

0-92491 

0-38019 

0-67706 

0-97484 

2-37156 

0-40 

0-3965 

0-92016 

0*38942 

0-67032 

0-97354 

2*30265 

0-41 

0-4062 

0-91712 

0-39861 

0-66365 

0-97221 

2-23688 

0-42 

0-4159 

0-91309 

0-40776 

0-65705 

0-97085 

2-17402 

0-43 

0-4256 

0-90897 

0-41687 

0*65051 

0-96946 

2-11387 

0-44 

0-4353 

0-90475 

0-42594 

0*64404 

0-96804 

2-05625 

0-45 

0*4450 

0-90045 

0-43497 

0-63763 

0-96659 

2-00099 

0-46 

0-4546 

0-89605 

0-44395 

0-63128 

0-96510 

1-94794 

0-47 

0-4643 

0*89157 

0-45289 

0-62500 

0-96358 

1-89695 

0-48 

0-4739 

0-88699 

0-46178 

0-61878 

0-96203 

1-84790 

0-49 

0-4835 

0-88233 

0-47063 

0-61263 

0-96046 

1-80067 

0-50 

0-4931 

0-87758 

0-47943 

0-60653 

0-95855 

1-75516 

0-51 

0-5027 

0-87274 

0-48818 

0-60050 

0*95721 

1-71126 

0-52 

0-5123 

0-86782 

0-49688 

0-59452 

0-95553 

1-66888 

0-53 

0-5218 

0-86281 

0*50559 

0-58860 

0*95383 

1-62793 

0-54 

0-5313 

0-85771 

0-51414 

0-58275 

0-95210 

1-58834 

0-55 

0-5408 

0-85252 

0-52268 

0-57695 

0-95034 

1-55004 

0*56 

0-5503 

0-84726 

0-53119 

0*57121 

0-94854 

1*51295 

0*57 

0-5598 

0-84190 

0*53963 

0-56553 

0-94672 

1*47701 

0-58 

0-5693 

0-83646 

0-54802 

0*55990 

0-94486 

1-44217 

0*59 

0-5787 

0-83094 

0-55636 

0-55433 

0-94298 

1-40837 

0*60 

0-5881 

0-82534 

0-56464 

0-54881 

0-94107 

1-37555 

0-61 

0-5975 

0-81965 

0-57287 

0-54335 

0-93912 

1-34368 

0-62 

0-6069 

0-81388 

0-58104 

0-53794 

0-93715 

1-31270 

0-63 

0-6163 

0-80803 

0-58914 

0-53259 

0-93515 

1-28258 

0-64 

0-6256 

0-80210 

0-59720 

0-52729 

0-93311 

1-25327 

0-65 

0-6349 

0-79608 

0-60519 

0-52205 

0-93105 

1-22474 

0-66 

0-6442 

0-78999 

0-61312 

0-51685 

0-92876 

1-19695 

0-67 

0-6435 

0-78382 

0-62099 

0-51171 

0-92684 

1-16988 

0-68 

0-6628 

0-77757 

0-62879 

0-50662 

0-92469 

1-14348 

0-69 

0-6720 

0-77125 

0-63654 

0-50158 

0-92251 

1-11774 

0*70 

0-6812 

0-76484 

0-64422 

0-49659 

0-92031 

1-09263 

0-71 

0-6904 

0-75836 

0-65183 

0-49164 

0-91807 

1-06811 

0-72 

0-6996 

0-75181 

0-65938 

0-48675 

0-91581 

1-04417 

0-73 

0*7087 

0-74517 

0-66687 

0-48191 

0-91352 

1-02078 

0-74 

0-7179 

0-73847 

0-67429 

0-47711 

0-91119 

0-99793 

0*75 

0-7270 

0-73169 

0-68164 

0-47237 

0-90885 

0-97558 

0-76 

0-7360 

0*72484 

0-68892 

0*46767 

0-90647 

0-95373 

0*77 

0-7451 

0-71791 

0-69614 

0-46301 

0-90407 

0-93235 
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X 

SI x 

COS X 

sin x 


sin x 

COS X 

X 

X 

0-78 

0*7541 

0*71091 

0-70328 

0*45841 

0*90164 

0*91142 

0-79 

0*7631 

0*70385 

0*71035 

0*45384 

0*89918 

0*89094 

0-80 

0*7721 

0*69671 

0*71736 

0*44933 

0*89669 

0-87088 

0-81 

0*7811 

0*68950 

0*72429 

0*44486 

0*89418 

0*85123 

0-82 

0*7900 

0*68222 

0*73115 

0*44043 

0*89164 

0*83197 

0-83 

0*7989 

0*67488 

0*73793 

0*43605 

0-88907 

0*81310 

0*84 

0*8078 

0*66746 

0*74464 

0*43171 

0*88647 

0*79459 

0-85 

0*8166 

0*65998 

0-75128 

0-42741 

0*88385 

0*77645 

0-86 

0*8254 

0*65244 

0-75784 

0*42316 

0-88121 

0*75864 

0-87 

0*8342 

0*64483 

0*76433 

0*41895 

0*87853 

0*74117 

0-88 

0*8430 

0*63715 

0*77074 

0*41478 

0*87583 

0*72403 

0-89 

0*8518 

0*62941 

0*77707 

0*41066 

0*87311 

0*70720 

0-90 

0*8605 

0*62162 

0*78333 

0*40657 

0*87036 

0*69067 

U*9I 

0*8692 

0*61375 

0*78950 

0-40252 

0*86758 

0*67444 

0-92 

0*8778 

0*60582 

0-79560 

0-39852 

0-86478 

0-65850 

0-93 

0*8865 

0*59783 

0-80162 

0-39455 

0*86195 

0*64283 

0-94 

0-8951 

0*58979 

0*80756 

0*39063 

0*85910 

0*62743 

0-95 

0*9036 

0*58108 

0*81342 

0*38674 

0*85622 

0*61229 

0-96 

0*9122 

0-57352 

0-81919 

0*38289 

0*85332 

0*59741 

0-97 

0*9207 

0*56530 

0*82489 

0*37908 

0*85039 

0*58278 

0-98 

0*9292 

0*55702 

0*83050 

0*37531 

0*84744 

0*56839 

0*99 

0*9377 

0*54869 

0*83603 

0*37158 

0*84447 

0*55423 

1-00 

0*9461 

0*54030 

0*84147 

0*36788 

0*84147 

0*54030 

1-1 

1*0287 

0*45360 

0*89121 

0*33287 

0*81018 

0*41236 

1-2 

1*1080 

0*36236 

0*93204 

0*30119 

0*77669 

0*30196 

1-3 

1*1840 

0*26750 

0*96356 

0*27253 

0*74119 

0*20576 

1-4 

1*2562 

0*16997 

0*98545 

0*24660 

0*70389 

0*12140 

1*5 

1*3247 

0*07074 

0*99749 

0*22313 

0*66499 

0*04715 

71 

2 

1*3699 

0 

1 

0*20788 

0*63662 

0 

1-6 

1*3892 

—0*02920 

0*99957 

0*20190 

0*62473 

—0*01824 

1*7 

1*4496 

—0*12884 

0*99166 

0*18268 

0*58333 

-0*07579 

1*8 

1*5058 

—0*22720 

0*97385 

0*16530 

0*54102 

—0*12622 

1*9 

1*5578 

—0*32329 

0*94630 

0*14957 

0*49805 

—0*17015 

2*0 

1*6054 

—0*41615 

0*90930 

0*13534 

0*45464 

-0*20807 

2*1 

1*6487 

—0*50485 

0*86321 

0*12246 

0*41105 

—0*24040 

2*2 

1*6876 

—0*58850 

0*80850 

0*11080 

0*36749 

—0*26750 

2*3 

1*7222 

—0*66628 

0*74571 

0*10026 

0*32421 

—0*28968 

2*4 

1*7525 

—0*73739 

0*67546 

0*09072 

0*28144 

—0*30724 

2*5 

1*7785 

—0*80114 

0*59847 

0*08208 

0*23938 

—0*32046 

2*6 

1*8004 

—0*85689 

0*51550 

0*07427 

0*19827 

-0*32957 

2*7 

1*8182 

—0*90407 

0*42738 

0*06721 

0*15829 

' 

—0*33484 
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X 

Si x 

COS X 

sin x 

e -x 

sin x 

sin x 






X 

X 

2-8 

1-8321 

—0-94222 

0-33499 

I 

0-06081 

0-11964 

-0-33651 

2-9 

1-8422 

-0-97096 

0*23925 

0*05502 

0-08250 

-0-33481 

3-0 

1-8487 

-0-98999 

0*14112 

0-04979 

0-04704 

-0-32999 

3-1 

: 1-8517 

-0-99914 

0*04158 

0-04505 

0-01341 

-0-32230 

71 

1-8519 

— 1 

0 

0-04321 

0 

-0-31831 

3-2 

1-8514 

-0-99829 

—0*05837 

0-04076 

-0-01824 

-0-31196 

3-3 

1-8481 

-0-98748 

—0*15775 

0-03688 

-0-04780 

-0-29923 

3-4 

1-8419 

—0*96680 

—0*25554 , 

0*03337 

—0*07515 

-0-28435 

3-5 

1-8331 

-0-93646 

-0-35078 

0*03020 

-0-10022 

-0-26755 

3-6 

1-8219 

—0*89676 

-0-44252 

0*02732 

-0-12292 

—0*24909 

3-7 

1-8086 

-0-84810 

—0*52984 

0-02472 

-0-14319 

—0*22921 

3-7 

1-7934 

-0-79097 

—0*61186 

0*02237 

—0*16101 

—0*20814 

3-9 

1-7765 

-0-72593 

—0*68777 

0-02024 

1 —0-17635 

—0*18613 

4-0 

1-7582 

-0-65364 

—0*75680 

0-01832 

—0*18920 

—0*16341 

4-1 

1-7387 

-0-57482 

—0*81828 

0-01657 

-0-19958 

—0*14020 

4-2 

1-7184 

-0-49026 

—0*87158 ! 

0-01500 

-0-20752 

—0*11673 

4-3 

1-6973 

—0-40080 

—0*91617 

0-01357 

-0-21306 

—0*09321 

4-4 

1-6758 

-0-30733 

—0*95160 

0-01228 ' 

-0-21627 

—0*06985 

4-5 

1-6541 

-0-21080 

—0*97753 

0-01111 

—0*21722 

-0-04684 

4-6 

1-6325 

—0*11215 

—0*99369 

0-010052 

-0-21601 

—0*02438 

4-7 

1-6110 

—0*01239 

—0*99992 

0-009095 

-0-21274 

—0*00263 

1-571 

1-6089 

0 

—1 

0-008983 

—0-21221 

0 

4-8 

1-5900 

—0*08750 

—0*99616 

0-008230 

—0-20753 

0*01822 

4-9 

1-5696 

-0*18651 

—0*98245 

0-007447 

-0-20050 

0*03806 

5-0 

1-5499 

-0*28366 

—0*95892 

0-006738 

-0-19178 

0*05673 

6 

1-4247 

—0*96017 

—0*27942 

0-002479 

-0-04656 

0*16002 

2n 

1-4182 

1 

0 

0-001867 

0 

015915 

7 

1-4546 

0*75390 

0*65699 

0-0009119 

0-09386 

0*10770 

8 

1-5742 

—0*14550 

0*98936 

0-0003355 

0-12366 

—0*01818 

9 

1-6650 

—0*91113 

0*41212 

0-0001234 

0-04579 

—0*10123 

10 

1-6583 

—0*83907 

—0*54402 

0-0000460 

-0-05440 

—0*08390 

11 

1-5783 

+0*00443 

—0*9999 

0-0000167 

—0-09090 

+0*00040 

12 

1-5050 

+0*84385 

—0*53657 

0-0000061 

-0-04471 

0*07032 

13 

1-4994 

+0*90745 

+0*42017 

0-0000023 

0-03232 

0*06980 

14 

1-5562 

+0*13674 

1 +0*99061 


0-07075 

0*00976 

15 

1-6182 

—0*75969 

+0*65029 


0-04335 

—0*05064 

20 

1-5482 

+0*40808 

+0*91295 


0-04565 

0*02040 

25 

1-5315 

+0*99120 

—0*13235 


-0-00529 

0*03965 

30 

1-5668 

+0*15425 

—0*98803 


-0-03293 

+0 00154 

35 

1-5969 

—0*90369 

—0*42818 


—0-01223 

—0*02582 

40 

1-5870 

—0*66694 

+0*74511 


+0-01863 

—0*01667 

45 

1-5587 

+0*52532 

+0*85090 


0-01891 

0*01167 
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X 

Si X 

COS X 

sin x 

er* 

sin x 

COS X 

X 

X 

50 

1-5516 

+0-96497 

—0-26237 


—0-00525 

0-01930 

55 

1-5707 

+0-02210 

—0-99976 


—0-01818 

0-00040 

60 

1-5867 

—0-95243 

—0-30487 


—0-00508 

—0-01587 

65 

1-5792 

—0-56249 

+0-82680 


0-01272 

—0-00865 

70 

1-5616 

+0-63329 

+0-77391 


0-01106 

+0-00905 

75 

1-5586 

+0-92175 

—0-38685 


—0-00517 

0-01229 

80 

1-5723 

—0-11038 

—0-99389 


—0-01242 

—0-00138 

85 

1-5824 

—0-98438 

—0-17608 


—0-00207 

—0-01158 

90 

1-5757 

—0-44806 

+0-89400 


+0-00993 

—0-00498 

95 

1-5630 

+0-73017 

+0-68326 


0-00719 

0-00769 

100 

1-5622 

+0-86230 

—0-50640 


—0-00506 

0-00862 

no 

1-5799 

—0-99902 

—0-04429 


—0-00040 

—0-00909 

120 

1-5640 

+0-81417 

—0-58063 


—0-00484 

+0-00679 

130 

1-5737 

—0-36729 

—0-93011 


—0-00283 

—0-00716 


Illustrations: l.The function Si x, asa:^ 00 , tends to the quantity 


71 

2 

2. The extrema of Si x are observed at x = n, 2 n, 3 n, .. . The 

71 

difference between x max (or x m \ n ) and — is given in the following table: 

2 


X 

71 

71 

^max 2~ 

or 

71 

^min 2 

X 

71 

71 

^max 

or 

71 

^min 2 

1 

+0-28114 

9 

+0-035280 

2 

—0-15264 

10 

-0-031767 

3 

+0-10396 

11 

+0-028889 

4 

—0-078635 

12 

-0-026489 

5 

+0-063168 

13 

+0-024456 

6 

—0-052762 

14 

—0-022713 

7 

+0-045289 

15 

+0-021201 

8 

—0-039665 




The function Si x is given by the series 


Si x = x — 


X s 


3! 3 


+ ■ 


5! 5 
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3. To calculate sin x and cos x from this table in cases when 
their values are not given here the reduction formulae 

sin x = sin (x — 2 nn) ; cos x — cos (x — 2 nn) , 

where n — 1, 2, 3, , must be used. 

The values of 2uti are set out in the following table: 


n 

2nn 

n 

2nn 

1 

6-28 

6 

37-70 

2 

12-57 

7 

43-98 

3 

18-85 

8 

50-27 

4 

25-13 

9 

56-55 

5 

31-42 

10 

62-83 
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Number, of degrees of freedom 70 

Object, controlled 10 
Octave 136 
Operator, 

action, for element 110 
inherent, of element 110 
Original function 460 
Output of open system 75 
Overshoot 249 

Parameter, controlled 11 
Parameters, of system 210 
Plane, phase 451 
Poincare method 357 
Point, 

bifurcation 464 
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Point, 

depicted 450 
of astaticism 79 
singular 451 
focus 452 
node 452 
saddle 452 
Portrait, phase 451 
Process, 
control 12 

stable (of steady oscillation) 161 
unstable (of increased oscillation) 
161 

random 329 
stationary 329 
wave, in pipes 208 
Properties, limit, of Laplace trans¬ 
forms 473 

Quality of transient process 248// 
Quantity, controlled 11 

Region, 

of attraction of singular point 452 
of repulsion of singular point 452 
of stability 165, 457 
Representation of a function 470// 
Ritz method 191//, 334, 390 
Routh-Hurwitz criterion of stability 
185//, 295 

Saddle-point 452 
Saltus conditions 396 
Servomotor, hydraulic, equation of 
94// 

Space, phase 461 
Stability 12 
asymptotic 435 
“large” 238, 462 

linear, of model of automatic control 
system 161//, 164 
of approximately found periodic 
solutions 384 

of systems with delays 206 
“slight” 238, 461 


structural 210 
unbounded 463 
“whole” 239 
Stage, (see also Element) 
astatic 269 
oscillatory 147, 271 
single-capacitance 145 
with derivative action 152 
States, periodic 344// 

Straight line, singular 175 
Strip, allowable 321 
Structure, topological, of phase space 
463 

Surface, separatrix 461 
Switching 441 

indeterminate 443 
normal 441 
sliding 442, 446, 447 
System, 

aggregate 66 
astatic 121 
autonomous 14 

containing several nonlinearities 
375// 

coupled 13, 44 

decremented (unboundedly wholly 
stable) 239 

largely stable 238, 462 
nonlinear 344// 

of control (see Control, Controller) 
open 75 

piece wise-linear 391// 
relay 403 
single-loop 115 
Slightly stable 238, 461 
structurally stable 210 
structurally unstable 210 
unboundedly stable 463 
“wholly” stable 239 
with delay 203, 206 


Time, settling 248 
Time delay 203, 206 
Trajectory phase 450 
Transform 

Fourier 335, 486 
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Laplace 109, 470// 
Tuning 246 


Unit, 

stabilising 12 


Unit, 

directional 74 
regulating 11 


Van der Pol method 357 
Vector, characteristic 183 
Vishnegradsky diagram 174 



